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1 INTRODUCTION 

Starting point in understanding the mechanical be-
havior and analyzing the stability of foundations, nat-
ural slopes and geotechnical structures is to evaluate 
the shear strength of soils involved. An important re-
quirement for an economically feasible design is ac-
curate shear strength prediction in saturated and un-
saturated geo-materials. 

Varying soil properties affect the effective stress 
parameter and as a result the shear strength of unsatu-
rated soils. Öberg and Sällfors considered that assum-
ing the effective stress parameter to be equal to the 
degree of saturation can help predict the shear 
strength of unsaturated soils (Öberg and Sällfors 
1997). However, according to Loret and Khalili, in 
addition to this,  the effective stress parameter and 
shear strength of unsaturated soils also depend on soil 
properties and structure (Loret and Khalili 2002). 
Properties of unsaturated soils can also be determined 
by implementing the soil water characteristic curve 
(SWCC). Researchers had presented empirical meth-
ods to predict the shear strength of unsaturated soils 
with the SWCC in the past decades (Fredlund et al. 
1996; Vanapalli et al.1996). Garven and Vanapalli in-
troduced a relationship between the plasticity index 
of the soil and κ (Garven and Vanapalli 2006). Exper-
imental results showed that the net confining pressure 
has a considerable impact on the SWCC and parame-
ters of this curve vary as stress varies (Lee et al. 

2005). Khalili and Khabbaz established that the effec-
tive stress parameter is equal to 1 at suction values  
below the bubbling pressure and that the relationship 
between the effective stress parameter and the matric 
suction logarithm is linear (Khalili and Khabbaz 
1998).  

Xu presented a similar formula for the effective 
stress parameter by implementing fractal theory (Xu 
2004). In Xu’s work the soil-water characteristic 
curve could be used to estimate the surface fractal di-
mension of soil. Russell and Khalili presented the 
equation below to calculate the effective stress pa-
rameter for sands (A. Russell and Khalili 2006):  
 

 
 
 

         
(1) 
 

where (𝑢𝑎 − 𝑢𝑤)𝑏is the air entry value in the drying 
process representing the air expulsion value in wet-
ting conditions. Zargarbashi and Khalili demon-
strated that the stress state affects the bubbling pres-
sure and the corrected value of this parameter should 
be used to be able to estimate the effective stress pa-
rameter with considerable accuracy (Zargarbashi and 
Khalili 2011). Researchers have developed empirical 
relationships over the years to predict shear strength 
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of unsaturated soils; however, there is no comprehen-
sive relationship to be able to predict the shear 
strength for all unsaturated soil types (Fazeli et al. 
2009; Garven and Vanapalli 2006). 

Arvin et al. (2007) proposed a numerical method 
based on the percolation theory with the aim of esti-
mating the effective stress parameter. In their work, 
the soil-water characteristic curve determined the 
pore size distribution in the soil and a conceptual 
model using the percolation theory was developed. 
The model determined the effective stress parameter 
directly; however, this method, if were to be extended 
the prediction domain to a high suction range, would 
be computationally expensive. 

In the past decade some researchers used the Arti-
ficial Neural Network (ANN) to capture relations be-
tween the shear strength of unsaturated soils and the 
contributing physical properties (Kayadelen 2008; 
Lee et al. 2003). These models, however, did not take 
the effects of sample preparation methods as well as 
the stress states during these processes into consider-
ation. Results from processing the triaxial unsaturated 
shear tests revealed that the effective stress parameter 
varies significantly with changes in net mean stress 
values under constant suction (Russell and Khalili 
2006; Russell and Khalili 2004).  

Ajdari et al. (2012) implemented the ANN tech-
nique to estimate the effective stress parameter re-
quired to be used to estimate the shear strength of un-
saturated soils. The ANN input variables used in their 
research included the matric suction, net mean stress 
and the soil-water characteristic curve parameters of 
unsaturated soils acquired from a series of triaxial 
tests from literature. They also analyzed the effect of 
net stress on the effective stress parameter. The paper 
showed an adaptive learning neural network method 
for predicting the effective stress parameter. The pro-
posed network was presented as a multilayer percep-
tron network including six neurons in the input layer 
representing the air entry value, the volumetric water 
content at residual and saturated conditions, the slope 
of soil water characteristic curve, the net confining 
stress and suction. The authors used a database pre-
pared from triaxial shear test results obtained from lit-
erature to train and test their network. They showed 
the suitability of their proposed approach for estimat-
ing the effective stress parameter and the strong de-
pendency of the unsaturated soil effective stress pa-
rameter on the net mean stress. 

In this research, a new evolutionary-based ap-
proach is implemented to develop explicit polynomial 
models to predict the effective stress parameter in un-
saturated soils. 
 
2 EVOLUTIONARY POLYNOMIAL 
REGRESSION 
 

Evolutionary polynomial regression (EPR) is a data 
mining technique that integrates numerical and sym-
bolic regression. The strategy uses polynomial struc-
tures to take advantage of their favorable mathemati-
cal properties. The key idea behind the EPR is to use 
evolutionary search for exponents of polynomial ex-
pressions by means of a genetic algorithm (GA) en-
gine. This allows (i) easy computational implementa-
tion of the algorithm, (ii) efficient search for an 
explicit expression, and (iii) improved control of the 
complexity of the expression generated (Giustolisi 
and Savic 2006). EPR is a data-driven method based 
on evolutionary computing, aimed to search for poly-
nomial structures representing a system. A physical 
system, having an output y, dependent on a set of in-
puts X and parameters θ, can be mathematically for-
mulated as: 

    (2) 

where F is a function in an m-dimensional space and 
m is the number of inputs. To avoid the problem of 
mathematical expressions growing rapidly in length 
with time, in EPR the evolutionary procedure is con-
ducted in the way that it searches for the exponents of 
a polynomial function with a fixed maximum number 
of terms. During one execution, it returns a number of 
expressions with increasing numbers of terms up to a 
limit set by the user to allow the optimum number of 
terms to be selected. The general form of expression 
used in EPR can be presented as (Giustolisi & Savic, 
2006): 

 

   
(3) 

where y is the estimated vector of output of the pro-
cess; aj is a constant; F is a function constructed by 
the process; X is the matrix of input variables; f is a 
function defined by the user; and m is the number of 
terms of the target expression.  

In general, EPR is a two-stage technique for con-
structing symbolic models. Initially, using standard 
genetic algorithm (GA), it searches for the best form 
of the function structure, i.e. a combination of vectors 
of independent inputs, Xs=1: k, and secondly it per-
forms a least squares regression to find the adjustable 
parameters, θ, for each combination of inputs. In this 
way a global search algorithm is implemented for 
both the best set of input combinations and related ex-
ponents simultaneously, according to the user-de-
fined cost function (Giustolisi & Savic, 2006). The 
adjustable parameters, aj, are evaluated by means of 
the linear least squares (LS) method based on mini-
mization of the sum of squared errors (SSE) as the 
cost function. The SSE function, which is used to 
guide the search process towards the best fit model, 
is: 
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where ya and yp are the target experimental and the 
model prediction values respectively. 

The global search for the best form of the EPR 
equation is performed by means of a standard GA 
over the values in the user defined vector of expo-
nents. The GA operates based on Darwinian evolu-
tion which begins with random creation of an initial 
population of solutions. Each parameter set in the 
population represents chromosomes of the individu-
als. Each individual is assigned a fitness based on 
how well it performs in its environment. Through 
crossover and mutation operations, with the probabil-
ities Pc and Pm respectively, the next generation is 
created. Fit individuals are selected for mating, 
whereas weak individuals die off. The mated parents 
create a child (offspring) with a chromosome set 
which is a mix of parents’ chromosomes. In EPR in-
teger GA coding with single point crossover is used 
to determine the location of the candidate exponents 
(Giustolisi and Savic 2006). 

The EPR process stops when the termination crite-
rion, which can be either the maximum number of 
generations, the maximum number of terms in the tar-
get mathematical expression or a particular allowable 
error, is satisfied. EPR has been implemented to 
model complicated behavior of various geotechnical 
systems and geo-materials including unsaturated soils 
(Ahangar‐Asr, Javadi, & Khalili, 2015; Ahangar Asr 
& Javadi, 2016; Cuisinier, Javadi, Ahangar-Asr, & 
Masrouri, 2013; Hussain, Javadi, Ahangar-Asr, & 
Farmani, 2015). 

3 DATA PREPARATION 

Results from a comprehensive set of unsaturated tri-
axial test data from literature (Bishop and Blight 
1963; Khalili et al. 2004; Lee et al. 2005; Rahardjo et 
al. 2004; Rassam and Williams 1999; Russell and 
Khalili 2006; Russell and Khalili 2004) reported by 
Ajdari et al. (2012) were used to develop the EPR 
model to predict the effective stress parameter.  

The input parameters considered in the model de-
velopment process included the air entry value, volu-
metric water content at residual condition, volumetric 
water content in saturated condition, the soil-water 
characteristic curve slope, net confining stress and 
suction (Table 1). 

The total number of cases in the database (contain-
ing over 120 lines of data) were divided into training 
and testing datasets. From the created database, ap-
proximately 82% were used to train and develop the 
EPR model while the remaining cases (about 18%) 

were kept unseen to EPR during the model construc-
tion process and were implemented to validate the 
trained model. It was checked to make sure that all 
parameter values in the testing data sets were within 
the range of data chosen to be used for training and 
developing the EPR model to avoid extrapolation. 

 
Table 1. Parameters involved in developing the EPR model 

Input Parameters 

𝑢𝑎 − 𝑢𝑤 Suction 𝜃𝑟 
Volumetric water content 
at residual condition 𝜃𝑠 
Volumetric water content 
in saturated condition 𝜆 
Soil-water characteristic 
curve slope 𝜎3 − 𝑢𝑎 Net confining stress ℎ𝑏 Air entry value 

Output Parameter 𝜒 
Effective stress parame-
ter 

4 EPR MODEL 
 
Constraints were implemented to control the structure 
of the model in terms of the length and complexity, 
type of implemented functions, number of terms, 
range of the exponents used and also the number of 
generations to complete the evolutionary process. As 
the modeling process progressed the accuracy level at 
every stage was evaluated using the coefficient of de-
termination (COD) as the fitness equation (Equation. 
5). 
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where Ya is the actual output value; Yp is the EPR 
predicted value and N is the number of data points on 
which the COD is computed. If the model fitness is 
not acceptable or the other termination criteria (in 
terms of maximum number of generations and maxi-
mum number of terms) are not satisfied, the current 
model should go through another evolution in order 
to obtain a new model. 

From among various developed models some did 
not include all the parameters defined as inputs to the 
equations (the parameters that are known to affect the 
effective stress parameter) and hence were removed. 
Figures 1, 2 and 3 presents performance of three ex-
ample models developed that involved all inputs. 
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Figure 1. EPR predictions against Experimental data (example 
model 1) 
 

 
Figure 2. EPR predictions against Experimental data (example 
model 2) 

 
In these figures, XEPR presents the predicted effec-

tive stress parameter value, XEXP presents the experi-
mental effective stress parameter value, AVG pre-
sents the average value of the EPR predictions for the 
effective stress parameter from the relevant equation.  
In addition, “ai” is defined as the number of terms in 
the polynomial models developed, and the “X” axis 
shows the sequential ordering according to which the 
original experimental data were provided to EPR during 
the model development process. It must be noted that 
Figures 1, 2, and 3 are merely presented to provide a 
general idea of the models created by EPR and their va-
riety in terms of number of terms, exponent values, and 
performance. Therefore, incompleteness or illegibility 
of the equations shown on the figures must be ignored, 
as the final model selected from amongst the developed 
models, chosen based on reliability, practicality accu-
racy and sensitivity analysis is explicitly presented as 
Equation (6) in this paper. 

 

 
Figure 3. EPR predictions against Experimental data (example 
model 3) 
 

Models involving all contributing parameters were 
compared in terms of robustness of the equations 
based on the coefficient of determination and the 
level of complexity of the equations. 

In EPR model development and selection process, 
key considerations are given to reducing the error fac-
tor (increasing the accuracy of the prediction models), 
minimizing the number of terms in the models (short-
est possible model), minimizing the exponent values 
developed by the least square technique and presented 
in the polynomial model terms without compromising 
model performance (simplest but most efficient 
model), and ensuring that the sensitivity analysis re-
sults for the selected model(s) are consistent with any 
known performance or behavior of the material or 
system being modelled to the expert user.  

Equation (6) shows the EPR prediction model se-
lected from amongst developed models to be used to 
predict the effective stress parameter. 
 𝜒 = 1.08×10−3. 𝜆−4 + 0.2𝜃𝑠0.5− 7.35×10−3. ℎ𝑏0.5𝜆−2 + 0.07ℎ𝑏0.5− 0.08(𝑢𝑎 − 𝑢𝑤)0.5+ 1.2×10−3(𝑢𝑎 − 𝑢𝑤)+ 7.01×10−13(𝑢𝑎 − 𝑢𝑤)2𝜃𝑟4𝜆−3+ 1.42×10−3(𝜎3 − 𝑢𝑎)− 1.14×10−6(𝜎3 − 𝑢𝑎)2𝜃𝑟0.5 − 0.3 

(6) 
 
Table 2. Coefficient of determination values calculated based 

on the developed model for training and testing data sets 

COD [Training] COD [Testing] 

85.83% 74.05% 
 
 

 
 
 
 
 



 
Figure 4. EPR model predictions against the experimental data 
for unsaturated soil effective stress parameter (Training data) 
 
 

 
Figure 5. EPR model predictions against the experimental data 
for unsaturated soil effective stress parameter (Testing data) 

 
Once the training stage was finalized and the mod-

els were developed, performance of the trained model 
was validated using the unseen validation data that 
were kept unseen to EPR in the training stage. The 
purpose of the validation was to examine the capabil-
ities of the developed model to generalise the training 
to conditions that have not been experienced by EPR 
during the training. 

Table 2 shows the values of the coefficient of de-
termination for training data as well as the unseen 
testing data for the presented EPR model.  

Figures 4 and 5 show comparisons between the 
EPR model predictions and the results obtained from 
the experiments for raining and testing data cases, re-
spectively. 

5 CONCLUSIONS 

Evolutionary Polynomial Regression was used to de-
velop models to predict the effective stress parameter 
in unsaturated soils considering six contributing input 
parameters. Experimental triaxial test data from liter-
ature was used to develop and validate the models in 
this study. From amongst the developed models, one 
was selected based on robustness and complexity fac-
tors.  

 
After training, the generalization capabilities of the 

selected model were evaluated by verification of its 
performance using a set of data which was kept un-
seen to EPR during the model development process. 
The results revealed that the proposed model was ef-
ficient and robust in successfully capturing the under-
lying relations between the contributing parameters 
and predicting the complicated effective stress pa-
rameter in unsaturated soils directly from a set of raw 
experimental measurements to a good level of accu-
racy. 

An interesting feature of EPR approach is that as 
more data becomes available, the quality of the model 
predictions can be improved by retraining EPR with 
the newly available more comprehensive set of data. 
This feature highlights the flexibility and strength of 
the methodology in being able to be stretched to in-
clude newly generated data in developing stronger 
more accurate models. 

The most advantageous characteristic of EPR how-
ever, apart from its considerably strong performance 
in capturing and generalizing complicated behavior 
of materials and systems, is that the developed models 
are explicit and openly accessible to the user in con-
trast to some other evolutionary-based modeling tech-
niques like the Artificial Neural Network methods. 
ANNs have a “black box” nature meaning that the 
user has no access to observe, analyze or understand 
how the input parameters are related to each other and 
to the output parameter(s), or how the predicted out-
put values are created. EPR shows the relationship be-
tween the contributing input parameters and the target 
parameter being modeled and predicted (output), in 
the form of a visual/easily accessible polynomial ex-
pression. This creates the opportunity for the expert 
user to judge the performance of the developed 
model(s) not only based on a single predicted value 
(like the way it works in ANNs), but also by the ra-
tional relationship that is expected to exist between 
the input and output parameters based on any known 
behaviors from the material or system in question. 
Another feature of EPR is the capability of recogniz-
ing the role of introduced input parameters by the 
level of their contribution to the output. If a parameter 
is immensely influential or if it is not contributing to 
the output parameter, it will be exposed in the process 
of the sensitivity analysis conducted on the developed 
models. Also, as there is always a number of models 
developed by EPR after the training and validation 
processes are completed (rather than just a single 
model), an expert user will have the opportunity and 
flexibility of choosing the best model(s) based on ac-
curacy of predictions, participation levels of input pa-
rameters, length/complexity of the equations (practi-
cality), and assessing the underlying relations 
between input parameters and the output. 
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