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1 INTRODUCTION 

One of the well-established ideas in constitutive 
modelling of soil anisotropy is that a distorted yield 
surface, with its main axis inclined with respect to 
the isotropic axis, is required to describe the yield 
locus of anisotropically consolidated soil elements. 

Nevertheless, different approaches can be found 
regarding the shape and the orientation of the yield 
surface under different levels of anisotropy. Charac-
teristic applications of distorted ellipses are the 
models of Kavvadas (1982), Dafalias (1986) and 
Wheeler et al. (2003) for saturated soils and the 
Stropeit et al. (2008), D’Onza et al. (2010), Al-
Sharrad and Gallipoli (2016), Sitarenios (2016) for 
unsaturated soils. 

To decide on the shape and the orientation of the 
yield surface, probing tests are usually performed. In 
these tests, from given initial conditions under stabi-
lized anisotropy, radial stress paths are realized to-
wards different loading directions in the stress space 
to define additional yield points which belong to the 
same yield locus. Fundamentally, such probing tests 
must involve only elastic loading for the induced an-
isotropy not to evolve during shearing. 

Information on the position and the shape of the 
yield surface can be additionally provided by Con-
stant Axial Load tests which follow Anisotropic 
Consolidation, from now on abbreviated as CAD-
CAL tests. CAD-CAL tests are usually performed 
during experimental campaigns related to slope fail-
ures and especially to rainfall induced landslides as 
they are deemed representative of the loading condi-

tions in the field. Figure 1 presents such stress paths 
on the mean stress (p΄) – deviatoric stress (q) plane. 
They involve anisotropic consolidation to the desired 
stress level followed by a reduction of then the mean 
stress by maintaining the axial force constant. Mean 
stress reduction can be realized by reducing the cell 
pressure under a constant back pressure (constant 
suction for unsaturated soils) or by increasing the 
pore water pressure under a constant confining 
stress. 

Providing that the anisotropic consolidation stage 
involves plastic straining, the end of compression 
lays on the yield surface. During the constant axial 
force phase, experimental results suggest that the 
stress path retracts from the yield surface, moving 
inside the elastic region, until the yield surface is 
crossed again. Thus, a second point on the same 
yield surface can be determined. 

In that respect, this paper utilizes a series of such 
CAD-CAL tests presented by Casini et al. (2013). 
The soil involved is a silty sand of low plasticity and 
tests have been performed on statically compacted 
samples under both saturated and unsaturated condi-
tions. The results are used to evaluate different yield 
surface shapes and assumptions. Evaluation includes 
both isotropic and anisotropic yield surfaces. Alt-
hough anisotropic surfaces are fundamentally more 
suitable for anisotropically consolidated soils, it was 
decided to additionally examine the capacity of iso-
tropic yield surfaces, both for comparison and be-
cause unfortunately still nowadays, in practical ap-
plications (i.e., commercial FEM codes), anisotropic 
constitutive models are very rare. 
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ABSTRACT: The present study utilizes a series of anisotropic consolidation tests followed by a decrease of 
the mean stress under constant axial load to define the yield locus of anisotropically consolidated soil samples 
and to evaluate the ability of different yield surface shapes in accommodating the observed behaviour. Nine 
different axial load tests are used, including three different water contents and three different consolidation 
stress obliquities. For each test, the “end of compression” and the “failure initiation” stress states are assumed 
to define the yield locus. Two isotropic and two anisotropic ellipsoids are used to describe the experimentally 
determined yield points. It proves that a distorted ellipsoid is superior in capturing the behaviour, provided 
that its aspect ratio is handled as an independent variable.   



2 EXPERIMENTAL RESULTS 

In the present study, results from nine (9) different 
CAD-CAL tests are examined. The soil is a silty 
sand of low plasticity from a steep slope in Rud-
lingen, norther Switzerland, where a landslide trig-
gering experiment was carried out in March 2009 
(Askarinejad et al. 2012, Springman et al. 2012). 

Figure 1 summarizes the stress paths of the exam-
ined experimental tests, together with the volumetric 
behavior on the v-lnp΄ plane, as these are reported in 
Casini et al. (2013). Soil samples were prepared us-
ing static compaction and were tested under three 
different saturation states: a) saturated (w=wsat); b) 
w=17%; and; c) w=25%, the latter two correspond-
ing to unsaturated conditions. For each water con-
tent, consolidation under three different stress obliq-
uities was performed (η=q/p=0.375, 0.75, 1.0). 

Results are plotted in terms of Bishop’s stress 
( ' ( )a a w rp p u u u S     ), following the water reten-
tion properties of the examined soil. As these are 
constant water content tests, suction is evaluated 
from the water retention curve based on the evolu-
tion of degree of saturation with straining. The ob-
tained compressibility behavior on the v-lnp΄ plane 
indicates that plastic straining occurs during com-
pression and thus, it is reasonable to assume that the 
end of compression corresponds to plastic states on 
the yield surface. 

Then, during the constant axial load phase, an un-
loading behavior is observed with the volumetric 
behavior following reasonably parallel swelling lines 
until yield is initiated again. Yield is manifested in 
the p' –q plots as an abrupt drop in the deviatoric 
stress, attributed to the fact that the samples cannot 
sustain the applied axial load anymore and in fact the 
sample fails. 

Table 1 summarizes the stress values correspond-
ing to the end of compression (p΄c), to failure (p΄f) 
and also their “common” deviator stress (q). The se-
lected failure points are in good agreement with the 
observed abrupt changes in the value of the second 
order work during loading, as reported in Casini et 
al. (2013). 

 
Table 1. Summary of the stress states used in the performed fit-
ting exercise. 

 w η p΄c (kPa) p΄f (kPa) q (kPa) 

TRX 10 wsat 0.375 99.3 24.1 38.5 

TRX 11 wsat 0.75 101.0 56.6 75.8 

TRX 12 wsat 1.00 98.2 68 98.3 

TRX 6 25% 0.375 97.8 19.6 40.8 

TRX 7 25% 0.75 96.3 60 71.2 

TRX 8 25% 1.00 91.9 67.7 85.9 

TRX 2 17% 0.375 97.3 30 36.9 

TRX 3 17% 0.75 95.7 40.1 74.9 

TRX 4 17% 1.00 94.6 56.2 97.7 

 

The performed analyses assumes that a constant 
axial load test is at the same time a constant devia-
toric stress test (“common” q for p΄f and p΄c). This is 
not the reality, as during shearing, the area (sample’s 
cross-section) at which the load is applied evolves 
with straining and thus, the deviatoric stress changes. 
Nevertheless, this is a reasonable assumption, also 
supported from the experimental evidence of Figure 
1 which indicate a practically constant q up to fail-
ure. It is attributed to the fact that only elastic strain-
ing occurs and thus the change in the sample’s cross-
section is practically negligible. 

 

 
Figure 1. The stress path on the p΄-q plane (left graphs) and the 
corresponding compressibility on the v-ln p΄ plane (right 
graphs) for three different water contents (Casini et al. 2012). 

3 EVALUATION OF DIFERENT YIELD 
SURFACES 

The experimental data are “fitted” with different 
yield surface shapes. The following procedure is 
used for the four yield surfaces examined. 

The stress state at the end of compression (p'c, q) 
is considered plastic and thus confirms the yield sur-
face. It is used to calculate the preconsolidation pres-
sure, in other words the size of the yield surface. 
Then, the constant axial load tests are assumed elas-
tic up to failure (pf, q). During elastic loading, no 
hardening occurs, and the size of the yield surface 



does not alter. Thus, each failure point (p΄f, q) must 
also confirm the same yield surface already deter-
mined for the end of compression (p'c, q). 

For unsaturated soils, the size of the yield surface 
depends on the preconsolidation pressure defined by 
the Loading - Collapse Curve. Thus, it depends on 
suction, degree of saturation or even both following 
each model’s LC definition, while usually the pre-
consolidation pressure under saturated conditions is 
used as a hardening variable. Thus, during elastic 
loading the size of the yield surface may change due 
to variations of suction and/or degree of saturation, 
especially when constant water content tests are ex-
amined as in the present case. Nevertheless, it turns 
out that the calculated evolution of degree of satura-
tion and suction accompanying the elastic unloading 
during the constant axial load phase is quite small 
not to hinder the results of the present study. 

Three different Yield Surface (YS) proposals are 
examined. The first one is the well-known isotropic 
ellipse of the Modified Cam Clay (MCC) model. 
Then the CASM’s model (Yu 1998) isotropic ellipse 
is also putted into test. The CASM yield surface in-
cludes two additional parameters which alter the 
shape of the ellipse with respect to the MCC model, 
resulting to a more “flexible” yield surface shape. 
The discussion concludes with a classical distorted 
ellipse, used in constitutive modelling of soil anisot-
ropy. It takes place on the Bishop’s stress domain 
with no further assumption on the evolution of shear 
strength parameters with partial saturation.  
 

3.1 The MCC Isotropic Ellipse 

The yield surface of the Modified Cam Clay model 
is described through the following yield equation:  

  2 2

0 0 )=0, , '(f p q P q M p P p     (1) 

where M the slope of the Critical State Line (CSL) 
on the p- q plane, taken equal to M=1.24 following 
the value reported in Casini et al. (2013). 

For each one of the reported (p΄c, q) values equa-
tion (1) is solved for P0 to define the size of the yield 
surface at the end of compression. The calculated 
yield surfaces are plotted in Figure 2 along with a 
simplified representation of the examined stress 
paths. 

The yield surfaces are calibrated using the well-
known method of least squares. In more details, for 
each yield surface the predicted pf value is calculated 
as this p΄ values which confirms the deviatoric stress 
q at the dry of critical state by solving the YS equa-
tion for p. Then the difference between the predicted 
and the experimental p΄f values is evaluated using 
the standard definition of the coefficient of determi-
nation R2, calculated as: 
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Figure 2. The examined stress paths together with the calculat-
ed Modified Cam Clay Yield Surfaces. 

 
Following this procedure, the MCC results (Fig-

ure 2) turn out a R2=0.25. In general, we may ob-
serve that the symmetry of the MCC yield surface 
about the CSL, is what hinders the accuracy of the 
simulation. Although the constant axial load paths 
overshoot the CSL and fail at a greater q/p΄ ratio, the 
observed failure points are still much closer to the 



CSL line compared with the ones predicted by the 
MCC yield surface. 

 

3.2 CASM: An isotropic ellipse with increased 
shape versatility 

The second yield surface used to fit the experimental 
results is the isotropic ellipse proposed in the CASM 
model. The CASM model adopts the following yield 
surface: 

 0

0

=0
p'

1
, , ln

ln

n

q p
f p q P

M r P

 
    

 (4) 

where n and r parameters controlling the shape of 
the yield surface on the p'-q plane. Figure 3 plots the 
yield surface of the CASM model for different n and 
r values. We may observe that parameter n alters the 
shape of the yield surface, with an increasing n value 
resulting to a more rounded shape at the wet of Crit-
ical State (CS) accompanied by a simultaneous “nar-
rowing” of the elastic domain at the dry of CS. On 
the other hand, parameter r controls the intersection 
between the YS and the CSL with the ratio 1/r corre-
sponding to the p/P0 of the intersection. 

By controlling the intersection of the yield surface 
with the CSL, parameter r additionally controls the 
relative position of the CSL with respect to the Iso-
tropic Compression Line (ICL) on the v-lnp' plane 
following: 

( ) lnisoN r     (5) 

where λ and κ the MCC compressibility parameters. 
Casini et al. (2013) report that for the soil under ex-
amination, a representative set of parameters is:    
Niso=2.33, λ=0.10, κ=0.02 and Γ≈2.26. Based on 
these values we may solve eq. 5 for r to obtain 
r≈2.4. 
 

 
Figure 3. Characteristic plots of the CASM yield surface. 

 
With r value fixed then we seek the n value 

which best fits the results, following the same pro-
cedure and assumptions of section 3.1 It turns out 
that n=1.55 is the most suitable value capable of fair-
ly accommodating most of the results. Figure 4 pre-
sents the CASM yield surface as it plots for each one 
of the examined tests. 

It is interesting to observe that for the selected set 
of parameters, the CASM yield surface cannot ac-
commodate the results corresponding to the higher 
examined consolidation obliquity (η=1.0) as the 
stress state at the end of compression plots almost at 
the apex of the yield surface leaving practically no 
room for unloading under a constant deviatoric 
stress. Nevertheless, for the rest of the examined 
tests, the CASM YS proves more capable of captur-
ing the failure points in comparison to the MCC. 
This is also reflected to the significantly higher cor-
relation factor obtained equal to R2=0.72 (excluding 
the η=1.0 tests). 

3.3 Distorted Ellipsoids: considering anisotropy 

The last expression examined is a classical distorted 
ellipsoid which has been proposed and used by vari-
ous researchers to capture the yield locus of aniso-
tropically consolidated soils. In its general form it 
can be written as: 

  2 2

0 0', , , ( ) '( '' )=0q q pf p q b P q b N p P p     (5) 

where bq controls the inclination of its main axis 
with respect to the isotropic axis. In constitutive 
modelling, parameter bq is used as the anisotropic 
hardening variable to describe the evolution of stress 
induced anisotropy. Kavvadas (1982) first proposed 
equation 5 it the generalized stress space. Dafalias 
(1986) derived a slightly modified version of equa-
tion (5), initially as a plastic potential surface to de-
scribe the evolution of plastic strains for anisotropic 
soil elements undergoing plastic loading. Dafalias 
(1986) proposal in fact suggests that parameter N, 
which controls the aspect ratio of the yield surface 
can be correlated to the slope of the CSL and to the 
anisotropic hardening variable as: 

2 2

qN M b   (6) 

To fit the distorted ellipsoid on the examined ex-
perimental results, an assumption is required with 
respect to the inclination of the yield surface. As 
previously mentioned, in constitutive modelling of 
soil anisotropy the inclination of the yield surface 
represents the memory of stress induced anisotropy 
and different assumptions can be found with respect 
to its evolution. Nevertheless, in the vast majority of 
the known constitutive modelling applications, the 
adopted kinematic hardening rules, which control the 
evolution of bq, incorporate the obliquity of the im-
posed stress path as a main stress attractor. Thus, the 
resulting inclination of the yield surface at the end of 
compression is a factor of the applied stress obliqui-
ty, depending on the hardening rule definition of 
each model and further on the selected rate at which 
anisotropy evolves during compression. 
 



 
Figure 4. The examined stress paths together with the calculat-
ed CASM Yield Surfaces. 

 
In that respect, we examine the following scenar-

ios, bq=1.0η, bq=0.75η and bq=0.5η. For each scenar-
io, we try both the generic expression of equation 5 
where the aspect ratio parameter N can be arbitrarily 
selected as well as the correlated N according to 
equation (6). Table 2 summarizes the results of the 
fitting exercise. 

It proves that the generic expression of equation 
(5), with an arbitrary selection for the yield surface 
aspect ratio parameter N provides the best results. 
Each one of the examined orientation assumptions, 
requires a different N selection. Overall, the assump-
tion that the yield surface orientation coincides with 
the obliquity of the consolidation turns out as the 
most successful. The corresponding yield surfaces 
for the bq =1.0 case are depicted in Figure 5. 

 
 
 
 

Table 2. Achieved correlation for the distorted ellipsoid. 

bq/η N R2 for N R2 - N following eq. 6 

1.0 0.7 0.72 0.25 

0.75 0.9 0.64 0.25 

0.5 1.0 0.48 0.25 

 
On the other hand, the alternative approach, 

where the yield surface aspect ratio is the combined 
outcome of the slope of the CSL and of the orienta-
tion of the YS (equation 6), does not prove similarly 
successful. It turns out that its fitting capability, at 
least as this is quantified through the selected coeffi-
cient of determination, is independent of the as-
sumed orientation. Note that irrespective of the as-
sumed bq/n ratio, a constant R2=0.25 is reproduced, 
which is further equal to the R2 value raised by the 
MCC YS in section 3.1, which is reasonable as 
equations 5 and 6 degenerate to the MCC YS for 
bq/n =0. 

It proves that the assumption of equation 6 im-
poses a strict constraint on the shape of the yield sur-
face irrespective of the orientation. Thus, the 
“length” of the elastic domain between the point cor-
responding to the end of compression and to its con-
jugate equal q point at the dry of CS remains con-
stant. Figure 6 plots the predictions of equations 5 
and 6 for bq=1.0 to allow for direct comparison 
with Figure 5. 

4  CONCLUSIONS 

This paper evaluated the ability of different yield 
surface expressions to capture the experimentally de-
termined yield points corresponding to nine different 
CAD-CAL tests under various anisotropic condi-
tions. Both isotropic and anisotropic (distorted ellip-
soid) yield surfaces were examined. An isotropic el-
lipse with shape versatility (i.e, CASM model) can 
provide a fair representation of the yield points. 
However, a distorted ellipsoid proved much more 
capable of representing the results, provided that the 
aspect ratio of the yield surface is handled as an ex-
tra parameter. 

Finally, it is clarified that the present study pre-
sents a qualitative discussion, incorporating various 
assumptions in the sake of simplicity and should not 
be considered as a calibration exercise. The ability of 
any constitutive model to represent a given set of 
experimental results depends on an ensemble of ad-
ditional factors, such as the reproduced compressi-
bility, the shear – strain behaviour, dilation etc. and 
thus selection of the proper constitutive law cannot 
be made only on the bases of the shape of the adopt-
ed yield surface.  



 
Figure 5. The examined stress paths together with the calculat-
ed distorted ellipsoid (equation 5). The yield surface orientation 
is assumed equal to the obliquity of the consolidation. 
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