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1 INTRODUCTION 

The capillary pressure dominates the immiscible flu-
id flow through porous media under low capillary 
number conditions (e.g., water flow in unsaturated 
soils), which is primarily determined by the size and 
shape of pore throat as well as interfacial tension. 
The invading fluid is subjected to the maximum 
force at the point where the flow channel is the nar-
rowest whereas the irregularity of pore throat shape 
hampers the accurate measurement of the capillary 
pressure. The Mayer and Stowe-Princen (MS-P) 
method can be used to analytically determine the ca-
pillary pressure based on energy balance formulated 
by arc menisci configurations (Mayer and Stowe, 
1965; Princen, 1969a, 1969b, 1970), however, it can 
only be applied into capillary tubes with relatively 
simple cross-sections that are mathematically 
expressible (Mason and Morrow, 1991; Dong and 
Chatzis, 1995; Lago and Araujo, 2001). Lechman 
and Lu (2008) derivated the boundary value problem 
for the water lens between particles by using free 
energy minimization, and Likos and Lu (2004) 
analytically investigated the hysteresis of water 
retention characteristics, but they can only be 
implemented into spherical particle assmblies. The 
commonly approachable method is to extract the 
fitting circle which inscribes the pore throat and to 
compute capillary pressure using Young-Laplace 

equation. The method is widely used for modeling 
pores into a network, however, pore network model 
that adopts the method does not represent irregular 
pores and tends to overestimate the capillary 
pressure (Yang et al., 2015). 
 Pore network models are widely used to simulate 
multiphase fluid flow by simplifying complex pore 
sturucture into a network comprised of pore 
chambers interconnected by pore throats (Blunt, 
2001; Joekar-Niasar and Hassanizadeh, 2012). The 
iterative computation of sustained capillary pressure 
across the fluid interface in a pore network can 
construct water retention curves, which reflects the 
saturation dependent water-retaining capacity of the 
target porous media. Again, its main problem is that 
either topologically realistic pore networks extracted 
from 3D images (Silin and Patzek, 2006; Dong and 
Blunt, 2009) or synthetically generated lattice-
structured networks (Raoof et al., 2013; Jang and 
Santamarina, 2014) still represent pore throats as 
simple shapes. It is well known that 3D X-ray CT 
enables the quantification of pore structure (Wilson 
et al., 2012), and that by directly performing the 
lattice Boltzmann (LB) simulation on the 3D image 
enables one to accurately compute the capillary 
pressure at any geometry (Ramstad et al., 2009), 
however, the expensive computational effort and 
complicated governing equations often hamper the 
applicability. Therefore, it is desired to scrutinize 
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tion. The water retention curves by adopting the morphological analysis and its correlative scheme are well 
consistent with experimental data. The suggested methods and results are relevant to other pore-scale pro-
cesses such as geological CO2 sequestration, methane ebullition from wetlands, and enhanced carbon recov-
ery. 



how the irregular pore shape is correlated with the 
actual capillary pressure acting at irregularly shaped 
pore throat and propose the reliable and adoptable 
relation that can be implemented into the pore 
network model. 
 This study acquired cross-sectional images of real 
pore throats during network extraction procedure 
from 3D X-ray computed tomographic image. LB 
simulation then obtained the capillary pressure and 
the morphological features of equilibrated non-
wetting fluid at irregularly shaped pore throat. We 
implement simple morphological analysis technique 
to correlate the capillary pressure with the effective 
shape of pore throat. Conventional pore network 
simulation was then conducted in combination with 
the morphological technique, followed by validation 
process with experimental data from the literatures. 

2 MATERIALS AND METHODS 

2.1 Pore network extraction and acquisition of pore 
throat geometries 

Two natural sands: Jumunjin sand (D50 = 0.59 mm, 
Cu = D60/D10 = 1.45, Here, DX is the particle diame-
ter representing that X% of total particles is smaller 
than DX) and Toyoura sand (D50 = 0.25 mm, Cu = 
1.49) are individually packed in a glass cylinder 
with the diameter of 10 mm and are subjected to 3D 
X-ray CT imaging (PCT-G3; 150 kV and 100 µA 
with CCD camera as a flat-panel detector, SEC 
Ltd.). The 8-bit grayscaled images are segmented to 
obtain the binarized pore structure by Otsu’s method 
(Otsu, 1979) as illustrated in Figure 1a. The Ju-
munjin and Toyoura sands have 10.9 µm and 5.84 
µm of voxel size in 300×300×300 domain and have 
0.412 and 0.442 of porosity, respectively (Figure 
1b). 

It is well known that pore network consists of 
pore chambers and pore throats, and could be direct-
ly obtained from the 3D pore image. This study ini-
tially assumes the shapes of pore throats as cylindri-
cal shapes, but simultaneously captures the pore 
throat’s irregular cross-section to further calibrate 
the capillary pressure. The geometry of pore throats 
(Figure 1c) as well as the pore networks are obtained 
as follows: the skeletal network (e.g., medial axis) of 
3D binary pore image is first extracted. The junc-
tions and dead ends of pore skeleton are assigned as 
prospective chambers, and the remaining skeleton 
segments connecting two adjacent potential cham-
bers are regarded as pore channels. A voxel along 
pore channel skeleton having the minimum value by 
Euclidean distance transform (EDT) becomes the 
throat center cp and the radius of inscribed sphere rins 
is obtained therein. Most importantly, the virtual 
plane with 200×200 pixels (AA’ in Figure 1c) is in-
serted through the predetermined cp, perpendicular 
to the curve fitted to the pore skeleton. Note that the 

plane insertion is done by cubic interpolation to 
achieve sufficient resolution and to capture the ir-
regularity of throat cross-section (e.g., 20 pixels per 
rins) for both LB simulation and morphological anal-
ysis (Kang et al., 2016). By assuming that pore 
throats have negligible volume, prospective pore 
chambers are fully dilated until they touch the in-
serted planes. This process spontaneously produces 
the conventional pore network structure (i.e., stick-
and-ball structure) and 2D geometry of authentic 
pore throat cross-section. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. Extraction process of pore throat cross-sectional im-

ages and network structure. (a) 2D sliced X-ray images are bi-

narized and then (b) stacked in 3D to construct the pore struc-

ture. (c) The virtual plane perpendicular to the pore skeleton 

is inserted to extract the irregularly shaped pore throat cross-

section for computing capillary pressure. 

2.2 Lattice Boltzmann simulation 

The extract pore throat cross-section is first stretched 
out to make a 3D tube with the length of 500 pixels. 
The non-wetting fluid bubble with the length of 250 
pixels (red colored bubble in Figure 2) is initially 
placed in the middle of the tube while the wetting 
phase fluid fills the both sides. The capillary pres-
sure acting at the 3D tube is then numerically com-
puted by two-phase LB bubble simulation using 
modified Rothman-Keller model for D3Q19 lattice 
proposed by Liu et al. (2012). For simplicity, we 
adopted the same density and viscosity conditions 
for both non-wetting and wetting fluids. Without 
any external force, the LB bubble simulation allows 
both non-wetting and wetting fluids to reach the 
equilibrium state after ~ 2×105 iteration steps. Then, 
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the capillary pressure pc is measured from the differ-
ential pressure between inside and outside bubble. 
Figure 2. The cross-sections of pore throats are extended to 

procedure 3D synthetic channel. The non-wetting bubble (red) 

is initially placed at the center. The LB bubble simulation al-

lows that both wetting and non-wetting fluids reach the equi-

librium state where the final configuration of both fluids are 

obtained. 

2.3 Morphological analysis 

Unlike polygon, for irregularly shaped pore throats, 
it may not be readily achievable to measure the ca-
pillary pressure and geometrical distribution of non-
wetting phase fluid. Therefore, we develop the mor-
phological analysis to identify the effective cross-
section which is occupied by the non-wetting phase 
after drainage process (non-wetting phase fluid in-
vading into capillary tube filled with wetting phase 
fluid) (Mason and Morrow, 1991). Later in this 
study, the effective cross-section is correlated with 
the capillary pressure. 
 The procedure starts with identifying the lower 
bound of the radius of the arc meniscus rAM. For the 
fully wetting condition, the general form of Young-
Laplace equation gives: 
 

 
     (1) 

 
 
where r1 and r2 are the principal radii of curvature at 
the fluid interface, Ts is the interfacial tension, and 
pc,ins indicates the capillary pressure computed by 
Young-Laplace equation with r1 = r2 = rins. Here, rAM 
is lower-bounded by half of rins and we therefore de-
fine the effective radius of curvature reff as rins/2 for 
the sake of simplicity. The effective cross-section is 
identified as the following (Suh et al., 2017; Suh and 
Yun 2017): Let p = (p1, p2, …, pm) and s = (s1, 
s2, …, sn) be the group of pixels of the pore and sol-
id region in a cross-sectional image of pore throat, 
respectively. Then, we can first determine the zone 
Z1⊂p, where Euclidean distance values from s are 
greater than reff: 
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Another zone Z2 ⊂ p, is determined as the region 
where Euclidean distance values from Z1 are smaller 
than reff. Finally, the effective cross-section Zeff ⊂ p 
can be identified as follows: 
 

where 

  
 (3) 

 

 
 

The MS-P theory denotes that the capillary pres-
sure for arbitrarily shaped flow channel is expressed 
by the effective area Aeff and perimeter Peff; 
pc=Ts·Peff/Aeff. We define the shape factor Geff by uti-
lizing the concept of the normalized capillary pres-
sure (pn = pc/pc,ins) as shown below. 
 

 
      (4) 

3 RESULTS AND DISCUSSION 

3.1 Correlation between pore throat geometry and 
capillary pressure 

A total of 300 pore throat cross-section images (150 
images from Jumunjin sand and 150 images from 
Toyoura sand) are subjected to the LB bubble simu-
lation and morphological analysis. The values of 
normalized capillary pressure (pn) directly computed 
by LB simulation and Geff by morphological analysis 
closely run the 1:1 line with R2 of 0.9771, regardless 
of the pore throat shape in Figure 3. Therefore, the 
capillary pressure pc for any irregularly shaped flow 
channel can be readily obtained by the morphologi-
cal analysis and corresponding values of Geff in Eq. 
(4) without any additional numerical or analytical 
implementation as follows: 

 
(5) 

 
Fig-

ure 3. 
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3.2 Water retention curve 

The iterative computation of sustained capillary 
pressure across the interface during drainage process 
allows constructing the saturation (Sw) dependent 
capillary pressure. And the pore-scale characteristics 
of such systems have been described by functional 
expressions for capillary pressure and wetting fluid 
saturation at macro-scale (Brooks and Corey, 1964; 
van Genuchten, 1980). We perform the pore net-
work simulation, the method proposed by Joekar-
Niasar et al. (2008), to obtain water retention curves 
for both Jumunjin and Toyoura sand with interfacial 
tension Ts of 72.8 mN/m and zero contact angle to 
represent the high surface energy of soil minerals 
(Bachmann and Van Der Ploeg, 2002; Jang and 
Santamarina, 2014). The obtained water retention 
curves are then parameterized (using air entry value 
p0, fitting parameter m and residual saturation Swr) 
by fitting the van Genuchten equation (van Genuch-
ten, 1980): 
 
 

(6) 
 

 
 The computed water retention curves for both 
sands by pore network simulation are compared with 
experimental data available from the literature 
(Tokoro et al., 2009; Ishikawa et al., 2014; Song 
2014) in Figure 4. 
 

Figure 4. Water retention curves for (a) Jumunjin sand and (b) 

Toyoura sand. Solid lines indicate the fitted van Genuchten 

(1980) equation [Eq. (6)]. The experimental results (solid 

symbols) from the literatures (Tokoro et al., 2009; Ishikawa et 

al., 2014; Song 2014) strongly corroborate the evolution of 

capillary pressure modified by Eq. (5) (small hollow symbols) 

and runs below the conventional pore network simulation re-

sults (small crossed symbols) which implements inscribed cir-

cles. 

 

The capillary pressures obtained by the conventional 
pore network simulation (small hollow symbols) are 
higher than the experimental results (solid symbols) 
at a given degree of saturation. Then, while the pore 
connectivity of the network model is maintained 
constant, only the capillary pressures of the tubes in 
the network model is calibrated by Eq. (5) consider-
ing irregularly shaped pore channels. The simulation 
using the calibrated pore network model results in 
the water retention curves (small crossed symbols) 
that are close to the experimental results. Based on 
the fitting parameters for Eq. (6), the original pore 
network simulation shows higher gas entry pressure 
and more uniform pore size distribution compared to 
the experimental results, however, the calibrated 
pore network model shows water retention charac-
teristics very closed to experimental results. There-
fore, this pore-scale simulation combined with X-ray 
imaging and the morphology analysis could be an al-
ternative option to the experimental measurement of 
water retention curve that is costly and difficult to 
measure in some situations. 

4 CONCLUSIONS 

The capillary pressures for irregularly shaped pore 
throats are investigated by pore network modeling 
and lattice Boltzmann simulation. A relatively sim-
ple and adoptable morphological analysis to accu-
rately compute the capillary pressure is developed 
by estimating its effective shape factor with the aid 
of MS-P theory. Pore throat cross-sections of natural 
sands acquired from 3D X-ray CT images are con-
sidered for investigating the validity and applicabil-
ity of the proposed method. The following conclu-
sions can be drawn: 

 
1. 3D X-ray CT image well captures the geometrical 

features of real porous media, but representing 
pore channel by a circular tube overestimates the 
capillary pressure. 

2. The effective shape factor enables us to obtain the 
capillary pressure for irregular cross-section with-
out performing LB simulation. 

3. The simulation of pore network model calibrated 
by the proper capillary pressures relevant to each 
irregular pore shape results in water retention 
curves similar to experimental results. 
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