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1 INTRODUCTION 

Numerous publications on unsaturated soils con-
cern what constitutive variables are suitable for 
modelling unsaturated soil behaviour including both 
shear strength and deformation. This paper presents 
a trial of employing bishop’s effective stress and the 
degree of capillary saturation as two constitutive 
variables to describe complicate unsaturated soil hy-
dromechanical coupled behaviour. 

The objective of this study is to establish a consti-
tutive model for unsaturated soils by acknowledging 
that (i) pore water consists of capillary water and ad-
sorbed water, and (ii) they contribute very different-
ly to the constitutive behaviour of unsaturated soils 
(Konrad and Lebeau, 2015; Lu, 2016; Zhou et al, 
2016).  In this study, the degree of capillary satura-
tion ( ) is selected as the basic constitutive varia-
ble to highlight that only the capillary water affects 
the strength and deformation of unsaturated soils.  
Specifically, on one aspect, the capillary degree of 
saturation is used for the effective stress parameter, 
i.e., , and the effective stress when  
is referred to as the capillary effective stress ( ) to 
emphasize that the intra-particle stress associated 
with the adsorbed water pressure has been ruled out.  
On the other aspect, the slope of the NCLs is also a 
function of the degree of capillary saturation, i.e., 

 to underline that the mechanical state of 
an unsaturated soil is related to the capillary water 
only.  It is important to note that, although the con-
stitutive relationship is initially established in the 
space of { , }, it can be eventually generalised 
in the space of three primary variables { , s, } 
that is in accordance with variables adopted for fi-

nite element methods (Sheng et al. 2003; Zhou and 
Zhang 2015; Zhang and Zhou 2016). 

2 CONSTITUTIVE EQUATIONS 

2.1 Hydraulic equations 

Sharing the theoretical concept delivered by Or 
and Tuller (1999) and practical method by Khlosi et 
al. (2008), a simple equation of water retention 
curve was proposed by Zhou et al. (2016) to consid-
er capillarity and adsorption separately, which can 
be written as follows: 

 (1) 

where S is the degree of saturation; and are 
the capillary component and adsorptive component 
of the degree of saturation respectively.  Following 
Khlosi et al. (2008), the two-parameter equation 
proposed by Kosugi (1996) to quantify the capillary 
component (i.e., capillary water retention curve, 
CWRC) was employed here: 

, and  (2) 

where erfc() the complementary error function, 
sm the suction that corresponds to the median pore 
radius (rm), and  the variance of the log-
transformed pore radius.  sm varies from smR corre-
sponding to the main drying branch to smA corre-
sponding to the main wetting branch.  Based on the 
concept introduced by Zhou (2013), the term C(s) 
can be revised to consider hysteretic behaviour due 
to the variation of contact angle caused by the suc-
tion change as follows 

S ¢

S ¢=c S ¢=c

ij
¢s

( )S ¢=l l

ij
¢s S ¢

ij
s S

S S S¢ ¢¢= +

S ¢ S ¢¢

( )1 ( )S S C s¢ ¢¢= -
mln( )1

( ) erfc
2 2

s s
C s

æ ö
= ç ÷

è øz

2z

A constitutive model for unsaturated soils using capillary effective stress 
and capillary degree of saturation as two constitutive variables 

A. N. Zhou, S. S. Wu & J. Li 
School of Engineering, Royal Melbourne Institute of Technology (RMIT), Melbourne, Vic 3001, Australia 

 

 

 
 

 

 

ABSTRACT: This paper discusses the role of the capillary degree of saturation in modelling the coupled hy-
dro-mechanical behaviour of unsaturated soils and proposes a new constitutive model for unsaturated soils by 
using the capillary degree of saturation and the capillary effective stress. The model is then validated against 
a variety of experimental data in the literature, and the results show that a reasonable agreement can be ob-
tained using this new constitutive model. 



 (3) 

where and  are the receding and advanc-
ing contact angles respectively.  For simplicity,  
is usually assumed to be 0 and  can be calibrated 
by the main wetting branch.  smR stands for the suc-
tion that corresponds to the median pore radius ( ) 
in the main drying process, which can be calibrated 
by the main drying branch.  The variation of the 
contact angle due to suction has been provided by 
Zhou (2013). 

 (4) 

where  
if ; 
 if . 

b is a parameter to adjust the rate of contact angle 
change due to suction change, which can be cali-
brated by scanning wetting or drying tests.  

In addition to the contact angle hysteresis, the 
mechanical loading changes soil’s pore distribution 
and further affects its water retention behaviour.  
Oualmakran et al. (2016) show that mechanical 
compression due to net stress increase decreases the 
median pore radius ( ) as well as the variance 
( ).  This phenomenon is termed as the mechani-
cal shift of the water retention curve.  The follow-
ing equation is proposed to take the mechanical shift 
into account 

 (5) 

where  and  is the median pore radius 
and the variance at the reference state (i.e., 

),  is the volumetric strain due to the 
mechanical loading, a is a parameter to consider the 
mechanical effects on pore size distribution.  Per 
the Young-Laplace equation, for a given contact an-
gle, suction is in inverse proportion to pore radius.  
Therefore, term C(s) can be further upgraded to the 
following expression to consider the mechanical 
shift. 

 (6) 

where is the suction that corresponds to the 
median pore radius at the reference state ( ) 
and the receding contact angle (q = ),  the vari-
ance of the log-transformed pore radius at the refer-
ence state ( ).   

According to Zhou et al. (2016), the adsorptive 
component (i.e., adsorbed water retention curve, 
AWRC) can be described by the following equation: 

 (7) 

where Qs is the volumetric water content at the 
fully saturated state, Qa is the maximum volumetric 
water content due to adsorption ignoring capillary 
condensation due to the mutual influence of adjacent 
adsorptive water films, and Pcc stands for the possi-
bility of capillary condensation (0 ≤ Pcc ≤ 1).  Pcc = 
1 if soil is fully saturated ( ) and Pcc = 0 if 
capillary water is equal to zero ( ).  The sim-
plest equation meets the above requirement of Pcc 
can be written as: Pcc = .  Specifically, can 
be described by the equation proposed by Campbell 
and Shiozawa (1992), i.e.,  

, and  (8) 

where  is the parameter that is related to the 
maximum degree of saturation due to adsorption 
(without considering capillary condensation) when 
the suction is equal to 1kPa.  sd is the suction at ov-
en dryness.  Experimental results have shown that 
oven dryness generally corresponds to a finite suc-
tion of 106 kPa.  Therefore, the adsorbed water re-
tention curve can be specified as 

 (9) 

Combining equations (1), (2) and (9) yields the 
following closed-form equations for WRC, CWRC 
and AWRC: 

 (10) 

Equation (10) can capture water retention behav-
iour of soils including hysteresis and mechanical 
shift, and separate capillary water retention from ad-
sorptive water retention.  Using the enhanced hy-
draulic model presented in equation (10), the rela-
tionship among the degree of saturation (S), 
capillary degree of saturation (S′) and adsorptive de-
gree of saturation (S″) can be found for a given 
stress and suction path.  Equation (10) requires six 
parameters and all these parameters can be calibrat-
ed by the conventional water retention tests. 
 

2.2 Mechanical equations 

2.2.1 Capillary effective stress 
It is difficult to construct an effective stress varia-

ble that can solely govern both shear strength and 
volume change behaviour for unsaturated soils.  A 
practical way for unsaturated soil modelling is to 
achieve this by two steps: (1) construct an effective 
stress variable that can govern shear strength behav-
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iour only for unsaturated soils, and (2) develop a 
volume change equation for unsaturated soils using 
the defined effective stress variable together with 
another constitutive variable.  Realising the inter-
particle water (or water bridges or menisci) is com-
posed of the capillary water only while the adsorp-
tive water forms the water film wrapping particles, 
the capillary effective stress equation for the shear 
strength of unsaturated soil was suggested by Zhou 
et al. (2016), highlighting only the capillary water 
contributes to the shear strength under a given suc-
tion. 

 (11) 

where is the capillary effective stress, and 
can be determined by equation (10).  In the 

space of deviator stress (q) and mean effective inter-
particle stress (p′), the shear strength of unsaturated 
soil can be written as 

. (12) 

The experimental validation for equations (11) 
and (12) on predicting unsaturated soil strength can 
be found in Zhou et al. (2016). 

2.2.2 Volume change equation based on degree of 
capillary saturation 

Recent research (Sheng 2011; Zhou et al. 2012a; 
Zhou et al. 2012b) indicates the degree of saturation 
or the effective degree of saturation can be used as 
an additional constitutive variable for modelling 
volume change behaviour.  Realising that the capil-
lary degree of saturation contributes much more to 
unsaturated soil’s mechanical behaviour than the ad-
sorptive degree of saturation, the normal compres-
sion lines (NCLs) of unsaturated soils are proposed 
as below, by adopting the capillary degree of satura-
tion (S′) other than the degree of saturation (S) as the 
key variable. 

, (13) 

where is the mean capillary effective stress 
defined in equation (11), v the specific volume, N 
the intercept of the NCL with the v-axis when lnp′ 
= 0, and l the elastoplastic compression index repre-
senting the slope of the NCL, which is assumed as a 
function of the capillary degree of saturation, i.e. 
l = l(S′).  The following equation is proposed for 
l 

, (14) 

where l0 is the elastoplastic compression index 
for the fully saturated soil, ld is the elastoplastic 
compression index for when the soil contains zero 
capillary water (i.e. oven dryness), and k is a cou-
pling parameter which can be determined by a dry-
ing test (calibration details can be found in the Sec-

tion 2.2.4).  For the elastic response, the following 
equation is employed. 

, (15) 

where k is the elastic compression index repre-
senting the slope of the unloading and reloading line 
(URL).  For k, an equation like l is employed. 

, (16) 

where k0 is the elastoplastic compression index 
for the fully saturated soil, and kd is the elastoplastic 
compression index for when the soil contains zero 
capillary water (i.e., oven dried).  For the clayey 
soil, the capillary water can only be fully removed 
by very high suction and the compressibility of the 
clayey soil at a very high suction is far less than its 
compressibility at the fully saturated state.  There-
fore, for simplicity, in this paper, we assume ld = kd 
= 0 to simplify equation (14) and (16) as 

 (17) 

As a simplified equation, equation (18) is suitable 
for (1) low suction and low net stress cases, (2) high 
suction but low net stress cases and (3) high net 
stress and low suction cases.  For the high suction 
and high net stress cases, the original equations (i.e. 
equations (14) and (16)) should be employed to con-
sider the compressibility of dried soils.   

Coupling parameter k stands for the deterioration 
of soil’s stiffness due to the increase of degree of 
capillary saturation.  The lower value of parameter 
k means the stiffness deterioration due to the in-
crease of S′ becomes more distinct.  

2.2.3 Loading collapse surface 
The plastic volumetric strain can be calculated 

through the NCL and the URL, i.e. equations (13) 
and (15), as 

. (18) 

Meanwhile, the plastic volumetric strain can also 
be calculated by the saturated yield stress (pc′) by the 
following equation, 

. (19) 

Combining equations (18) and (19) produces the 
yield surface (or the loading collapse surface) func-
tion in the isotropic stress states 
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2.3 Constitutive matrix 

Although numerous enhancements (Yao et al. 
2008; Yao et al. 2009; Yao and Zhou, 2013) have 
been performed to improve the Modified Cam-clay 
model (the MCC model), the MCC model is still the 
most widely-used elastoplastic constitutive model in 
soil mechanics.  Thus, the MCC model is employed 
here to extend the isotropic yield surface (equation 
(20)) to a triaxial stress state 

 (21) 

Following the Modified Cam-clay model, the 
plastic volumetric strain ( ) is adopted as the hard-
ening parameter and the hardening law can be de-
fined 

. (22) 

An associated flow rule in the Modified Cam-
clay model is also adopted here, i.e.: 

. (23) 

where  is the increment of plastic volumet-
ric strain and  is the increment of plastic devia-
tor strain.  The increment of elastic volumetric 
strain ( ) and the increment of elastic deviator 
strain ( ) can be written as 

 (24) 

where  is the Poisson’s ratio.  Based on equa-
tions (21), (22), (23) and (24), the constitutive ma-
trix in terms of the effective inter-particle stress and 
degree of capillary saturation can be written as 

. (25) 

where

 . 

3 VALIDATIONS 
Cunningham et al. (2003) presented the results of 

a series of isotropic/triaxial compression tests in 
both CS and CW conditions on a reconstituted silty 
clay that comprised a mix of 20% pure Speswhite 

kaolin, 10% London clay and 70% silica silt. The 
slurry soil was isotropically preconsolidated to 130 
kPa, i.e. the initial yield stress is 130 kPa. The mod-
el parameters for simulations are l0 (=0.044), k0 
(=0.007), M (=1.25), k (=3.0),  (=1300kPa), 

 (=0.7),  (=0.4),  (=50o), a (=2.6), and b 
(=1.2) 

Figure 1 shows the change of specific volume 
due to drying (suction increases from 0 to ~30 MPa) 
and the model prediction.  The model prediction 
matches the experimental observation very well.  
The model can well describe the elastic and elasto-
plastic shrinkage when the suction increases up to 
~1000 kPa and the swelling behaviour if the suction 
goes beyond ~1000 kPa. 

 

 
Figure 1. Volume change of the reconstituted kaolin due to 
drying (data after Cunningham et al., 2003) and model simula-
tions. 

 
Figure 2 shows the volume changes for the re-

constituted kaolin dried to different suctions (0, 400, 
650 and 1000 kPa) due to mechanical loading (net 
mean stress) in the isotropic stress state.  The com-
parison between the test data and the model predic-
tion indicates the model capacity in mimicking the 
volume change behaviour of the reconstituted kaolin 
with various suctions due to mechanical loading. 

 

( )
2

c2

1
0,  and 

1 (1 )k
q

f p p
M p S

d

d¢ ¢= + - = =
¢ ¢- -

p

v
e

p p

c c v v

0 0 p

1 1
d d d

e
p p

c

+
¢ ¢= =

¢-
e e

l k

p

d

p 2 2 2

v

d 2

d

p q
g

M p q

¢
= =

¢ -

e

e

p

vde
p

dde

e

v
de
e

d
de

e e

v e d e

d 2(1 ) d
d d ,  d d

1 1 9(1 2 )

p q
c p d q

e p e p

¢ +
¢ ¢ ¢= = = =

¢ ¢+ + -

k k n
e e

n

n

{ } { }
T T

v d 3 3
, , , ,S p q se e

´
=C!! ! ! ! !

p e p e p e

v v v v v v

p p p

v v v
3 3 e

, ,

, ,

, ,

e e e e e e

e e e
´

é ù¶ ¶ ¶ ¶ ¶ ¶
+ + +ê ú

¶ ¶ ¶ ¶ ¶ ¶ê ú
ê ú¶ ¶ ¶

¢= +ê ú
¶ ¶ ¶ê ú

ê ú¶ ¶ ¶
ê ú

¶ ¶ ¶ê úë û

p p q q s s

g g d g
p q s

S S S

p q s

C

mR0
s

0
z a

A
q

10
1

10
2

10
3

10
4

10
5

1.42

1.44

1.46

1.48

1.5

1.52

1.54

Suction, s(kPa)

Test data (drying)

Model

S
p
ec

if
ic

 v
o
lu

m
e,

 v
 (

-)

Net mean stress, p = 10kPa

10
0

10
1

10
2

10
3

10
4

1.38

1.4

1.42

1.44

1.46

1.48

1.5

1.52

1.54

s=0 kPa
s=400 kPa
s=650 kPa
s=1000 kPa

Net mean stress, p (kPa)

Model

S
p
ec

if
ic

 v
o
lu

m
e,

 v
 (

-)

Test data 



Figure 2. Volume change of the reconstituted kaolin with dif-
ferent suctions due to mechanical loading (isotropic stress, da-
ta after Cunningham et al., 2003) and model simulations 

 
Figure 3 shows the volume change against the net 

mean stress for four triaxial compression tests, 
which are conducted under a constant suction of 
1000 kPa but under different confining stresses (50, 
100, 200 and 400 kPa).  The stress-strain relation-
ship (q versus e1) and the relationship between the 
volumetric strain and the axial strain (ev versus e1) 
for one of the four triaxial compression tests 
(s=1000 kPa, s3=100 kPa) are presented in Figure 4.  
The proposed model is employed to predict the rela-
tionship between the specific volume and the net 
mean stress observed in four different triaxial com-
pression tests (see Figure 3), and the relationship be-
tween the deviator stress/volumetric strain and the 
axial strain (see Figure 4).  In general, the predic-
tion matches the observation reasonably well.  
Since the proposed model is based on the elastoplas-
ticity theory for a continuous medium, it is incapa-
ble of describing the brittle behaviour observed in 
the test when the sample with a high suction is close 
to the failure (see Figure 4, when the axial strain is 
larger than ~6%). 

 

Figure 3. Volume change of the reconstituted unsaturated kao-
lin (s = 1000kPa) in the triaxial compression tests with differ-
ent net confining stresses (data after Cunningham et al., 2003) 
and model simulations 

 

Figure 4 Stress strain relationship and volume change of the 
reconstituted unsaturated kaolin (s = 1000kPa) in the triaxial 
compression tests with a net confining stress of 100kPa (data 
after Cunningham et al., 2003) and model simulations 

 
Figure 5 shows the stress-suction path for a series 

of unconfined triaxial compression tests with con-
stant water contents and model predictions.  The 
initial suction before shearing is set to be ~270kPa 
(�), ~500kPa (r), ~700kPa (¸), ~1000kPa (Æ, Í 
and à) and ~1200kPa (*).  After the suction equi-
librium, the undrained unconfined triaxial compres-
sion tests were conducted and the stress (q) - suction 
(s) paths were measured.  The proposed model is 
employed to predict the observed stress-suction 
paths.  The ends of the stress-suction paths are 
highlighted as the critical states (see solid circles in 
Figure 5).  The prediction by Zhou et al. (2012b) 
based on their constitutive model (it employs the 
degree of saturation directly for constructing the ef-
fective stress and being the additional state variable) 
overestimates the critical states, as shown in Figure 
5.  The model proposed in this paper, although it 
shares the similar modelling framework with Zhou 
et al. (2012b), highlights the difference of capillary 
water and adsorptive water, therefore provides a 
much better prediction of the critical states and 
stress-suction paths. 

 

Figure 5 Stress-suction paths for a series of unconfined triaxi-
al compression tests with constant water content (data after 
Cunningham et al., 2003) and model simulations.  

4 CONCLUSIONS 
The degree of saturation of a soil is separated into 

that due to capillary water and that due to adsorbed 
water, and the role of capillary degree of saturation 
( ) in modelling the hydro-mechanical coupled 
behaviour of unsaturated soils is highlighted.  Ca-
pillary water exists among soil particles and the 
pressure of capillary water affects the contact stress 
among soil particles.  A new constitutive model for 
unsaturated soils using the capillary degree of satu-
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ration ( ) and capillary effective stress ( ) is 
proposed in this paper, where the shear strength, 
yield stress and deformation behaviour of unsaturat-
ed soils are governed by two constitutive variables 
(  and ).  The proposed model can be refor-
mulated using primary variables such as the net 
stress ( ), suction (s) and degree of saturation (S).  
Enhanced hydraulic equations are also proposed in 
this paper to describe hydraulic hysteresis and hy-
dro-mechanical interaction in term of the capillary 
water. The proposed constitutive model can capture 
the observed mechanical and hydraulic behaviours 
with a limited number of parameters. The capacity 
of the proposed model has been validated against a 
variety of experimental data in the literature. 

 
More details can be found in Zhou et al (2018). 
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