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1 INTRODUCTION 

Soil fabric evolves under the action of plastic de-
formation causing rearrangement and reorientation 
of particles. Therefore, even an initially isotropic 
soil can become anisotropic when subjected to a de-
viatoric stress path that produces plastic shear strains 
(Al-Sharrad et al., 2017).  

Several constitutive models have been proposed 
to describe the mechanical anisotropy of saturated 
soils under triaxial stress states. In these models, an-
isotropy is incorporated by assuming an asymmetric 
yield curve with respect to the hydrostatic axis. This 
yield curve consists of either a rotated ellipse (e.g. 
Mouratidis and Magnan, 1983) or a distorted ellipse 
(e.g. Kavvadas, 1982; Dafalias, 1986; Banerjee and 
Yousif, 1986; Wheeler et al., 2003b). The rotation 
or distortion of the yield ellipse depends on the ac-
cumulated plastic volumetric and/or shear strains. 

To date, however, only few anisotropic elasto-
plastic constitutive models have been proposed for 
unsaturated soils. Most of them are formulated in 
terms of net stress and suction (e.g. Cui and Delage, 
1996; Stropeit et al., 2008; D’Onza et al., 2011; Al-
Sharrad and Gallipoli, 2014). For example, the latter 
two models combine the approach of Wheeler et al. 
(2003b) for modelling the anisotropic behaviour of 
saturated soils with the BBM of Alonso et al. (1990) 
for modelling the isotropic behaviour of unsaturated 
soils.  

Della Vecchia et al. (2012) presented a constitu-
tive model describing both mechanical and retention 

behaviour of anisotropic unsaturated soils in terms 
of mean Bishop’s stress (also known as “average 
skeleton stress”), deviator stress and degree of satu-
ration. In that model, the cross-sections of the yield 
surface in the plane of mean Bishop’s stress and de-
viator stress at constant degree of saturation have the 
form of distorted ellipses similar to the yield curve 
proposed by Dafalias (1986) for saturated soils. 
Evolution of anisotropy is then related to the distor-
tion of the ellipse, which is governed by plastic vol-
umetric strains. This assumption and the associated 
flow rule imply that the model does not predict a 
unique degree of anisotropy at critical states. Final-
ly, the degree of saturation is related to suction by 
taking into account the effects of both hydraulic hys-
teresis and volumetric strains on the retention behav-
iour. 

The present paper presents a new constitutive 
model for anisotropic unsaturated soils in terms of 
Bishop’s stresses and modified suction. The mathe-
matical formulation of the model is first presented, 
followed by validation against experimental data 
from suction-controlled triaxial tests (Al-Sharrad et 
al., 2017).   

2 CONSTITUTIVE MODEL 

The proposed model is formulated in the triaxial 
stress space and employs, as constitutive variables, 
the mean Bishop’s stress p*=p+Srs (p is the mean net 
stress, Sr is the degree of saturation and s is suction), 
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the deviator stress q and the modified suction s*=ns 
(n is porosity). The choice of these stress variables is 
justified by their thermodynamic consistency with 
the work-conjugated strain variables of true strains 
and degree of saturation. 

The use of Bishop’s stress also allows the predic-
tion of elastic deformations and shear strength in 
terms of a single constitutive variable (e.g. Gallipoli 
et al., 2008) together with a smooth transition be-
tween unsaturated and saturated states.  

The proposed model combines some features of 
the isotropic unsaturated model of Wheeler et al. 
(2003a) with other features of the anisotropic satu-
rated model of Wheeler et al. (2003b). It predicts 
only mechanical behaviour while the retention be-
havior will be the object of future developments. For 
the sake of simplicity, elastic behaviour is assumed 
to be isotropic as in the case of Wheeler et al. 
(2003a). 

2.1 Yield surfaces  

The model includes three yield surfaces in q:p*:s* 
space. i.e. the Loading Collapse (LC) yield surface, 
the suction increase (SI) yield surface and the suc-
tion decrease (SD) yield surface.  

The cross-sections of the LC yield surface in the 
q:p* plane at constant s* have the form of distorted 
ellipses (Figure 1). These ellipses are defined by the 
following equation: 

     (1) 

where α* and pm
* are hardening parameters defining 

the inclination and size of the distorted ellipse, re-
spectively, while m* is the aspect ratio. The value of 
m* is equal to mc

* for compression stress states when 
η*=q/p* ≥ α* and is equal to me

* for extension stress 
states when η*=q/p* ≤ α* (see Al-Sharrad et al. 
(2017) for experimental evidence). The model also 
assumes a unique critical state line in the q:p* plane 
defined by: 

                (2) 

where M* is the critical state slope. In Equation 2, 
the positive and negative signs correspond to com-
pression and extension stress states, respectively. 

The aspect ratio of the distorted ellipse is there-
fore introduced as an additional degree of freedom 
of the yield locus compared to previous proposals 
(e.g. Dafalias, 1986; Wheeler et al., 2003b; Della 
Vecchia et al., 2012) where the aspect ratio was in-
stead linked to the slope of the critical state line M* 

according to the expression (M*2- α*2)1/2. This means 
that, in the present model, the yield ellipse in the 
q:p* plane intersects the critical state line of Equa-
tion 2 with a horizontal tangent only when neces-
sary, i.e. when the soil is at critical state. This aspect 
of the model will be further discussed in the follow-
ing part of the paper.  

The LC yield surface is delimited by the SI and 
SD yield surfaces, see Figure 2, which are repre-
sented as vertical planes at constant s*. The equa-
tions of these two surfaces are: 

               (3) 

               (4) 

where sI
* and sD

* are the hardening parameters defin-
ing the current position of the SI and SD surfaces re-
spectively (with sI

* > sD
*).  

Similarly to Wheeler et al. (2003a), yielding on 
the LC surface produces a coupled movement of the 
SI and SD yield surfaces while yielding on the SI or 
SD surface induces a coupled movement of the LC 
surface.  

 

 
Figure 1. Schematic plot of the cross-section of the LC yield 
surface at constant modified suction 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. 3-D plot of LC, SI and SD yield surfaces in the 
q:p*:s* space 

2.2 Hardening laws  

Similarly to Wheeler et al. (2003a), the volumetric 
hardening law linking the increment of plastic vol-
umetric strains  to the evolution of the yield 
surfaces takes different forms depending on whether 
yielding takes place on only one surface (i.e. the LC 
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surface) or simultaneously on two yield surfaces (i.e. 
the LC and SI surfaces or the LC and SD surfaces).  
 
In the former case, the volumetric hardening law is: 

              (5a) 

where λ is the slope of the saturated normal com-

pression line, κ* is the elastic swelling index and v is 

the specific volume. Conversely, in the latter case, 

the volumetric hardening law is: 

         (5b) 

where k1 and k2 are parameters controlling the cou-
pled movements of the three yield surfaces while 
si

*=sI
* or si

*=sD
* depending on whether yielding 

takes place on the LC and SI surfaces or on the LC 
and SD surfaces. Further details about the volumet-
ric hardening law can be found in Al-Sharrad 
(2013).  

In addition, a kinematic hardening law is intro-
duced to relate the ellipse inclination α* to plastic 
volumetric and shear strains as: 

    (6) 

where µ is a model parameter and f(η*) is a function 
describing the target value of the inclination α*when 
loading with a stress ratio η*. According to Equation 
6, both plastic volumetric and shear strains produce 
a change in inclination of the distorted ellipse to-
wards the current target. The following trilinear rela-
tionship for the target function f(η*) is employed: 

   
  
                          
(7) 
 

 
where c is a model parameter. 

At critical states, Equations 6 and 7 predict a 
unique inclination α* of the yield ellipse. In particu-
lar, for η*=±M*, the critical value of the inclination 
is obtained from Equation 7 as: 

                  (8) 

2.3 Associated flow rule 

An associated flow rule is assumed on the SI and SD 
surfaces, so that yielding on these surfaces implies: 

                (9) 

An associated flow rule is also assumed on the 
LC yield surface which, after differentiation of the 
yield locus (Equation 1), results in the following re-
lationship between plastic volumetric and shear 
strains: 

            (10) 

By imposing critical state conditions (i.e. η*=±M*, 
α*=±cM* and ), Equation 10 predicts an as-
pect ratio m*

 =M*(1- c2)1/2. Figure 3 shows experi-
mental data from Al-Sharrad et al. (2017) indicating 
that the measured values of aspect ratio m*

c and m*
e , 

for compression and extension respectively, are 
equal to 0.85 and 0.95 for α* ranging between -0.10 
to +0.25. These values are considerably greater than 
the critical state aspect ratio M*(1- c2)1/2. The present 
model therefore assumes that the aspect ratio varies 
with the inclination of the ellipse and attains the val-
ue M*(1- c2)1/2 only in correspondence of critical 
state. The following equation is here introduced to 
predict this variation of aspect ratio: 

   (11) 

where m*
0 and F are soil constants. The parameter m*

0 
represents the value of aspect ratio at α*=0 and is 
equal to m*

0c or m*
0e depending on whether Equation 

11 is used to calculate the compression aspect ratio 
m*

c or the extension aspect ratio m*
e. Equation 11 

predicts an approximately constant aspect ratio over 
a relatively large range of α* with a sharp decrease 
towards M*(1- c2)1/2 at critical state.  Figure 3 
shows the variation of aspect ratio with α* predicted 
by Equation 11 for three different values of the pa-
rameter F. 

 

Figure 3. Variation of aspect ratio m* with inclination α* 
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3 MODEL PERFORMANCE 

3.1  Calibration of parameter values 

The proposed model involves 11 soil constants: κ*, 
G, λ, k1, k2, M*, μ, c, m*

0c, m*
0e and F (where G is the 

elastic shear modulus). In addition, it requires the in-
itial values of the hardening parameters pm

*, α*, sI
* 

and sD
*, which define the position of the three yield 

surfaces at the beginning of the simulation.  
The model can predict the soil response along 

stress paths defined in terms of q, p* and s*. To pre-
dict the soil response along stress path defined in 
terms of net stress and suction, the degree of satura-
tion Sr must be introduced inside the expression of 
p*. This can be achieved by either using a water re-
tention law to calculate Sr or by using experimental 
values of Sr. The latter approach is chosen during the 
simulations presented in this work. 
The model is calibrated and validated against triaxial 
tests performed by Al-Sharrad et al. (2017) along 
different stress paths to explore the evolution of ani-
sotropy in compacted kaolin at constant suctions of 
0 (saturated), 100 and 300 kPa. Model parameters 
are listed in Table 1. The elastic shear modulus G 
was defined by Al-Sharrad et al. (2017) as the slopes 
of unloading curves in the q:εs plane. The virgin 
slope λ and swelling index κ* were obtained from 
saturated isotropic compression tests while the cou-
pling constants k1 and k2 were obtained from virgin 
compression tests according to the calibration pro-
cedure outlined in Al-Sharrad (2013). The parameter 
M* was obtained by Al-Sharrad et al. (2017) as the 
best fit line, of the experimental critical state data, 
passing through the origin in the q:p* plane. The pa-
rameters m*

0c and m*
0e were selected by fitting Equa-

tion 11 to the experimental values of aspect ratio 
measured by Al-Sharrad et al. (2017) (Figure 3). 
Similarly, a value F=5 was chosen in Equation 11 to 
predict an approximately constant aspect ratio for α* 
ranging between -0.25 and +0.25. 

Finally, the soil constants µ and c where deter-
mined by fitting model simulations to experimental 
results according to an iterative procedure. This pro-
cedure involved the performance of simulations with 
trial values of µ and c along plastic stress paths. 
Computed and experimental changes of α* were then 
compared and the values µ and c refined until a sat-
isfactory match was obtained. 

 
Table 1. Summary of model constants and their values 

Soil constant Value 

G 9960 kPa 
κ* 0.043 
λ 0.151 

k1 0.783 
k2 0.764 
M* 0.672 

 0.85 
 0.95 

F 5 
µ 10.4 
c 0.52 

 
A large number of experiments were simulated 

by Al-Sharrad (2013) by using both the anisotropic 
and isotropic versions of the model. Due to limited 
space, however, only few tests are presented in this 
article. In the isotropic version of the model, the 
kinematic hardening law of Equation 6 is deactivat-
ed by setting the parameter µ equal to zero. The in-
clination of the ellipse is therefore always equal to 
zero while the compression and extension aspect ra-
tios are both fixed to M*. This is necessary to predict 
critical states that lie along the q=M*p* line. There-
fore, in the isotropic version of the model, the soil 
constants F and c are no longer required. 

3.2 Stress-strain behaviour 

In all simulations, the experimental values of degree 
of saturation Sr were used to define stress paths in 
terms of mean Bishop’s stress p*. In particular, for 
each consolidation and shearing stage of a test, the 
experimental values of Sr were plotted against mean 
net stress p and fitted with a suitable polynomial ex-
pression. This fitted expression was then used to 
provide the experimental values of Sr in the simula-
tion. 

Figure 4 shows model simulations versus experi-
mental data for a test performed at a constant suction 
of 300 kPa on an isotropically compacted kaolin 
sample. The test involve isotropic loading, i.e. with 
Δq/∆p=0, from an initial stress state of p=12 kPa 
and q=6 kPa to p=300 kPa, followed by convention-
al shearing at constant confining pressure, i.e. with 
Δq/∆p=3. 

c
m
0

e
m
0



 

Figure 4. Comparison between anisotropic and isotropic mod-
el predictions (s=100 kPa) 

Inspection of Figure 4a shows that the anisotropic 
model accurately predicts the small shear strains that 
occur during isotropic loading caused by the small 
initial deviator stress. Conversely, the isotropic 
model over-predicts shear strains during this loading 
stage. During subsequent shearing, the experimental 
curve shows an abrupt post-peak reduction of devia-
tor stress. This behavior was also observed in other 
tests and is probably due to localization of strains in 
a shear band inside the sample (Al-Sharrad, 2013). 
The proposed model cannot of course account for 
these local effects.  
Anisotropic and isotropic model simulations predict 
the same critical value of deviator stress. However, 
in the case of the isotropic model, the critical value 
is attained for extremely large shear strains 
(≈300%). Conversely, the anisotropic model predicts 
well both shear strains and peak stress, which con-
firms the adequacy of an associated flow rule when 
combined with an anisotropic yield curve that incor-
porates kinematic hardening. 

Figure 4b shows that both the anisotropic and iso-
tropic models predict well volumetric strains during 
isotropic loading but they over-predict volumetric 
strains during subsequent shearing, though the over-
prediction is smaller for the anisotropic model.  

 

Figure 5. Influence of suction on anisotropic model predic-
tions         

3.3 Influence of suction on model performance 

Figure 5 compares simulations of the anisotropic 
model and experimental data for three tests at con-
stant suctions of 300 kPa, 100 kPa and zero (saturat-
ed) on isotropically compacted kaolin. The tests in-
volve a shearing path with Δq/∆p=2 from an initial 
stress state of p=12 kPa and q=6 kPa until failure. 
Inspection of Figure 5a shows that the model accu-
rately predicts the peak stress at a suction of 100 kPa 
but over-predicts it at a suction of 300 kPa and un-
der-predicts it at zero suction. This is a consequence 
of assuming a suction independent critical state line 
in the q:p* plane, which is not entirely correct (Al-
Sharrad, 2013). Figure 5a also shows that the model 
accurately predicts the deviator stress at yielding in 
the saturated test but over-predicts it in the two un-
saturated tests. This is confirmed by Figure 5b, 
which indicates that the yield value of mean Bish-
op’s stress is well predicted at zero suction but over-
predicted at the other two suction levels. 

Figure 5b also shows that the pre-yield elastic 
changes of specific volume are slightly over-
predicted in the saturated test. This is because of the 
stress-dependency of elastic stiffness, which be-
comes small when p* is small. Inspection of Figure 
5b also suggests that the post-yield variation of spe-
cific volume is better predicted in the unsaturated 
tests. It can be noticed that the predicted curve at 
s=0 has unexpected increase of specific volume at 
the end of the test. This response is caused by the 
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requirement of attaining critical state over a very 
short and steep stress path in the q:p* plane. 

In general, the model is more successful in pre-
dicting unsaturated behaviour than saturated one. 

 

Figure 6. Influence of stress path on an anisotropic model pre-
dictions (s=100 kPa) 

3.4 Influence of stress path ion model predictions 

Figures 6 compares the simulations of the aniso-
tropic model against experimental data for three 
tests performed on anisotropically compacted kaolin 
samples at a constant suction of 100 kPa along three 
different stress paths. Two specimens were sheared 
to failure from an initial stress state of p=12 kPa and 
q=6 kPa along a stress path with Δq/∆p=1 and -1, 
respectively. The third specimen was subjected to an 
isotropic path, i.e. Δq/∆p=0, from the same initial 
stress state to p=300 kPa followed by conventional 
shearing until failure at constant confining pressure 
(i.e. Δq/∆p=3).  

The model predicts an inclination of the yield el-
lipse at critical state α*=±0.349 according to Equa-
tion 8 (positive or negative sign depends on whether 
critical state is attained in compression or exten-
sion). Instead, the initial value of α* for anisotropi-
cally compacted samples was measured as 0.20 by 
Al-Sharrad (2013). Shearing to critical state there-
fore induces only a modest change of anisotropy for 
the test with Δq/∆p=1 but a significant change of an-
isotropy for the test with Δq/∆p=-1. For the third 
test, the model predicts a decrease of α* from 0.20 to 

0.04 during isotropic loading with Δq/∆p=0 (corre-
sponding to a reduction of anisotropy) followed by 
an increase to 0.349 during subsequent shearing 
(corresponding to an increase of anisotropy).  

The model captures well the peak deviator stress 
and the development of shear strains in all tests 
(Figure 6a). It also predicts a modest post-peak re-
duction of deviator stress during the conventional 
shearing stage with Δq/∆p=3. The model captures 
less well volumetric strains (Figure 6b) partly be-
cause of the over-prediction of the initial specific 
volume of the anisotropically compacted samples.  

4 CONCLUSIONS 

This paper has presented an elasto-plastic model for 
unsaturated soils incorporating the effect of evolving 
fabric anisotropy on stress-strain response. Compari-
son with experimental data indicates that incorpora-
tion of evolving anisotropy results in a significant 
improvement of model predictions. The model cap-
tures equally well the behaviour of isotropically and 
anisotropically compacted samples. The quality of 
model predictions is therefore independent of the in-
itial degree of fabric anisotropy. 

The good prediction of plastic shear strains sug-
gests that the choice of an associated flow rule is ap-
propriate when combined with an anisotropic yield 
surface and a kinematic hardening mechanism.  

In general, predictions in saturated conditions are 
less accurate than those in unsaturated conditions. 
This might be due to the simplifying assumption of 
a unique critical state line in the q:p* plane and a rel-
atively poor prediction of the initial values of specif-
ic volume.  

Finally, it is still necessary to combine the pro-
posed mechanical model with a water retention law 
to create a fully-coupled framework for describing 
the hydro-mechanical anisotropic behavior of un-
saturated soils, similarly to the framework proposed 
by Wheeler et al. (2003a) for isotropic behaviour. 
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