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1 INTRODUCTION 

The shear strength of soils typically drops to a cer-
tain constant value which is lower than the peak val-
ue when they undergo a large deformation (i.e. the 
residual value) due to the reorientation of clay parti-
cles parallel to the shearing direction. Skempton 
(1964) recognized the importance of residual shear 
strength (RSS) in long-term stability analysis. Since 
then, RSS concepts have been widely accepted and 
used in conventional engineering practice for satu-
rated soils (Potts et al. 1997; Locat et al. 2013). 

Qi and Vanapalli (2016) analyzed an unsaturated 
slope using softening and non-softening models. The 
softening model assumes the shear strength parame-
ters (c′, ′ and b) decrease from peak to residual 
value in a linear manner with accumulation of devia-
toric plastic strain (d,p), while they are constant with 
respect to d,p in non-softening analysis. The results 
of the study suggest that, after a period of rainfall, 
the factor of safety at a certain depth reaches to a 
value of unity based on softening analysis. However, 
no failure was observed in non-softening analysis. 
Hence, RSS also plays an important role in the slope 
stability of unsaturated soils.  

The ring shear tests are widely used to determine 
RSS of saturated soils. Recently, several investiga-
tors developed different modified suction-controlled 
ring shear apparatuses (Infante Sedano et al. 2007; 
Hoyos et al. 2014; Merchán et al. 2011). However, 
the experimental data are still very limited because 
they are costly and time consuming. For this reason, 

there is an urgent need for a simple approach for 
predicting the RSS of unsaturated soils for practical 
applications. Fredlund et al. (1978) proposed an 
equation for shear strength of unsaturated soils based 
on independent stress variables as:  

 

   tan tan b

n a a wc u u u               (1) 
 

where, (σn – ua) = net normal stress; (ua – uw) = ma-
tric suction; c′ = effective cohesion; ′ = internal ef-
fective frictional angle; b = friction angle with re-
spect to matric suction. 

Vanapalli et al. (1996) proposed two semi-
empirical models for predicting the peak shear 
strength (PSS) of unsaturated soils using the soil wa-
ter characteristic curve (SWCC) as a tool. 
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where, S = degree of saturation; Sr = residual degree 
of saturation;  = fitting parameter. The value of 

can be estimated by the relationship between  
and plasticity index Ip presented by Vanapalli and 
Fredlund (2000). 

Both the equations can be used to predict the peak 
shear strength of unsaturated soils in the low suction 
range, which is typically lower than 1000 kPa. How-
ever, Infante Sedano and Vanapalli (2011) highlight-
ed the limitations of extending them for predicting 
the RSS of unsaturated soils. The predicted results 
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obtained using Equation 2 and conventional SWCC 
(i.e. measured in pressure plate apparatus without 
any stress on the specimen) were compared to exper-
imental data of RSS. The comparison showed that, 
this method cannot offer a good fit to the data. The 
experimental envelope flattens more at higher matric 
suction than the predicted envelope. 

A critical state shear strength theory of unsaturat-
ed soils has been proposed in terms of two inde-
pendent stress variables (Toll 1990; Toll & Ong 
2003) as below: 
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where, (p – ua) = mean net stress [(σ1 + σ2 + σ3)/3 – 
ua]; q = critical deviator stress (σ1 – σ3); Ma = critical 
state stress ratio respect to mean net stress; Mb = crit-
ical state stress ratio with respect to matric suction; 
Ms = saturated stress ratio; S1 = first reference state; 
S2 = second reference state; k = fitting parameter.  

Toll (1990) suggested that the two stress ratios Ma 
and Mb are equivalent to ′ and b used by Fredlund 
et al. (1978). However, Fredlund et al. (1978) as-
sumed the friction angle with respect to net normal 
stress is constant and equal to the saturated friction 
angle, ′ while Ma in Equation 4 increases as the de-
gree of saturation reduces.  

Toll and Ong (2003) proposed that Mb can be 
modelled using a function (Equation 5) similar to 
those used by Vanapalli et al. (1996). However, the 
two reference states (i.e. S1 and S2) that are required 
for normalizing the degree of saturation were de-
fined by the start and end of the primary transition 
zone instead of 1 and Sr used in Equation 3. Moreo-
ver, a value of k = 2.0 can be used for both Kiunyu 
gravel (Ip = 29–35) and Jurong residual soil (Ip = 
15). This is similar to the value of  = 2.2–2.5 used 
by Vanapalli et al. (1996) for a glacial till (Ip = 18.7).  

Toll and Ong (2003) also used a similar function 
(Equation 6) to model Ma, but a new parameter 
(Ma/Ms)max was added to consider the increase in Ma 
with decreasing degree of saturation.  

However, all the prediction approaches are based 
on the experimental data from the direct shear or tri-
axial tests, which can only provide a limited shear 
deformation along the failure plane. 

Infante Sedano and Vanapalli (2011) presented an 
approach for predicting RSS of unsaturated soils by 
modifying the model proposed by Vanapalli et al. 
(1996) based on the experimental data from suction-
controlled ring shear tests. In this method, the appar-
ent SWCC was used, which was obtained using the 
sheared specimen under large deformation. Addi-
tionally, a new fitting parameter c was used to re-
place  in Equation 2. The residual shear strength-

contribution due to matric suction can be expressed 
as: 
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This approach provided a good fit between the ex-
perimental data and the predicted RSS. However, 
this approach requires costly facilities and complex 
operations to generate the apparent SWCC from 
sheared specimens. Therefore, a simple prediction 
approach using the conventional SWCC will be of 
more interest in engineering practice applications.  

In this paper, a simple approach is developed for 
predicting the RSS of unsaturated soils based on the 
experimental data from Infante Sedano and Vanapal-
li (2011). In this approach, the conventional SWCC 
and a model similar to those proposed by Vanapalli 
et al. (1996) and Toll and Ong (2003) are used. Fur-
thermore, comparisons are provided between values 
of factors of safety of a simple slope with different 
suction values using the predicted PSS and RSS pa-
rameters. 

2 PREDICTION APPROACH 

2.1 Material 

Infante Sedano and Vanapalli (2011) presented the 
results of a series of multi-stage ring shear tests con-
ducted on compacted specimens of the Indian Head 
till. The properties of the soil are summarized in Ta-
ble 1. During the tests, the net normal stress was 
constant at 150 kPa and the matric suction varied 
from 0 to 400 kPa. More details of those tests are 
available in Infante Sedano et al. (2007). 
 
Table 1. Properties of Indian Head till. 

Property   

Atterberg limits 

Plastic limit (%) 17 

Liquid limit (%) 32.5 

Plasticity index (%) 15.5 

Compaction tests (compaction stress is 375 kPa) 

Maximum dry density (g/cm3) 16.78 

Optimum moisture content (%) 18.5 

Saturated shear strength parameters 

Effective cohesion (kPa) 10.61 

Effective friction angle (o) 26.3 

 
Infante Sedano (2006) experimental results suggest 
that the saturated Indian Head till specimen showed 
no notable difference between the PSS and RSS. 
Therefore, cr′ = cp′ = 10.61 kPa and r′ = p′ = 26.3o. 
The test specimens of this study were compacted 
under a static stress of 375 kPa, with an initial water 
content of 19% that corresponds to the wet side of 
optimum. The SWCC of the specimen was measured 
conventionally by using a pressure plate apparatus 
and shown in Figure 1. 



Figure 1 presents the SWCC fitted using the equa-
tion proposed by Fredlund and Xing (1994) and the 
derived function curve of SWCC equation. The de-
rived function of SWCC equation proposed by Fred-
lund and Xing (1994) was shown in Zhai and Ra-
hardjo (2014). By best fitting, the parameters a, n 
and m can be determined as 61.892, 0.833 and 0.518, 
respectively. The parameter related to residual suc-
tion Cr can be selected as 3000 kPa, as suggested by 
Vanapalli et al. (1996). 
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Figure 1. SWCC of compacted specimen. 
 

In this figure, b is the air entry value, and Sb is the 
degree of saturation corresponding to the air entry 
value. Ss is the degree of saturation when soil is satu-
rated (i.e. Ss = 1). r is the residual suction and Sr is 
the residual degree of saturation. (b, Sb) and (r, 
Sr) represent the end of boundary effect zone and the 
start of residual zone. (i, Si) is the inflection point 
where the rate of S change with  converts from an 
increasing value to a decreasing value (Fredlund & 
Xing 1994). It may represent the boundary of the 
primary transition zone and the secondary transition 
zone (Toll & Ong 2003).  

The SWCC variables mentioned above are deter-
mined by using the method proposed by Zhai and 
Rahardjo (2014), but the inflection point is consid-
ered as the point with the maximum slope. There-
fore, the value of i was determined from the peak 
point of the derived function curve of SWCC equa-
tion instead of using i = a, which is suggested by 
Zhai and Rahardjo (2014). 

2.2 Analysis of data 

If we assume that the cr′ and tanr′ are constant simi-
lar to c′ and tan′ for saturated conditions as sug-
gested by Fredlund et al. (1978) and Vanapalli et al. 
(1996), only the RSS due to matric suction needs to 
be predicted. Therefore, the relationship between the 
RSS due to matric suction, rs, and the matric suc-
tion, (ua – uw), is studied in this section. The rela-
tionship can be expressed as: 

 ( ) tan tan b

rs r r n a r a w rc u u u            (8) 
where, r = RSS of unsaturated soils; rs = RSS due 
to matric suction; cr′ = residual effective cohesion; 

r′ = residual internal effective frictional angle; r
b = 

residual friction angle with respect to matric suction. 
Observing Equations 2, 3, 5 and 7, it can be found 

that, a common form of function has been used to 
predict rs in different models whether the shear 
strength is peak, critical or residual. This function 
was also used in this study. Therefore, a power func-
tion can be used to relate the contribution of suction 
(tanr

b) to the degree of saturation (S) normalized by 
referencing S to two reference states (Sr1 and Sr2). 
The RSS due to matric suction (Equation 8) can be 
expressed as: 
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where, S = degree of saturation, the value of 
which can be calculated by substituting the value of 
matric suction into the SWCC equation; Sr1 = first 
reference state; Sr2 = second reference state; r = fit-
ting parameter for the RSS.  

In order to predict rs, all the three parameters (Sr1, 
Sr2 and r) should be determined. According to the 
previous models, different combinations of the two 
reference states and fitting parameter have been used 
(Table 2). 
 

Table 2. Values of parameters in Equation 9 used by previous 

models 
Model Sr1 Sr2 Fitting parameter 

Eq. 2 Ss 0  = 2.2 (Indian Head till) 

Eq. 3 Ss Sr – 

Eq. 5 Sb Si k = 2.0 

Eq. 7 Ss 0 c = 7.25 (Indian Head till) 

Note: In Equation 7, the degree of saturation was calculated us-

ing the SWCC obtained from the specimens sheared under 

large deformation. 

 

Figure 2 compares the experimental data and the re-
sults of Equations 2, 3 and 5. The result of Equation 
7 has been presented by Infante Sedano and Vana-
palli (2011). A good fit of this approach has been 
verified. However, a SWCC obtained from the spec-
imens sheared under large deformation was used in 
this model. These details are not discussed in this 
paper because of space limitations. The focus of the 
present study is directed to only using the models 
that are based on the conventional SWCC. 

As shown in this figure, results of Equation 3 are 
in agreement with experimental data when (ua – uw) 
< 100 kPa). However, with increasing matric suc-
tion, the difference between the predicted and exper-
imental results increases gradually. Equation 2 un-
derestimates rs when (ua – uw) < 200 kPa and 
overestimate rs when (ua – uw) > 200 kPa.  

This means tanb decreases at a faster rate for re-
sidual state than for peak state. Thus, the difference 
between PSS and RSS (brittleness) increases with 
matric suction. This phenomenon was also presented 



by Hoyos et al. (2014) and Patil et al. (2017). Patil et 
al. (2017) attributed this to the disturbance and de-
struction to the air-water menisci in contact with sol-
id grains caused by continuous shearing beyond peak 
shear stress. Hence, the contribution of suction to 
PSS is often greater than to RSS.  

Furthermore, Equation 5 underestimates rs. This 

is because the model proposed by Toll (1990) con-

sidered the increase in Ma with increasing (ua – uw). 

This also means the increase in RSS caused by de-

saturation is supposed to consist of two terms, the 

increase in Ma (p – ua) and increase in Mb(ua – uw). 

However, tanr′ are assumed to be constant in this 
study. Thus, the increase in RSS caused by desatura-

tion is only attributed to the increase in (ua – uw) 

tanr
b. Hence, the experimental data is much greater 

than the results of Equation 5.   

 To sum up, the combinations of the two refer-

ence states and fitting parameter used by previous 

models are not appropriate in this study. Sr1, Sr2 and 

r are required to be redefined such that they are 

consistent with the experimental data. 
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Figure 2. Predicted residual shear strength envelope of speci-
mens with w = 19%. 
 

According to Equation 9, when S increases to Sr1, 
tanr

b increases to tanr′. This means the contribu-
tion of matric suction to RSS is equivalent to that of 
effective stress. The matric suction contribution can 
be expressed as tanr′ without any reduction. As pre-
sented by Vanapalli et al. (1996), in boundary effect 
zone (i.e. (ua – uw) < b), the air exists in the pores 
just as occluded air bubbles and the water menisci is 
continuous. Therefore, there is no reduction in area 
of water in contact with soil particles or aggregates 
with decreasing degree of saturation. This means 
when (ua – uw) < b (or S > Sb), the contribution of 
matric suction to the mechanical behaviour will not 
be reduced with a decrease in the S. Therefore, Sb 
can be used as Sr1 from a theoretical standpoint of 
view.  

However, Vanapalli et al. (1996) suggested Ss = 1 
can be used as Sr1. Generally, Sb is greater than 90% 
and close to 100%, so the difference is not too large 
between the prediction results obtained using Ss and 

Sb as Sr1. However, using Ss = 1 as Sr1 can simplify 
the parameters from SWCC used in the model. 
Therefore, in the present study, Sr1 is assumed to be 
equal to 1. This can ensure simplicity of the pro-
posed model and be consistent with the models for 
PSS and RSS. 

Since Sr1 has been determined, only two unknown 
parameters (Sr2 and r) are required in the Equation 
9. The values of Sr2 and r can be back-calculated by 
using Equation 9 to fit the experimental data shown 
in Figure 2. The fitting curve is also presented in 
Figure 2.  

It can be found that the value of the second refer-
ence state, Sr2 = 68.34%, can best-fit the RSS due to 
suction of Indian Head till. Interestingly, comparing 
Sr2 = 68.34% with the variables of SWCC shown in 
Figure 1, it can be found the value of Sr2 is almost 
equal to the degree of saturation corresponding to 
the inflection point, Si = 68.24%. This is consistent 
with the suggestion by Toll and Ong (2003) for the 
critical shear strength that S2 is corresponding to the 
break in slope of SWCC (i.e. the inflection point). 
This means the value of Si can be used as the second 
reference state Sr2 in Equation 9 to model rs. The 
value of fitting parameter for RSS, r, should be 
equal to 0.4 for the Indian Head till.  

Finally, the model for the RSS due to matric suc-
tion can be expressed as: 
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         (10) 
 

where Si = degree of saturation corresponding to 
the inflection point (i.e. the peak point of the derived 
function curve of SWCC equation); r = fitting pa-
rameter for RSS, which is equal to 0.4 for Indian 
Head till. 

The limitation of this model is that, it can only ap-
ply for Si < S < 1. When S decreased to Si, tanr

b 
drops to 0. This means the RSS of unsaturated soils 
drops to the value for saturated condition, cr′ + (σn – 
ua) tanr′. However, some researchers (Vaunat et al. 
2006; Merchán et al. 2008) have suggested that the 
suction can contribute to the RSS even when suction 
reaches as high as about 300MPa. Therefore, when S 
is less than Si, this equation cannot be used.  

3 SLOPE STABILITY ANALYSIS 

3.1 Numerical model 

The stability of a homogenous compacted slope 
(Figure 3) with different initial matric suction values 
(i.e. 0, 50 kPa, 100 kPa, 200 kPa and 300 kPa, re-
spectively) were analysed using PSS and RSS pa-
rameters. The initial matric suction was assumed to 
be constant throughout the slope.  
The slope stability analysis was undertaken using 
SLOPE/W. The factor of safety (FS) was determined 
using Morgenstern-Price method. The critical slip 



surface was determined using grid and radius meth-
od. 

45 m

30 m

 
Figure 3. Cross-section of the slope used in this study 
 

The PSS and RSS parameters of the material can be 
calculated manually by substituting the initial matric 
suction into Equations 3 and 10, respectively. In this 
study, the contribution of matric suction can be con-
sidered as a part of the apparent cohesion, capp, while 
a constant value of effective friction angle, ′, was 
used regardless of matric suction. For this reason, 
the RSS used in slope stability analysis can be ex-
pressed as:  

 , tanr app r a rc u                (11) 
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The values of capp,r and r′ were input as the cohe-
sion and internal friction angle of the material. The 
saturated shear strength parameters shown in Table 1 
was used here (i.e. cr′ = cp′ = 10.61 kPa and r′ = p′ 
= 26.3o). The saturated unit weight is assumed to be 
20.22 KN/m3 and the unit weight in unsaturated 
zone can be calculated from SWCC automatically. 
The SWCC of specimens with w = 19% (Figure 1) 
was used in this study. The saturated volumetric wa-
ter content was 0.402. 

3.2 Analysis results 

Figure 4(a) shows the variation of peak and residual 
values of tanb/tan′ predicted by Equations 3 and 
10, respectively. The difference between tanb

P and 
tanb

r, (tanb
P – tanb

r)/tanb
P, is also shown in Fig-

ure 4(a). It can be found that, both tanp
b/tanp′ and 

tanr
b/tanr′ decrease with increasing matric suction. 

However, the latter one drops faster. The difference 
between those two values increases significantly 
with increasing matric suction. As discussed in sec-
tion 2.2, this is due to the destruction of water me-
nisci under large deformation. Due to this reason, the 
contribution of suction to RSS less than that to PSS. 

Based on the predicted PSS and RSS, the peak and 
residual values of FS (i.e. FSp and FSr) were calcu-
lated and shown in Figure 4(b). Moreover, the dif-
ference between FSp and FSr, (FSp – FSr) / FSp, is al-
so shown in Figure 4(b). From this figure, FS is 
found to increase with increasing matric suction. 
However, the rate of increase in FS drops gradually. 

Comparing the values of FSp and FSr, it can be 
found that the difference between the two values in-
crease significantly with matric suction. At low suc-
tion range ((ua – uw) < 100 kPa), the difference is 
negligible. When (ua – uw) exceeds 100 kPa, the FSr 
is obviously lower than FSp. For example, when (ua 
– uw) is 150 kPa, the FSr is equal to 1, while the FSp 

= 1.05 is greater than 1.  
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 4. (a) Variation of tanb and difference between tanb

P 

and tanb
r with matric suction; (b) Variation of FS and differ-

ence between the values of FS obtained using peak shear 

strength (PSS) and residual shear strength (RSS) with matric 

suction. 

 

The variation of FS can be explained using the mag-
nitude of shear strength expressed as Equation 1. 
The three terms on right hand side of Equation 1 rep-
resent shear strength contribution due to saturated ef-
fective cohesion (c′), saturated effective internal fric-
tion angle (′) and suction (b). Since c′ and ′ are 
assumed to be constant, the variation of FS is con-
trolled by the third term, shear strength due to suc-
tion ((ua – uw) tanb).  

Therefore, as the matric suction increases, (ua –
uw)tanb increases and consequently FS increases. 
However, tanb decreases with matric suction as 
shown in Figure 4(a). This leads to the decrease in 
the rate of increase in shear strength of unsaturated 
soils. In turn, it causes the decrease in the rate of in-
crease in FS. If the deformation in some parts of 
slope is large enough, b within those parts would 
drop from peak to residual value. This leads to the 
decrease in the shear strength of unsaturated soils. 
As a result, FS is reduced from peak to residual val-
ue when RSS is considered under large deformation 
as shown in Figure 4(b). 
Furthermore, the difference between FSp and FSr is 
correlated to the difference between tanb

P and 
tanb

r shown in Figure 4(a). As the matric suction 
increases, (tanb

P – tanb
r)/tanb

P increases signifi-
cantly. This leads to the increasing reduction in FS 
from peak to residual value under large deformation 
(Figure 4(b)). 

Another point to be noted is that cr′ and r′ are as-
sumed to be equal to c′ and ′ in this study. This 
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means only the reduction in the contribution of ma-
tric suction (b) to shear strength is considered. 
However, many researchers (Potts et al. 1997; Qi & 
Vanapalli 2016) have also considered the reduction 
in c′ and ′ under large deformation. Therefore, if the 
reductions in all those three parts (c′, ′ and b) un-
der large deformation are considered, the FS would 
further decrease. In other words, it can be summa-
rized that if the deformation in slope is large enough, 
shear strength of unsaturated soils will drop from 
PSS to RSS. This leads to the reduction in FS of un-
saturated slope from peak to residual value under 
large deformation. This reduction is more pro-
nounced under relatively higher matric suction ((ua – 
uw) > 100 kPa) for the soil investigated in the present 
study.  

Another limitation of this slope stability analysis 
is that a constant RSS was applied throughout the 
slope to calculate FS due to the use of limit equilib-
rium analysis. However, Qi & Vanapalli (2016) con-
sidered c′, ′ and b decreased gradually from peak to 
residual value with increasing d,p for an unsaturated 
slope. Furthermore, Potts et al. (1997) showed the 
field of d,p developed progressively with time. This 
means at a specific time, d,p has been large in some 
sections (e.g. near the slope toe), while it was still 
small in certain other sections (e.g. near the slope 
crest). Consequently, the shear strength fell to RSS 
near the slope toe, while it was still PSS near the 
slope crest. Hence, the analysis in this study, apply-
ing a constant RSS throughout the slope, is a con-
servative analysis and is not rigorous. 

4 CONCLUSIONS 

In this paper, an approach is developed for predict-
ing the RSS of unsaturated soils using the conven-
tional SWCC as a tool. Furthermore, a simple slope 
with different suction values is analysed using the 
predicted PSS and RSS parameters and the values of 
FS are compared. The results of the study suggest: 
(1) The RSS due to matric suction can be predicted 
by using a power function to relate tanr

b to the de-
gree of saturation (S) normalized by referencing S to 
two values (1 and Si) (Equation 10); Si is the degree 
of saturation corresponding to the inflection point. 
(2) In a case where enough large deformation occurs, 
the FS of unsaturated slope would decrease from a 
peak to a residual value.  
(3) In a case where enough large deformation occurs, 
the reduction in FS of unsaturated slope from peak 
to residual value increases with increasing matric 
suction.  
(4) This study did not consider the effects of d,p. A 
constant RSS was applied throughout the slope. 
Therefore, the results of the analyses are preliminary 
and conservative.  
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