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1 INTRODUCTION 

In most countries involved in nuclear waste disposal, 
bentonite has been selected as one of the candidate 
buffer/backfill materials in the high-level radioactive 
waste (HLW) repository due to its low permeability, 
high swelling and favorable radionuclide retardation 
capacities. For instance, in the conceptual repository 
of KBS-3 (Laine and Karttunen 2010), compacted 
bentonite or bentonite-based materials are used to fill 
the annular space between the waste canister and 
host rock, being expected to delay the radionuclide 
transfer to the lithosphere and biosphere, and to con-
tribute to the mechanical stability of the disposal tun-
nel. After emplacement, the compacted bentonite 
buffer will be subjected to a relatively high tempera-
ture up to 150℃ generated by the long-lasting decay 
heat released by the wastes, and conduct it to the 
host rock (Johnson et al. 2002). This heat conduction 
process is mainly controlled by the thermal conduc-
tivity of the bentonite buffer. With a too low thermal 
conductivity, the accumulated heat may lead to unfa-
vorable mineralogical alterations (e.g., illitization, 
silicification, etc.) and hydro-mechanical behavior de-
terioration (e.g., embrittlement and water retention 
reduction) of the bentonite, and consequently com-
promising its engineering barrier performance (Pusch 
et al. 2003; Wersin et al. 2007; Dueck and Börgesson 
2015; Wan et al. 2015). Therefore, it is of paramount 

importance to study the thermal conductivity of 
compacted bentonite. 

The thermal conductivity of various compacted 
bentonite or bentonite-based materials has been 
measured via either transient plane source method or 
transient line source method. Empirical or statistical 
models as functions of physical parameters (e.g., wa-
ter content, dry density, porosity, the volumetric 
fraction of air) were correspondingly proposed for 
predictions ( Liu et al. 2007; Tang et al. 2008; Ye et 
al. 2010; Cho et al. 2011). These models were phe-
nomenological in essence and failed in directly relat-
ing the thermal conductivity to the soil microstruc-
ture. Recently, some analytical models have been 
developed, among them, a series-parallel structural 
model and an effective thermal conductivity (ETC) 
model (Chen et al. 2014; Chen et al. 2015). But these 
two models either ignored the microstructure of 
compacted bentonites or included a relatively com-
plicated homogenization approach. More details can 
be found in recent reviews by Barry-Macaulay et al. 
(2015) and Dong et al. (2015). 

The present study aims at predicting the ETC of 
unsaturated compacted GMZ01 bentonite with a new 
IFU theory-based model, which was firstly proposed 
and applied by Atzeni et al. (2008). The model im-
plies soil pore size distribution (PSD) curve and the 
known thermal conductivity of each phase of soil. A 
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comparison between the predicted and the measured 
results indicates the performance of the model. 

2 FRACTAL THEORY AND ITS APPLICATION 
TO SOIL MICROSTRUCTURE 

2.1 Basic concepts 
Fractal, a term stemmed from Latin word fractus 
(broken/fractured), had been used to name a devel-
oped geometry by Mandelbrot (1967) - the exactly 
self-similar fractals are defined as a fractal set for 
which the Hausdorff-Besicovitch dimension strictly 
exceeds the topological dimensions. Many exactly 
self-similar fractals can be obtained by iterative 
method resulting in different fractal dimensions, 
which are indexes for characterizing fractal patterns 
or sets by quantifying their complexity as a ratio of 
the change in detail to the change in scale. Taking the 
well-known Sierpinski carpet as an example (Figure 
1), it can be obtained by removing sN  squares from 
an initial square with N  parts equally divided side, 
and then repeat this process in the residual sNN -2  
squares with the same procedure till a target figure. 
In this situation, the fractal dimension fD  can be 
calculated as: 

NNND sf ln/)ln( 2                        (1) 

where N  is the number of divisions of the side, sN  
is the number of sub-cubes subtracted at each itera-
tion. In Figure 1, 3N  and 1sN . Thus, its frac-
tal dimension 893.1fD . If the removed squares 
stand for pores, the porosity i  and pore diameter 

i  at ith iteration can be respectively calculated as: 
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where i  is the iteration number, 2,1,0i , and 
0  is the initial pore diameter. 

 

Initial stage 1st iteration 2st iteration  
 
Figure 1. A typical Sierpinksi carpet geometry 
 
However, almost all the fractal geometries in nature 
are not as exactly self-similar as Sierpinski carpet, 
but statistically self-similar. In the past three decades, 

a lot of studies revealed that soils are fractals statisti-
cally, and thus fractal theory can be applied ( Xu et 
al. 1997; Perrier et al. 1999; Bartoli et al. 2010).  

2.2 The non-fractal feature of the pore size 
distribution of highly compacted bentonite 

Pfeifer and Avnir (1983) reported that the fractal 
pore structure is related to its fractal dimension by: 

f2

d
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                              (4) 

where V  is the cumulative pore volume with pore 
diameter no smaller than  . 

This expression can be further rewritten as:  

)log()2()
d
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                    (5) 

Therefore, in a bi-log diagram of d/dV  vs. 
 obtained from mercury intrusion porosimetry 
(MIP), the gradient of its optimum linear fitting line 
equals )2( fD , and in turn the fractal dimension 

fD  of the pore size distribution can be easily calcu-
lated. This method has been widely applied to ac-
count for the soil microscopic structure. For exam-
ple, Xu (2004) analyzed the pore size distribution of 
a glacial till with a similar procedure, Pia and Sanna 
(2013a) fitted the bi-log PSD curves of insulating 
concrete and wooden aggregate respectively with a 
single line to show their fractal feature. 

Nevertheless, some soils such as compacted ben-
tonite usually present one or more peaks in their PSD 
curves (Figure 2), consequently their )d/dlog( V  
vs. )log(  curves have to be piecewise fitted as two 
or more straight lines with different gradients (Figure 
3). In this situation, only a few of the fitting lines can 
reproduce a canonical fractal dimension ( 3f D ). 
Obviously, these kinds of PSD curves are non-
fractal, and can hardly be analysed by conventional 
fractal iteration procedures.  
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Figure 2. Pore size distribution curves of a GMZ01 compacted 
bentonite at 1.5 Mg/m3. (Chen et al. 2016) 
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Figure 3. Log-log plot of the PSD curve and piecewise liner 
fitting lines of a GMZ01 compacted bentonite at 1.5 Mg/m3, 
where in µm and V in µm3. 
 

This phenomenon, however, was commonly ig-
nored in previous studies where the soil porosity was 
uncritically defined as fractal without taking the pore 
size distribution into consideration (Pia and Sanna 
2013b).  

3 THE IFU MODEL AND ELECTRICAL-
THERMAL CONDUCTIVITY PATTERNS 

In order to simulate the pore size distribution of ei-
ther fractal or non-fractal, the intermingled fractal 
units (IFU) model developed by Atzeni at al. (2008) 
was adopted. In this model:  

- the microstructure of soil was rebuilt with two or 
more Sierpinski type fractal units and a certain area 
of solid surface, and with strict correspondence to 
the real pore size distribution obtained from MIP 
test;  

- each fractal unit was converted into electrical 
equivalent circuit, and the ETC effk was calculate by 
series and parallel combinations (Figure 4); 

- the initial Sierpinski type fractal units were con-
sidered as part of the "solid" phase of the next stage 
of fractal iteration, with a sk equivalent to effk calcu-
lated previously, i.e., the effk calculated in step n is 
inserted into step (n+1) as the new value of the con-
ductivity of the "solid" phase. 

- Finally, the effk of the integral IFU configuration 
was obtained by performing an area-weighted aver-
age on the whole fractal units and the filled solid sur-
face. More details can be found in Pia and Sanna 
(2013a, 2013b, 2014a, 2014b). 

Though innovative and effective, the number and 
type of FU in Pia and Sanna's work were established 
by trial and error without any certain patterns to fol-
low. Moreover, the cases of soils in unsaturated state 
were excluded from their studies. The present study 

aims at refining these deficiencies for an application 
to highly compacted bentonite. 
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Figure 4. Fractal procedure and the electrical equivalent cir-
cuits, where sk and fk are the thermal conductivities of solid 
and fluid phases, respectively. 

4 PREDICTION ON THE ETC OF HIGHLY 
COMPACTED GMZ01 BENTONITE 

4.1 IFU configuration and Electrical analogy 
As China's first candidate buffer material, GMZ01 
bentonite is a montmorillonite dominant Na-bentonite 
with cation exchange capacity and plastic index as 
high as 77.30 meq /100 g and 275, respectively (Wen 
and Jintoku 2005). Among various properties, its 
thermal conductivity at different states has been ex-
perimentally studied by Liu et al. (2007) and Ye et al. 
(2010). 

In the present study, firstly, 5 specimens with the 
same diameter (50 mm) and height (110 mm) were 
prepared by compaction. Their dry densities were 1.5 
Mg/m3, 1.7 Mg/m3 and 1.9 Mg/m3. Different water 
contents (i.e., 10.60%, 13.30%, 13.43%) were con-
sidered. Then, these specimens were subjected to 
thermal conductivity measurement using a commer-
cial thermal properties analyzer, KD2 PRO. Detailed 
description of the measurement method can be found 
in Tang et al. (2008) and Ye et al. (2010). The test 
results are shown in Table 1. 
 
Table 1. The initial conditions and measured thermal conduc-
tivity values of GMZ01 bentonite 
Series d (Mg/m3) w (%) k (W/mK) 

1 1.4 13.30 0.764 
2 1.5 10.60 0.730 
3 1.7 10.60 0.851 
4 1.7 13.43 1.172 
5 1.9 10.60 1.061 
 
After the thermal conductivity measurement, small 

cubes of soil were taken from each specimen and 
freeze-dried for mercury intrusion porosimetry (MIP) 
tests to obtain their pore size distributions. The PSD 
curve of series 3 is plotted as black solid line in Fig-
ure 5, which covers a pore diameter range from 
about 10 nm to 357 000 nm.  
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Figure 5. The pore size distribution curve from MIP test (solid 
line) and IFU model (dot) of Series 3 in Table 1. 
 

Instead of trial and error method used by Pia and 
Sanna (2013a, 2013b, 2014a, 2014b), the IFU con-
figuration with only three simple Sierpinski type frac-
tal units (Figure 6) following a more definite and imi-
table procedure was developed, as follows. 
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Figure 6. Sierpinski type fractal units used for IFU configura-
tion and the electrical equivalent circuits. 
 

1) Determining the pore diameter scope of the 
specimen from the PSD curve and calculating the to-
tal porosity according to: 

ws

d-1



G
                               (6) 

where  is the porosity, d is the dry density 
(Mg/m3), sG is the specific gravity of solid phase, 

66.2s G ( Wen and Jintoku 2005), w is the density 
of water (Mg/m3). In the present case, the pore di-
ameter scope was determined as about 10 nm to 357 
000 nm, and the total porosity was calculated to be 
0.361. 

2) Determining the pore size scope for each fractal 
unit. Four characteristic points A, B, C and D (Fig-
ure 5, Table 2) were selected as the dividing point of 
the PSD curve and correspondingly at least 3 fractal 
units I, II, and III were required to simulate the 
curve.  
 
Table 2. The characteristic points to divide the PSD curve. 
Point
s 

 (nm
)   Characteristic 

A 357000 0.005 The maximum pore size. 
B 1469 0.021 Where the curve begin to increase 

sharply. 
C 800 0.113 The "large pore" diameter. 

D 10 0.337 The minimum pore size on the 
curve. 

E 266.67 0.205 The sub-pore size of fractal unit II 
at 1th iteration. 

F 5.4 0.345 The sub-pore size of fractal unit III 
at 1th iteration. 

G 0.2 0.361 The minimum pore size as consid-
ered by Lloret and Villar (2007). 

 
3) Simulating the PSD curve by IFU model. Three 

simple Sierpinski type fractal units (i.e. SA, SB-1 and 
SB-2, Figure 6) were chosen to build the IFU con-
figuration which was consists of five parts: fractal 
unit I, II, III, IV, and the filled surface. Among them, 
fractal unit I was a 5-step iterated SA type Sierpinski 
carpet with a maximum pore size 357000 nm, while 
fractal units II, III, IV were SB-1 or SB-2 type Sier-
pinski carpet in equal probability (Table 3). The pa-
rameters of IFU model were determined following an 
efficient procedure: 

- Step 1: the curve from points A to B and C to D 
was simulated by a varying quantity of fractal units I 
and II, respectively. The former was a curve with rel-
atively flat slope, which can be fit by one piece fractal 
unit I (Figure 5). In point C, the porosity of the IFU 
was set equal to that presented in the PSD curve and 
thus 1765619 pieces of fractal unit II was required to 
achieve this purpose. Thereby, the PSD curve rang-
ing from 10 nm to 357 000 nm was roughly simulat-
ed by fractal units I and II.  

- Step 2: to improve the fitting degree around 
point E, 3569816 pieces of fractal unit III with pore 
size 266.667 nm, which equal the sub-pore size of 
fractal units II at 1th iteration, were supplemented to 
the IFU configuration.  

Through step 1 and step 2, the whole PSD curve 
was nearly precisely simulated by the elementary 
IFU, as shown in Figure 5. However, the pore size 
less than 10 nm has not been examined in the MIP 
test for the limit mercury intrusion pressure, and con-
sequently a porosity of 0.361 - 0.337 = 0.024 was 
excluded. Therefore, fractal unit IV was required to 
simulate the pore size distribution from point F to G. 

- Step 3: the minimum pore size of fractal unit IV 
was set to be 0.2 nm, because Lloret and Villar 
(2007) considered that for compacted clays the pore 
size ranging between 0.2 and 2 nm can be identified 
as the intra-particle (inter-platelet) pore space. In or-
der to achieve a strict correspondence to the calcu-
lated porosity 361.0 , the amount of the fractal unit 
IV was therefore determined to be 3506993094. 

4) Finally, the area of the filled surface can be cal-
culated as: 

j
j

jSnSS 


IV

I
IFUfilled                         (7) 

where filledS is the area of the filled surface, IFUS is 
the total area of the integral IFU configuration, 



jn and jS are the amount and area of each fractal unit, 
respectively.  

The parameters of the IFU model are shown in 
Table 3 and relevant calculations can be referred to 
Equation (2) and Equation (3).  

As shown in Figure 6, three basic Sierpinski type 
fractal units SA, SB-1 and SB-2, have been used to 
develop the fractal units I, II, III, IV and successively 
to built the IFU configuration. These basic fractal 
units can be converted into electrical equivalent cir-
cuits and the corresponding ETC can be calculated 
following the procedure mentioned in Section 3. The 

ETC of the integral IFU configuration can be calcu-
lated as: 
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where I)( SA ik is the ETC of fractal unit I at its i th it-
eration ( 5i in the present case), and 

jikk )( 2SB1SB   stands for the ETC of the j  fractal 
unit (II, III, or IV) at their corresponding iteration 
i . 

 
Table 3. The parameters of the IFU model. 

FU I II III IV Filled surface 
Type SA SB-1 or SB-2 SB-1 or SB-2 SB-1 or SB-2 SB-1 or SB-2 

max (nm) 357000 800 266.667 5.4 — 
Iteration 5 4 0 3 — 

min (nm) 1469.136 9.877 266.667 0.2 — 
Area (nm2) 1.147E12 5.76E6 6.402E5 262.44 1.019E13 
Amount 1 1765619 3569816 3506993094 1 

 

4.2 Parameter calibration and model validation 
One of the involved parameter, fk in Figure 4, was 
presumed to be related to the degree of water satura-
tion, rS , in the form of 
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where, rS is the degree of saturation, w is the water 
content, sG is the specific gravity of solid phase, 

dry is the dry density, and 60.0w k  W/mK and 
026.0a k  W/mK are the thermal conductivities of 

pore water and pore air at 20℃, respectively. Addi-
tionally, the measured thermal conductivity (0.851 
W/mK) of series 3 in Table 1 was used to calibrate 
the other model parameter sk , resulting in 

465.1s k  W/mK. Equation (9) indicates that fk  
increases with with dry density and water content, 
and thus resulting in the increase of effk (The rela-
tionship between fk  and effk  can be referred to 
Figure 6).  

To verify the proposed IFU model, the ETC of Se-
ries 1, 2, 4, 5 was calculated following the mentioned 
procedures and the results were obtained and com-
pared to the measured ones in Figure 7. It can be ob-
served from the results in Figure 7 that the calculated 
values are in good agreement with the experimental 
data, indicating the performance of the IFU model. It 
can also be found that the ETC of GMZ01 bentonite 
increases with dry density and water content, which 
is in accordance with the theoretical results. Howev-
er, as shown in Equation (9), fk was assumed to 
change linearly with degree of saturation, rS , for all 
scales of pores. This is inconsistent with the real pro-
cess of hydration during which the smaller pores 
achieve saturated state preferentially than the larger 
pores, i.e., the degree of saturation in different scales 
of pores are various. Additionally, the IFU configura-

tion is developed according to the PSD curve which 
also significantly depends on dry density and water 
content. In other words, bentonite with different dry 
densities and water contents have different PSD 
curves, and therefore will result in different IFU con-
figuration with different amounts and iterations of 
each type of FU (Table 3). These differences will also 
influence the value of effk , but can hardly be includ-
ed in the present model. Therefore, further improve-
ments are needed in the future work. 
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Figure 7. Comparisons between the predicted and measured 
thermal conductivity. 

5 CONCLUSIONS 

The pore size distribution curves of highly compact-
ed bentonite are proved to be non-fractal, and thus 
can hardly be characterized by conventional fractal 
method. To address this non-fractal problem, the in-
termingled fractal units (IFU) theory was introduced 
to build a new model for predicting effective thermal 
conductivity (ETC) with consideration of the micro-
structure characteristics of GMZ01 bentonite. Firstly, 



the IFU configuration was built with only three sim-
ple Sierpinski type fractal units following a more def-
inite and imitable procedure according to the pore 
size distribution curves obtained from MIP test. Sub-
sequently, the ETC of the IFU configuration was cal-
culated via series-parallel electrical analogy equiva-
lently converted from the IFU configuration. By 
comparing the predicted and measured results under 
different conditions, it is concluded that IFU model 
can reliably predict the ETC of GMZ01 bentonite 
which was largely governed by its dry density and 
water content. The tool developed here is helpful to 
further numerical modeling of the THM processes 
subjected by the GMZ01 bentonite. 
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