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ABSTRACT: There are many criteria proposed by the geotechnical community to define the failure of sands under cyclic loading. The 
three main categories of these failure criteria are: i) shear strain-based, ii) effective stress equal zero (excess pore water pressure-based 
(for saturated sands), and iii) strength-based. A comprehensive laboratory study by the authors involving over 262 constant volume 
cyclic simple shear (CSS) tests on dry Ottawa sand samples prepared at different initial states and subjected to different cyclic load 
waveforms, and frequencies allowed the comparison of the cumulative dissipated energy to failure using different classical failure 
criteria. This paper also presents three alternative failure criteria based on the plots of cumulative dissipated energy versus load cycles 
and the location where the sample starts to experience a sudden increase in energy dissipation rate. The results indicate that the 
cumulative dissipated energy can be an adequate early predictor of failure as the amount and rate of dissipated energy start to increase 

drastically at the onset of failure. 
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1 INTRODUCTION 

The behavior of sands under cyclic loading is relevant to 
performance during earthquakes, machine loading, and other 
sources of dynamic cyclic loading. Many of these situations can 
involve complex time histories of cyclic loading, resulting in large 
shear strain levels leading to failure. If the sand is initially 
saturated, and the cyclic loading is fast enough to have undrained 
conditions, the soil may develop significant excess pore water 
pressures that can lead to cyclic liquefaction. Over the years, many 
criteria have been proposed by the geotechnical community to 
define the failure of sands under cyclic loading. The three main 
categories of failure criteria for sands under cyclic loading are: i) 
shear strain-based, ii) excess pore water pressure-based (used for 
saturated sands and commonly used for liquefaction) or zero 
effective stress-based (for both dry and saturated sands), and iii) 
strength-based. As illustrated in the examples presented in this 
paper, the various definitions will predict failures at different 
instances of the tests, as they are based on different factors. The 
occurrence of the different failure criteria varies significantly 
depending on the initial state of the sample that in critical state soil 
mechanics (e.g., Schofield and Wroth 1968) can be defined by the 
initial values of the sample relative density and effective vertical 
stress level.  

In this paper, the authors compare different existing failure 
criteria using a comprehensive laboratory study reported by Zavala 

et al. (2022a). The main objectives of this work are to: 1) Quantify 
the progression of energy dissipation in a cyclic simple shear (CSS) 
test with varying initial conditions and applied loading conditions 
until failure 2) Characterize the relationship between different test 
parameters such as Double Amplitude (DA) strain and effective 
stress, and the cumulative dissipated energy during CSS tests, and 
3) Investigate the relationship between the different failure criteria 
and the cumulative dissipated energy. This paper proposes 
alternative failure criteria based on sudden changes in the 
cumulative dissipated energy experienced by the laboratory sample 
during cyclic loading. The results indicate that the cumulative 
dissipated energy can be an adequate predictor of failure, 
particularly as an early predictor, as the amount and rate of 
dissipated energy increases drastically at the onset of failure. 

2 CLASSICAL FAILURE CRITERIA 

As mentioned above, the three main categories to define failure for 
sands under cyclic loading used in the academic community and in 
engineering practice are based on: i) shear strain, ii) excess pore 
water pressure (used for saturated sands and commonly used for 
liquefaction) or zero effective stress (for both dry and saturated 
sands), and iii) strength. This section describes the commonly used 
criteria under these three categories.  
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2.1 Strain-based criteria 

This group of failure criteria defines failure as a sand sample under 
cyclic loading reaching a prescribed level of shear strain or 
deformation. Strain-based failure criteria are commonly used for 
liquefaction studies.  

Due to the strong correlation between the seismic performance 
of sands and structures built over or out of them, shear strain and 
deformation of the sands have been reported to serve as a good 
criterion for seismic performance assessment (Wu et al. 2004). A 
drawback of this type of failure criteria is the variation of the 
selected level of strain used to define failure. Different researchers 
have used levels between 2% and 10%. For liquefaction, for 
example, the selection of strain level used to define the onset of 
liquefaction varies significantly based on the author and the type 
of laboratory testing used. Ishihara (1985) proposed defining 
liquefaction 3% single amplitude (SA) strain as a criterion to define 
liquefaction in simple shear tests and in field studies with level 
ground conditions. Ishihara (1996) proposed defining liquefaction 
when the sample reached 5% double amplitude (DA) of axial strain 
in cyclic triaxial testing. The selection of the strain level varies 
based on the initial relative density, i.e. loose to dense, of the test 
sample (Wu et al., 2004). In this paper involving CV-CSS testing 
we considered the strain-based failure criteria of 6% and 7.5% DA 
of shear strain. 

2.2 Pore pressure (or zero effective stress level) based criteria 

This failure criterion defines failure when a sand sample under 
cyclic loading reaches an effective stress level of zero. For 
saturated samples under undrained cyclic loading, this is related to 
a state when the sample develops an excess pore water pressure 
equal to the initial effective minor principal stress (σ’3o). For 
saturated samples, this criterion often uses the pore pressure ratio 
(ru), and failure is defined when this ratio reaches unity (ru=1). In 
loose soils, the ru=1 condition is immediately accompanied by 
large shear strains, but for dense sands, achieving full pore pressure 
ratio of unity cannot be achieved (Wu et al. 2004). For dry sands, 
under CV-DSS this criterion would correspond to the state where 
the applied vertical normal stress reaches zero while maintaining 
the constant volume condition.  

2.3 Strength based criteria 

Sands under earthquake loading can experience a sudden strength 
loss that can trigger failure of structures such as slopes and earth 
embankments. This failure criterion defines failure when a sand 
sample under undrained cyclic loading exhibits a sudden strength 
loss and reaches a residual shear strength at large strains (NASEM 
2016). This residual shear strength is often associated to the sample 
reaching the steady state, thus is referred to the undrained steady 
state shear strength. Laboratory testing has been used to estimate 
the undrained steady state shear strength of sands (e.g., Poulos et 
al. 1985, Yoshimine and Ishihara 1998, Stark et al. 1999), however 
due scale effects lab testing is generally viewed as unable to 
replicate the residual shear strength of liquefiable soil in the field 
(NASEM 2016). 
 

3 LABORATORY TESTING PROGRAM 

The failure criteria were compared using the results of a 
comprehensive experimental program performed by the authors 
(Zavala et al. 2022a) that involved 262 cyclic simple shear (CSS) 
tests conducted using an Advanced Dynamic Cyclic Simple Shear 
machine (ADVDCSS) manufactured by GDS Instruments. This 
experimental program involved constant volume (CV) CSS tests 
(Figure 1) on uniform dry sand samples prepared at nine different 
initial states subjected to a wide range of cyclic loading types (e.g., 
uniform, periodic, non-periodic, and complex irregular earthquake 
loading). The findings reported using the data from this 
experimental program supported the notion that specific dissipated 
energy could be used as a reasonable predictor of failure for 
uniform sands, based in their initial state (Zavala et al. 2022a). 
Further research by the same authors provided a simplified 
approach that can predict failure of dry sands under general shear 
stress-time histories, based on tests with uniform sinusoidal 
loading (Zavala et al. 2022b). 
 
 

 
Figure 1. Schematic of a CV-CSS test (Zavala et al. 2022b) 

 
The test sand used in this experimental program was Ottawa 

20/30 silica sand, a uniform, poorly graded silica sand with sub-
rounded to rounded grains. The mean particle size (D50) of this 
sand is 0.71 mm, and the 20/30 designation is based on having 95 
% retained between the ASTM standard sieves #20 and #30. The 
maximum and minimum void ratios were measured using 
laboratory procedures in general accordance with ASTM Standard 
D4253 (ASTM 2016a) and D4254 (ASTM 2016b), respectively. 
The average maximum and minimum void ratio values obtained 
for the test sand were 0.644 and 0.503, respectively. The CV CSS 
tests were performed using dry Ottawa sand samples prepared at 
nine initial states corresponding to three different levels of relative 
density and three initial vertical stress levels as shown in Table 1.  

Figure 2 presents the results of one of the CV-CSS tests reported 
in the experimental program by Zavala et al. (2022a), which is 
summarized in Table 1. The results correspond to the CV CSS test 
of a very dense sand (Dr = 95%), initial vertical stress σ’vo=200 
kPa, subjected to harmonic (uniform) loading with a cyclic stress 
ratio (CSR) of 0.065 and a frequency of 0.1 Hz, and are presented 
using a four-way graph that is typically used to show CSS results. 
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Figure 2. Four-way graph for very dense sand (Dr = 95%), σ’vo= 200 kPa, subjected to CSR = 0.065 at 0.1 Hz 

 

Table 1. Details of the test program by Zavala et al. (2022a)  

Item Details 

DESCRIPTION  

OF TEST 

SAND 

Ottawa 20/30 sand 

Shape: subrounded to rounded 

Gs = 2.65 

D50 = 0.71 mm 

Cu = 1.2 

emax = 0.644 

emin = 0.503 

INITIAL STATES 

Nine initial states 

Three Dr from 23% to 100% 

σ¢v0 = 100, 200, and 400 kPa 

TEST PROGRAM 

(# of tests, loading 

Types) 

Total number of tests: 262  

• 85 uniform tests 

- CSR: 0.05 to 0.12 

- f = 0.1, 0.5 and 1Hz 

• 173 non-uniform tests 

    4 types of loading 

• 4 tests with earthquake signals 

 
In this type of graph, the CSS test results are presented using 4 plots 
that have matching axes in the vertical and horizontal directions 
and are plotted in the same scales. The graph in the upper left shows 
the Normalized Effective Vertical Stress (NEVS), which is defined 
as the ratio between the actual vertical stress at any instance in the 
test and the initial vertical stress applied to the sample at the 
beginning of the dynamic shearing stage of the test, versus the 
normalized shear stress (t/σ’vo). At the beginning of a test the 

sample has an NEVS of 1, and as the cyclic shearing progresses, 
the NEVS value starts to decrease until approaching a value of zero 
at failure (failure criterion described in 2.2). The value of NEVS 
decreases because the applied normal stress decreases during 
loading to ensure that the testing condition of constant sample 
height (i.e., constant volume) is maintained. This graph illustrates 
the progressive decrease of the vertical stress with number of 
applied cycles. When the sample approaches a NEVS value of 0, 
the shear strains start to increase dramatically which each 
additional cycle of load applied to the sample and the hysteresis 
loops and associated dissipated energy tend to increase in 
magnitude. The graph in the upper right shows the shear strain vs 
the normalized shear stress (t/ σ’vo), illustrating the progression in 
size of hysteresis loops and increase of shear strain levels as the 
applied load cycles increase. The plot in the lower right shows the 
variation of shear strain with number of simple shear load cycles. 
This graph effectively illustrates the number of cycles for which 
the shear strains start to increase dramatically. Closing, the plot in 
the lower left corner shows the complement to NEVS, defined as 1 
– NEVS, versus the number of applied load cycles.  

Figure 2 shows symbols corresponding to two strain-based 
failure criteria considered (i.e., DA=6% and DA=7.5%) and the 
effective vertical stress =0 (ru=1 for saturated tests). For the two 
strain-based failure criteria, the points of occurrence were marked 
when the DA strain occurred and also at points adjusted slightly to 
correspond to the point of zero shear stress just before the DA level 
was achieved. Therefore, there are five symbols shown in Figure 
1, corresponding to DA=6%, the point of zero shear stress just 
before DA=6%, DA=7.5%, the point of zero shear stress just 
before DA=7.5%, and the point of zero vertical effective stress 
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(σ’v). It can be seen from this figure that the different failure criteria 
occur at different points. In the following section, we will compare 
the dissipated energy levels of the different criteria.  

4 DISSIPATED ENERGY CURVES  

Using energy-based approaches to study the behavior of soils under 
cyclic loading is an approach that has gained popularity in recent 
years. Energy-based approaches are based on comparing the 
energy associated with the cyclic loading (such as in an 
earthquake) to the soil resistance expressed in terms of energy. 
There have been experimental studies investigating the failure of 
sands under cyclic (primarily liquefaction) as a function of the 
experienced dissipated energy by the sample (e.g., Nemat-Nasser 
and Shokooh 1979, Davis and Berrill 1982, Berrill and Davis 1985, 
Yanagisawa and Sugano 1994, Liang 1995, Green et al., 2000, 
Polito et al. 2008, Polito et al. 2013, Green and Terri 2005, Lasley 
2015, Lasley et al. 2016, Kokusho and Mimori 2015, Azeiteiro et 
al. 2017, Kokusho 2017, Fardad Amini and Noorzad 2018, 
Kokusho and Kaneko 2018, Zavala et al. 2022a).  

The cumulative dissipated energy per unit volume of a sample 
subjected to cyclic loading in a CV-CSS test can be obtained from 
the sum of the hysteresis loops of a plot of shear stress versus shear 
strain cycles, as shown in Figure 3, as the shaded area for the ith 
stress-controlled sinusoidal shear stress load cycle of a CSS test. 
The CV-CSS tests by Zavala et al. (2022a) were run under constant 
volume conditions and under stress-controlled cycles and typically 
showed small energy dissipation for the initial stress-strain cycles 
and increased energy dissipation as the number of load cycles 
increased. The cumulative specific dissipated energy to failure (Ef) 
is computed by adding the different hysteresis loop areas (DWi) of 
the successive load cycles until sample failure is reached. A 
detailed description of the procedure used to compute the 
cumulative specific dissipated energy to failure (Ef) for CV-CSS 
tests under uniform or irregular shear stress time histories can be 
found in Zavala et al. (2022a). 

 

 

Figure 3. Dissipated energy (ΔWi) in the ith load cycle in a CV stress-

controlled CSS test under sinusoidal cyclic loading (Zavala et al, 2022b) 

Figure 4 shows plots of cumulative dissipated energy for CV-
CSS tests from Zavala et al. (2022a). For the sake of brevity, we 
only show a set of tests corresponding to Ottawa sand samples 
prepared at nine initial states all tested with a sinusoidal loading 
with a CSR equal to 0.065 and a frequency of 0.1 Hz. The nine 
plots present the progression of cumulative dissipated energy vs 
number of cycles corresponding to the none initial states 
corresponding to three relative density levels (loose, dense, and 
very dense) and for the three initial levels of vertical effective stress 

considered in the study (i.e., 100, 200, and 400 kPa). All plots show 
five symbols to denote the location when the different failure 
criteria described above were achieved (note that the legend is 
shown inside the upper left plot). In other words, the five symbols 
correspond to DA strain=6%, the point of zero shear stress just 
before DA strain=6%, DA strain=7.5%, the point of zero shear 
stress just before DA=7.5%, and zero vertical effective stress (i.e., 
NEVS = 0). Each of the nine plots includes a summary table 
summarizing the coordinates (i.e., the cycle number and the 
cumulative dissipated energy) where each failure criterion occurs. 

Regarding the general shape of the plots of cumulative 
dissipated energy versus the number of cycles, as shown in Figure 
4, all tests showed an initial straight portion of the cumulative 

dissipated energy graph, followed by a transition curve where a 
distinct increase of the rate of energy dissipation is observed, 
followed by a second relatively straight portion with a more 
pronounced slope corresponding to the increased rate of 
dissipation. Figure 4 shows that all of the traditional failure criteria 
occurred within the second linear portion of the graphs.  

The data set in Figure 4, as well as other similar test sets by the 
Zavala et al. (2022b), shows that for a given CSR value, the number 

of cycles required to reach the transition region of increasing 
dissipation rate will depend on the sample initial relative density 
and vertical stress level. In general, a higher relative density and a 
higher initial vertical stress will require more cycles to reach the 
second linear region with a higher slope. However, as shown in 
Figure 4, the amount of cumulative dissipated energy at the 
transition point was found to be more sensitive to the initial vertical 
stress level and, to a lesser extent, to the relative density of the 

sample. The values of cumulative dissipated energy of the 
transition points shown in Figure 4 increase with increasing levels 
of the initial vertical stress. Furthermore, by comparing plots in 
Figure 4 with the same level of initial vertical stress, it can be noted 
that the relative density of the soil has very little effect on the 
dissipated energy required to reach the effective stress zero failure 
criterion (even though, as explained before, the number of cycles 
to reach that criterion is much higher). However, the initial relative 
density of the sample does have a significant effect on the 

cumulative dissipated energy values required to reach either of the 
two DA strain criteria considered. 

In very dense samples, the order of occurrence of the classical 
failure criteria was the same for all stress levels: all tests on very 
dense samples reached first the effective vertical stress equal zero 
(σ'v=0), followed by both DA strain criteria. For the tests on dense 
samples, the occurrence of the different failure criteria also 
occurred in the same order as for very dense samples for all stress 

levels, but the locations of the failure points in the cumulative 
dissipated energy plots criteria are closer. Finally, for tests on loose 
samples, the different failure criteria tend to occur very close to 
each other and often in the same load cycle, thus the order of 
occurrence of the different criteria varied, and in some cases even 
occurred in the reverse order compared to the other relative 
densities, where the location of the DA strain=6% and DA 
strain=7.5% even occurred before the effective stress reached zero.  

This reverse order was observed particularly for tests at higher 
levels of initial effective stress. 

Comparison plots of the cumulative specific dissipated energy 
required to reach the different failure criteria is shown in Figure 5, 
for the three relative densities considered in this study.
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Figure 4. Cumulative dissipated energy versus load cycle for CV-CSS tests from Zavala et al. (2022) with sinusoidal loading with a CSR equal to 0.065 and a frequency of 0.1 Hz
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Figure 5. Comparison of cumulative specific dissipated energy values as a function of level of initial vertical stress, for the different failure criteria and the 3 

relative densities: (a) Loose (Ave. Dr=29%) (b) Dense (Ave. Dr=67%) and (c) Very Dense (Ave. Dr=97%) 
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Figure 5 illustrates the earlier observations regarding the order of 
occurrence of the points using the different classical failure criteria 
considered. The plots in this figure show that the value of 
cumulative dissipated energy required to reach the different failure 
points increases with increasing initial vertical stress. Also, for the 
dense and very dense samples, the order of occurrence of 
traditional failure criteria is unaffected by the level of initial 
vertical stress, with the effective vertical stress equal to zero 
occurring first, followed by the occurrence of the two strain failure 
criteria.  In contrast, as mentioned earlier, for loose samples the 
order of occurrence was not constant. For the tests on loose 
samples, the order of occurrence was even reversed in some cases, 
particularly for the tests performed at high initial vertical stresses. 

5 DISSIPATED ENERGY-BASED FAILURE CRITERIA 

5.1 Description of dissipated energy-based failure criteria 

As mentioned in the previous section, the plots of cumulative 
dissipated energy versus applied load cycles (or time of loading), 
like the ones shown in Figure 4, show that the traditional failure 
criteria based on strain level or effective stress equal zero, occur at 
different levels of cumulative dissipated energy. Furthermore, 
these curves of cumulative dissipated versus number of cycles (or 
time of loading) typically have an initial portion where the 
dissipated energy dissipates at a gradual and slow rate that can be 
approximated with a straight line. Then, as the sample gets closer 
to failure, it transitions into a faster rate of dissipation that can also 
be approximated to a straight line with a steeper slope than the 
initial stage. These two linear regions (≈ “straight lines”) are 
connected by a curved transition zone. As discussed in Section 4, 
all traditional failure criteria were found to fall on the second linear 
portion with a steeper slope that corresponds to a faster rate of 
energy dissipation.  

Based on the observed general bilinear shape of these plots of 
cumulative dissipated energy vs number of applied load cycles (or 
time), it is possible to define three energy-based failure criteria as 
shown schematically in Figure 6. The plot shows two dashed lines 
corresponding to a linear regression to the two linear regions of the 
cumulative dissipated energy plots. Criteria 1 and 2 correspond to 
the points where the experimental curve separates from the linear 
regression, and the point corresponding to Criterion 3 is obtained 
from the intersection of the two linear regression lines.  

Figure 6: Possible alternatives for energy-based failure criteria  

 
 

The three energy-based failure criteria shown in Figure 6 
correspond to: 1) point in the curve where the dissipated energy 
plot departs from a best fit linear regression in the first linear 
branch (Criterion 1). 2) the first point of the plot that intersects the 
linear regression of the second linear branch of the curve (Criterion 
2), and 3) the intersection of the lines fitted to the two straight 
portions of the curve (Criterion 3). For this third criterion, the inset 
in Figure 6 shows how the dissipated energy can be obtained by 
plotting the vertical line up to the dissipated energy plot. 

These three energy-based failure criteria occur before the 
classical failure criteria, and thus could serve as an early warning 
of the onset of failure of a test as they are located just before or at 
the beginning of the second straight-line portion of these types of 
plots. 

5.2 Comparison of dissipated energy-based failure criteria 

This subsection compares the three dissipated energy-based failure 
criteria described above, with the commonly used traditional 
failure criteria described in Section 2. For the sake of brevity, we 
present this comparison for the CV-CSS test with uniform 
sinusoidal loading (CSR = 0.065) on a very dense sand subjected 
to an initial vertical stress of 100 kPa reported by Zavala et al. 
(2022a). The plot of cumulative dissipated energy for this test was 
presented in the top right corner of Figure 4 and is presented again 
in Figure 7 with the addition of the three possible dissipated 
energy-based criteria.  

Figure 7: Comparison of three proposed dissipated energy-based (D.E.B.) 

criteria (Criteria 1, 2, and 3) with traditional failure criteria for a CV-CSS 

test with a CSR= 0.065 on a very dense sand at 100 kPa. 

 
Figure 7 shows that Criterion 1 occurs at approximately after 

42 load cycles and a specific accumulated dissipated energy of 
0.0483 kJ/m3. Criterion 2 occurs approximately after 47.5 load 
cycles and at 0.1374 kJ/m3 of specific cumulative dissipated 
energy, and Criterion 3 occurs at approximately 46.8 cycles and at 
0.0992 kJ/m3 of specific cumulative dissipated energy. In contrast, 
the traditional failure criteria all occur after dissipated energy-
based Criterion 2, and further up the second linear region of the 
dissipation curve. The first traditional failure criterion (σ'=0) 
occurs after 48.1 load cycles and at a specific cumulative dissipated 
energy of 0.1954 kJ/m3. Both strain-based failure criteria occur at 
a higher number of cycles and cumulative dissipated energy. The 
early occurrence of the dissipated energy-based failure criteria was 
observed for all other tests reported by Zavala et al. (2022a). 
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Therefore, any of the three proposed dissipated energy-based 
criteria can help identify when a rapid rate of change of the 
dissipated energy has started or is about to occur. Thus, the three 
possible energy-based criteria could potentially serve as an early 
warning of the onset of failure of the sample. However, more 
research in this area, looking at different sands and more types of 
testing, is recommended to confirm and extend these findings. 

6 CONCLUSIONS 

This study used the results of a comprehensive laboratory study by 
the authors (Zavala et al. 2022b) that involved over 262 CV- CSS 
tests on dry Ottawa sand samples prepared at nine different initial 
states and subjected to different cyclic load waveforms to 
investigate the progression of energy dissipation from start to 
failure. The paper compares the cumulative specific dissipated 
energy levels observed in this experimental program for different 
classical failure criteria commonly used in research and in practice. 
The paper presents three alternative failure criteria based on sudden 
changes in the plots of cumulative dissipated energy versus load 
cycles and the results indicate that the three cumulative dissipated 
energy-based failure criteria used could be an adequate early 
predictor of failure as the amount and rate of dissipated energy start 
to increase drastically at the onset of failure.  

The main conclusions drawn from this study are:  
• All tests analyzed showed a distinct change in the rate of 

cumulative energy dissipation after a certain number of 
cycles, which increases with higher relative density and 
higher initial vertical stress. 

• The location of all traditional failure criteria occurred in the 
second linear branch of the cumulative dissipated energy 
versus load cycle curves. 

• The value of cumulative dissipated energy required to reach 
the transition zone, i.e., where the rate of energy dissipation 
increases, was found to mostly depend on the level of initial 
vertical stress and to a lesser extent on the relative density of 
the sample.  

• For dense and very dense samples, the failure criterion based 
on vertical effective stress = 0 occurred before the strain-
based failure criteria; for loose samples, this was not always 
the case as in some instances, the strain-based criteria 
occurred first. 

• For a given level of initial vertical stress, the locations of the 
traditional failure criteria were close to each other for the 
loose samples, and this spacing increased with increasing 
relative density.  

• The relative density of the soil has almost no effect on the 
value of cumulative dissipated energy required to reach the 
effective stress zero failure criterion. In contrast, relative 
density was found to have a significant effect on the dissipated 
energy required to reach either of the strain-based failure 
criteria. 

• Three dissipated energy-based failure criteria were proposed, 
which were found to always occur before the traditional 
failure criteria. Thus, they could serve as an early warning for 
the onset of failure of a sample of sand subjected to cyclic 
loading.  
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