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Granular Mechanics of Shear Banding of 

Soil Slopes 

Calixtro YANQUIa,1 
a San Agustin National University of Arequipa, Peru 

Abstract. Almost all soil slides occur along a shear bands. But the assessment of 
this feature is not so clear, in spite of the abundant research carry on by several 
authors. In this paper, a simple theory based on linear granular mechanics is 
presented, which uses the concept of linear chains of forces, from which the 
stresses due to the own weight of the soil are calculated. These elastic stresses 
satisfy the equations of equilibrium and the boundary conditions. The mapping of 
the circumference of contact in a packing with the Casagrande’s compression 
diagram yields the bifurcation of the mechanical response, the softening 
mechanism, and the rotation of the packing. By assuming the conservation of the 
chains of forces in dilatant packings, the angle of the shear band is found for the 
elastic state of the sample, and the arrangement of grains within the shear band 
come to be contractive. The generalization of these results to a bilinear soil slope 
allows finding the slip surfaces as an isogonal line to the trajectory of the principal 
stress. This operation is carried out using an elementary numerical method, since 
the resultants of the involved shear stresses are integrals along the shear band. The 
line of failure thus obtained allows a rational calculation of the slope stability, and 
fits very well to the experimental data reported by several authors. 

Keywords. Slope stability, packings, granular mechanics, shear bands. 

1. Introduction 

The sliding of the slopes generally occurs along a shear band, which is the consequence 
of the strain localization. For this reason, it is necessary to know the geometry of the 
band for the analysis of slope stability. To accomplish this, the first step is the 
determination of the parameters that govern the formation of the shear band in a 
cylindrical sample. The problem has been studied by various authors, based on 
different hypothesis, such as the Thomas-Hill-Mandel model that consider a shear band 
bounded by two stationary surfaces of discontinuity of the velocity gradient, yielding 
the bifurcation condition [1]. Recently, efforts have been made to introduce the void 
ratio into a critical state model [2-3]. To visualize the shear band in laboratory samples, 
embedded markers [4], grid points painted on the specimen membrane [5], 
photographic methods [6], and diverse sophisticated methods [7-9] have been used. 
One of the targets of these studies is the determination of the shear band angle. Based 
on the coaxiality of the principal stresses and strains, some relationships have been 
derived between the angle of the shear band, θsb, the peak friction angle, φ, and the 
angle of dilatancy, ψ, [10]. The second step is the determination of the slip line at the 
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soil slope, based on these results. On this purpose, sophisticated experimental methods 
and numerical methods have been reported by several authors [11, 12].  

In the present work, packings of spheres and chains of contact force are used to 
determine the parameters that govern the formation of the shear bands, the geometry of 
the failure line, and the safety factor against slope failure. 

2. Granular mechanics of shear banding 

2.1. Critical state of packings 

In a packing, the void ratio, e, can be determined from the angle of contact between the 
spheres, θ. In particular, for a rhombic packing (Figure1a), the following equation is 
obtained: e = (6/π) sin2θ-1. The graph of this equation is drawn in Figure 1d, which is 
the mapping of the circumference of contacts, shown in Figure 1c. In this diagram it is 
observed that there is a single value of the void ratio for two values of the angle of 
contact, θ. With regard to the direction of the movement, the branch of the acute angles 
describes a dilatant packing, and the branch of obtuse angles, a contractive one. 

 
Figure 1. a) Contact forces in a dilating rhombic packing, b) Contact forces in a dilating rhombic packing at 
the shear band, c) Circumference of contact between spheres, d) Diagram of the contact versus the pore ratio, 
in which appears the duality of the packing, e) Curves stress-strain for a sand in dense and loose states, and f) 
Casagrande’s diagram of compression. 

 
On the other hand, Figure 1e shows the mechanical response curves for the triaxial 

compression test corresponding to the densest and loosest states of a packing, which 
tend asymptotically to the critical state. These two curves can be unified in the 
compression diagram, through the mapping of Casagrande [13] (Figure 1f). In this 
diagram, for two values of the void ratio, there is a single value of the stress. But, in 
such a case, the stress path converges to the critical state point, different from the peak 
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value. The mapping of the compression curve with the curve of contacts (Figure 1d) 
defines four intervals: one dilatant associated to dense packings, one contractive 
associated to loose packings, and two impossible. Also, this mapping leads to establish 
two packings at the critical state, one in the contractive branch, at point C', and another 
in the dilatant branch, at point D'. 

2.2. Bifurcation of the dilatant packing 

In a homogeneous dilatant packing, the increase in stress causes an increase in the void 
ratio until reaching point D (Figure 1f), where the global failure of the specimen occurs 
upon reaching the dilatant critical state, D' (Figure 1d). But, if the structure of the 
specimen is not homogeneous or the stress concentrates at some point, the stress 
increment enhances the strain localization, until a plausible band of failure is attained, 
just at the point of bifurcation P [14]. Under this circumstance, the point of the dilatant 
critical state, D’, cannot be reached any more. So that, the stationary state is reached at 
point C', belonging to the contractive packings, by means of a softening process, since 
the packing must rotate 90°. 

2.3. Horizontal shear banding 

The stresses in dilatant packings are transmitted as chains of forces [15, 16]. If the 
diagonals of the rhombic element coincide with the axes of the principal stresses, the 
equilibrium of the contact forces requires that: σ3=σ1tan2θ0, where θ0 is the acute 
contact angle of the rhombic cell. When the rhombic element is subjected to a general 
stress state, the equilibrium of the contact forces leads to the following relationships: 
σx=σztan2θ y τzx=σztanδ, where δ is the angle of obliquity of the stress. At failure, two 
conditions must be satisfied by the packing: δ=φ, where φ is the peak friction angle, 
and the Mohr-Coulomb law: (σx-σz)2+4τzx

2=(σx+σz)2sin2ϕ. The substitution of the stress 
components leads to the fundamental equation of the two-dimensional granular 
packings: tan2θ=1+2tan2ϕ. According to this equation, at the slip plane, the contact 
angle is obtuse, that is, θ ≥45°, and, therefore, the failure mechanism is contractive, in 
concordance with the bifurcated curve P’C’. 

2.4. Triaxial shear banding 

This is a problem of the elastic regime, in which the shearing band is born from the 
plane where the shear stress is the nearest to the ultimate shear stress. In the triaxial test, 
the stress components σ and τ, acting on a plane of inclination, α, with respect to the 
minor principal plane, are given by σ=pcos2α+qsin2α and τ=-qsin2α. In a linear 
elastoplastic material, the shear stress τ can be expressed as a fraction, Φ, of the peak 
linear strength, τf, in the following form: Φ=τ/τf. For a dense sand, that obeys the Mohr-
Coulomb law of failure, τf =σtanφ, the relationship Φ=τ/(σtanφ) is attained. The 
inclination of the critical plane, θsb, is obtained by maximizing the function Φ, with 
respect to α. For the elastic state: cos2α=q/p=cos2θ0. This equation reveals that the 
critical plane for Coulomb’s granular materials is equal to the inclination of the chains 
of forces, θsb=θ0, and is independent of the stress level; so that, it comes to be the shear 
band. These results give rise to the following conclusions: (a) the orientation of the 
packing is such that one of the sides of the cell is a vertical chain (Figure 1b), (b) the 
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void ratio may be larger than the usual maximum, and (c) the shear band is formed by 
the rotation of the grains. These conclusions are in good agreement with the 
experimental observations of Oda and Kazama [8]. On the other hand, the results found 
so far can be used to verify the validity of the present theory. Indeed, Figure 2 shows 
the good correspondence of the experimental data reported by several authors with the 
derived equations, when the obtuse angle of the rhombic cell is replaced by the acute 
angle θ0: 

2
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21

1
tan

µ+
=θ=K       ;   0θ=θ sb  (1) 

  
Figure 2. a) Relationship between the triaxial friction angle and the lateral pressure coefficient at rest, b) 
Relationship between the biaxial friction angle and the angle of the shear band [15]. 

3. Stresses in a bilinear slope 

The natural generalization of the forces of contact in a packing of spheres to a lattice 
are the chains of forces. The assemblage of these chains is the network of contact 
forces. Of all the networks, the linear conjugate network allows the simplest 
determination of the stresses in a granular material. But the calculation of average 
stresses is simplified if the chains are replaced by bands. 

In soil slopes, the own weight is the most important characteristic and, for this 
reason, the calculation refers to the stresses caused by the weight of the rhombic 
element formed by the intersection of two symmetrical and conjugated bands, which 
can be expressed as W0=γSh, where γ the unit weight of the soil, S the area of the base 
and h, the semi-height of the rhombus. Each elementary force of contact is: 
f=W0/(2cosθ0) and the resultant force of the chain made of N spherical grains is equal 
to: F=Nf. In particular, for the two chains that intersect at the point (x, z): F1=N1f y 
F2=N2f. This means that the forces caused by the chains of contact 1 and 2 can be 
expressed as the components of the weight of inclined columns of horizontal section S 
and of heights z-z1=N1h y z-z2=N2h, respectively. By dividing each Cartesian 
component of these forces between the horizontal width S, and between the vertical 
width Scotθ0 of the bands, partial stresses are obtained, the sum of which yields the 
normal stresses and whose difference gives the shear stresses. 

In the core zone of a bilinear soil slope, the intersection z1 y z2 can be obtained in 
terms of m=tani, k=tanj, and η=cotθ0, where i is the inclination of the soil slope, and j, 
the inclination of the crest.  As a result, the following stresses are obtained: 
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Figure 3. a) Idealized linear network of chains of contact, b) Geometry, chains of forces, and zones in a 
gentle bilinear slope.  

 
The Cartesian stresses of a linear soil slope are obtained as a particular case of the 

previous expressions, in the following way: 

22
w

wxz

xx

−η

−
γ=σ            

22
w

wxz

w
xz

−η

−
γ=τ          

xxzz
ση=σ
2    (5) 

These equations describe also the stresses in the slope zone and in the crest zone 
on a bilinear slope, making w=m and w=k, respectively; thus satisfying the condition of 
zero stresses at the boundary. From these, it is concluded that, in an infinite slope: (a) 
all the points located at a certain depth exhibit the same stress state, for which the 
failure line is parallel to the surface of the soil, and (b) if the criterion of the absence of 
tensile stress in granular soils is accepted, then m < η. 

4. Isogonal line in a bilinear slope 

From the Cartesian components of the stress given by Eqs. (2), (3) and (4), the 
principal magnitudes and directions of the stress are calculated. Once the principal 
stresses are known, the stresses that act on the plane inclined θd with respect to the 
major principal axis can be found. In a soil mass, this plane becomes a curve, isogonal 
to the field of the principal stresses, since those change in direction at each point. Then, 
the angle β of the isogonal line with respect to the axis OX is obtained from the 
equation: 
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Known the angle β, the differential equation of the isogonal curve is easily 
deduced in the polar coordinate system (r, α) by means of the usual procedures of 
differential calculus: dr/dα+ r cot (α - β) = 0. Since β depends only on the polar angle α, 
the solution of this differential equation is a non-canonical logarithmic spiral: r = 
Cexp[-∫cot(α - β)dα], in which the constant of integration, C, is determined by 
imposing some known condition, such as, for example, the condition that the potential 
slip line passes through the toe of the slope, then C=r0=H/sin i. The indeterminacy of 
the angle α at the slope surface, where α=i, and all the components of the stress are zero, 
is saved by substituting the values of the stresses given by equations (5) in equation (6) 
and simplifying for z ≠ mx; that is β=π/2+(1/2)arctan[2m/(1-η2)]-θd. 

The integral of the exponent in the equation of the isogonal line cannot be 
expressed in a closed-form function, and, therefore, some method of numerical 
integration must be used to. At point n, belonging to the isogonal line and defined by 
the polar coordinates (rn, αn), the Cartesian stresses are known, and, hence, the angle of 
the isogonal line, βn. At point n+1, belonging to the same line, the polar angle is given 
by αn+1 = αn+∆αn, where ∆αn is the chosen increment. The application of the law of 
sines to the differential triangle gives the radius vector of this point, rn+1, as: 

)sin(

)sin(
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nn

nn
rr
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β−α
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+
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Known the values of the polar coordinates at point n+1, the Cartesian stresses 
given by Eqs. (2), (3) and (4) are calculated, and with them, the direction of the 
isogonal line, βn+1, given by Eq. (6). With this data, the previous procedure is repeated 
and the coordinates (rn+2, αn+2), corresponding to point n+2, are determined. The 
successive application of this recurrence formula finally draws the isogonal line, 
starting from the polar coordinates of the toe of the slope (r0, i). 

5. Factor of safety against sliding 

In a slope, the line isogonal to the field of the principal stresses changes in orientation, 
from point to point. For this reason, the angle θsb cannot be determined by maximizing 
the relationship, Φ, between the elastic shear stress and the failure stress at each point. 
It is necessary to search for a quantity that represents the isogonal curve in a global way, 
such as the virtual work. For this purpose, it is necessary to find the normal and shear 
components of the stress acting along the isogonal line, by means of the equations of 
transformation of the Cartesian stresses (2), (3) and (4). 

In the elastic state of the soil mass, the magnitude of the displacement u along the 
isogonal line is small enough, and, therefore, the principle of virtual work is applicable. 
The elastic virtual work is obtained as W=∫(τēdL).(uē) = u∫τdL(ē.ē) = u∫τdL, where ē is 
the unit vector that defines the direction of the isogonal line at each point. In the same 
way, the virtual work for the peak shear strength is given by: Wf = uf∫τfdL. If the 
material obeys the Hooke's law, these two quantities are related in the following way: 
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W=ΦWf, where Φ is a factor of proportionality. Then: Φ = ∫τdL/∫τfdL. The angle of the 
critical line, θdc, is obtained by maximizing this function, or minimizing the inverse 
quantity, which is the safety factor: FS=1/Φ. Expressing the integrals as summations, 
we have: 

∑

∑
Δτ

Δ+μσ
=

nn

nn

L

Lc
FS

)(
                                                                                      (8) 

where the increase in length is determined by applying the law of sines to the triangle 
formed by the radius vector rn, the radius vector rn+1 and the increase in the length of 
the arc ∆Ln: 
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The reiterative application of Eq. (9), for different values of θd, leads to obtaining a 
parabola of vertical axis in the plane (θd, FS) whose vertex yields the critical angle of 
the isogonal line, θdc. This angle is called the angle of the potential shear band and is a 
characteristic of each slope. 

6. Evaluation of results 

Figure 4a shows the excellent correspondence between the shear bands theoretical and 
experimentally found, using the method of high-speed photographs [11]. The analyzed 
slope had a height of 25.0 cm, and an inclination of 60°, and is constituted by a silicon-
calcareous sand of Catalunya, with 15.4 kN/m3 of unit weight, and 43° of internal 
friction angle. In general, the good correspondence between both curves can also be 
observed in the sections of different slopes analyzed using the different versions of the 
finite element method [12]. 

 

 
Figure 4. Shear bands in gentle slopes by: a) High speed photographs [11], b) Finite Element Method [12]. 
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7. Conclusions 

The packing of spheres is a natural model of soil representation. This allows explaining 
various aspects of their behavior, such as the dilatancy and the critical state. The void 
ratio of the Casagrande compression diagram mapped into the dual diagram of the 
contacts explains in a simple way the meaning of the critical state, the phenomenon of 
the bifurcation and the formation of the shear band in dense soils. The transmission of 
stresses through linear chains of contact forces, not only allows its simple calculation, 
but also explains the properties of the shear bands, such as the unusual increase of the 
void ratio, the rotation of the grains, and the formation of columns of grains. The model 
is validated by the experimental results reported by different authors. The application 
of the theory of linear and conjugated forces chains allows calculating the stresses in 
bilinear slopes, from which the potential shear band is determined applying the 
principle of virtual work. The curves obtained theoretically and the experimental and 
numerical values coincide very well. 
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