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Abstract. In geotechnical engineering, slope stability back-analysis is widely 
performed as a type of inverse problem. Three major slope stability parameters are 
estimated: (i) soil shear strength parameters, (ii) pore water pressure, and (iii) failure 
model validation. A factor of safety equal to one and the failure surface geometry 
are the input variables when the Limit Equilibrium Method is employed. However, 
due to the method constraints, a major drawback of traditional back-analysis has 
been recognized: deterministic reliable information about shear strength and pore 
water pressure is required before performing back-analysis. Additionally, slope 
stability back-analysis has been focused both, on saturated and dry soil conditions. 
Unsaturated soils have received less attention, perhaps because of its complex 
behavior. In this study, unsaturated soil shear strength parameters and pore water 
pressure conditions were estimated from slope stability back-analysis. An infinite 
slope and steady-state water flow through an unsaturated soil was considered. The 
inverse problem theory was modelled within a Bayesian framework to perform the 
slope stability back-analysis. The results show that unsaturated soil shear strength 
parameters and unsaturated soil conditions at the moment of failure can be estimated 
via the Bayesian inverse modelling. Unlike traditional slope stability back analysis, 
Bayesian framework recognizes the uncertainty in the values of the soil properties 
and ground water conditions before performing the back-analysis. 

Keywords. Bayesian analysis, inverse problem, unsaturated soil, infinite slope. 

1. Introduction 

A large and growing body of literature has been studying landslides and slope stability 

by using three well-defined methodologies [1]: heuristic, deterministic, and probabilistic. 

Heuristic methods are based on experience and expert’s opinion who compare current 

landslide with similar past events [2]. Deterministic approach uses physically–based 

models represented by mathematical functions to simulate the cause – effect process. 

The probabilistic methodology is the third and newest slope stability approach. Several 

techniques including Logistic Regression [3], Artificial Neural Network [4] and 

Bayesian Analysis [5] have been recently incorporated to slope stability analysis.  

The three well-defined methodologies have usually studied slope stability as a 

forward problem, i.e. predicting slope behavior and landslide occurrence given a 

complete set of initial parameters. Inverse problem, also known as back-analysis in 

geotechnical engineering, is the opposite analysis. i.e., predicting the initial parameters 

based on the actual slope behavior (or landslide occurrence). Back-analysis is used to 
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estimate shear strength parameters and pore pressure conditions at failure, and therefore 

to validate assumptions about the failure model [6]. In general, traditional slope stability 

back-analysis is performed by a trial-error process or deterministic inverse problem 

algorithms, which do not include parameter uncertainty in their analysis. Moreover, 

unsaturated soils are rarely included in back-analysis due to its complex behavior. 

This paper presents a simple method to perform a back analysis of slope stability in 

unsaturated soils, under steady-state water flow conditions, based on a probabilistic 

Bayesian framework. The infinite slope stability equation was modified to include a 

nonlinear shear strength criterion for unsaturated soils.  The model also incorporates 

several soil and groundwater parameters. The probabilistic back-analysis is performed 

using Markov Chain Monte Carlo (MCMC) simulations. An example including direct 

and indirect measurements of a set of failure slopes is presented to describe the method. 

The impact of combining prior knowledge with actual slope measurements is evaluated. 

The effects of parameter updating and uncertainty reduction are discussed.  

2. Theoretical framework and proposed method 

2.1. Inverse problem within a Bayesian framework 

Considering a set of system response data represented by the vector � � ������� 	 ���
�, 

a mathematical model ��
� and a vector of model parameters � � ������� 	 ����, the 

prediction model in the form of a forward problem can be represented as shown in Eq. (1). 

� � ���� (1) 

The ability of the model ��
�  to predict the system behavior is assessed by 

comparing the system response data given by Eq. (1) with the system response 

measurements �	  given by the actual physical behavior. The closer that ���	 , is to zero, 

the better the model ��
� simulates the physical process. However, the term ���	  is not 

expected to be zero due to measurements errors in the system response, uncertainty in 

model parameters and structural problems of the model ��
� [7]. Assuming that the 

measurement of errors can be minimized and the model ��
� adequately represents the 

physical process, the term ���	  can be reduced as close as possible to zero by tuning 

the model parameter values �.  

On the other hand, inverse problem or back-analysis is about to find the model 

parameter values �, given a set of system response observations �	 . Inverse problems 

are mathematically unstable because: (i) there are multiple combinations of � that may 

satisfy �	 , and (ii) small changes in �	  can lead to large variations in the estimation of � [8]. 

Several mathematical techniques such as the least square method, regularization and 

singular value decomposition have been commonly employed to solve inverse problems. 

However, these techniques produce deterministic or limited probabilistic parameters. A 

Bayesian framework can be used to deal with inverse problems. This framework assumes 

that soil parameters are random variables whose occurrence can be represented by 

probability distributions. Bayesian framework applied to inverse problems has major 

advantages: (i) a global minimum solution can be reached when ���� is nonlinear, (ii) 
prior information about the solution such as field data, laboratory data or expert opinion 
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can be included, (iii) new data about system response �	  can be included in order to 

update the solution, and (iv) the results can be used directly in reliability assessments. 

Solutions to inverse problems, from a Bayesian framework, can be seen as a 

combination of two states of information: theoretical and prior-experimental [9]. 

Assuming that ���	  has a normal distribution, with a constant standard deviation 
�, 

the solution can be obtained by means of the Bayes’ theorem (Eq. (2)). 

���	|	�	� � 	 ����	���	 ��� �⁄  (2) 

where the term ����  represents the prior knowledge of model parameter values, ���	 ��� the likelihood function as shown in Eq. (3), and � a normalization constant 

given by Eq. (4). 

���	��� � � 

√��
�� 	�����
������ �	��

�

�

�
�

�

���

 (3) 

� ���� ���	�����	

�

 (4) 

2.2. Slope stability back analysis in an unsaturated soil 

Slope stability analysis has been commonly studied by geotechnical engineers by using 

the forward problem theory, i.e., finding the system response �� (factor of safety), given 

a set of parameters �, using a mathematical model ����. The term ���� usually 

includes algebraic equations (e.g. limit equilibrium method) or partial differential 

equations (e.g. finite element method). 

A valuable source of information on the soil properties can be achieved by analyzing 

the conditions of a slope at the moment of its failure [6]. In geotechnical engineering this 

kind of analysis is known as slope stability back analysis. The procedure usually starts 

by assuming a condition of failure (i.e. FS=1), a well-defined geometry of the slope and 

some initial values for soil and pore pressure parameters. By means of a trial-error 

procedure or an inverse algorithm (e.g. golden section, search, Gauss-Newton, least 

squares [10]), the parameters are changed until the error between the observed and 

calculated FS is minimum. These procedures to perform slope stability back analysis can 

be classified as inverse problems based on a deterministic approach. 

2.3. Simple proposed method 

The inverse problem method described in Section 2.1 can be applied to perform slope 

stability back analysis from a probabilistic approach. The simple proposed method 

includes the following steps: 

• Modification of the limit equilibrium equation for an infinite slope, under 

steady-state water flow, by including a nonlinear equation for the unsaturated 

shear strength of the soil. The nonlinear shear strength criteria (Eq. (5)) 

proposed in [11] was used in this study. The resulting modified limit 
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equilibrium equation (Eq. (6)) includes the dimensionless term � defined as the 

ratio between the volumetric water content � and the saturated volumetric water 

content ��. 
!� � "�
� � #�� 	� �#� � #����$ ���%� (5) 

&' �
�()��* �+� ���� -/�� 034%�)+ ��� �- �

���%�
���-  (6) 

• Selection of the SWRC (soil-water retention curve) model. The model described 

in [12] and presented in Eq. (7) was used. 

� �
��� � 5 

��(6 � �7 3⁄ ��/9
�

 (7) 

where 7 � )��* �+� ���� -, 3 is related to the air-entry value, 4 controls the 

slope of the SWRC and � is associated to the residual volumetric water content. 

• Definition of prior knowledge of the � parameters in the form of probability 

distribution functions (pdf). Several pdf curves can be used to represent the prior 

knowledge. Normal or lognormal distributions are commonly assumed when 

mean or mode values are known. Otherwise, uniform (noninformative) 

distributions with well-defined bounds are used. 

• Combination of the inverse theory and Bayesian framework by including Eq. 

(6) in Eq. (3), i.e., ���� � &'. The likelihood term (Eq. (3)) compares the 

prediction model (Eq. (1)) to actual measurements of slope behavior.  

• Simulation via Markov Chain Monte Carlo (MCMC). The posterior distribution 

of the parameters � cannot be derived analytically due to the nonlinearity of 

Eq. (6). Therefore, a random sampling method such as MCMC can be employed. 

The idea of the MCMC simulation is to get an accurate representation of the 

posterior distribution by sampling a large number of representative points [13]. 

For high-dimensional and high non-linearity problems, some efficient MCMC 

samplers such as the Adaptative sampler [14], Differential Evolution sampler 

[15], and DREAM sampler [16] can be used. 

3. Application example 

The method described in Section 2 was applied to an academic example. The basic idea 

was to infer the most probable values and the probability distribution functions of the 

soil parameters � given a set of system response measurements �	 . A set of infinite slope 

failures on an unsaturated homogeneous soil under steady-state water flow were 

considered [17] (see Figure 1). Direct measurements of the slope angle - and the depth 

to slip surface +, were registered for each failure. Indirect measurements of the factor of 

safety &' equal to one were assumed due to failure conditions of each slope (see Table 1).  

The random variables of the soil parameters (Eq. (6)) are represented by the vector � ��*�
	�����%�� )� !�, where * is the depth to the water table, 
� 4	 and � are parameters 

related to the air-entry value, the slope of the SWRC and the residual water content 
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respectively, %� is the effective angle of shear resistance, ) is the unit weight of the soil, 

and ! is the precision (reciprocal of the variance) of the FS. The system response vector 

is �	 � �-�+�&'� with the measurements presented in Table 1. The unit weight of the 

water �� and the exponent  in Eq. (6) were assumed constant and equal to 9.81 kN/m3 

and 1.0 respectively. 

 

Figure 1. Infinite slope. 

Table 1. System response measurements of a set of failure infinite slopes. Application example. 

β (°) 

Slope angle 

H (m) 

Depth to the slip surface 

FS 

Factor of Safety 

40 1.55 1.0
36 2.80 1.0
37 2.30 1.0
43 1.15 1.0
39 1.75 1.0
45 0.97 1.0
48 0.78 1.0
42 1.25 1.0
49 0.73 1.0
46 0.90 1.0
35 3.50 1.0

 

The prior knowledge of the random variables in � was represented by the pdf’s 

shown in Table 2. All random variables were represented by noninformative (uniform) 

distributions, except : and ; which were modeled by means of normal distributions. No 

prior correlation between variables was assumed. The posterior distributions for the 

parameters in the vector � were calculated with an Adaptative MCMC sampler included 

in the BayesianTools package [18] of the free software for statistical computing R [19]. 

Three different chains were evaluated for each random parameter to ensure 

representativeness of the posterior probability. The Gelman-Rubin statistic [20] was 

calculated in each parameter to check numerical convergence. A total number of 

1,000,000 samples were used in the Adaptative MCMC simulation, but approximately 

500,000 samples are enough to achieve convergence. 
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Table 2. Statistics and probability distribution functions of the prior knowledge. 

Parameter Unit Distribution Lower 

Bound 

Upper 

Bound 

Mean Standard 

deviation 

� m Uniform 0.0 20.0 10.0 5.7 

� - Uniform 0.1 10.0 5.0 1.4 

� - Uniform 0.5 4.0 2.2 1.0 

� - Uniform 0.5 4.0 2.2 1.0 

� ° Uniform 25.0 40.0 32.5 4.3 

� kN/m3 Normal 17.0 22.0 20.0 0.2 

� - Normal 0.0 100.0 20.0 10 

4. Results and discussion 

Figure 2 presents the prior distributions assumed for � (see Table 2), and the posterior 

distributions obtained from the inverse problem combined with a Bayesian framework. 

All the parameters in �  (except 	 ) were updated from noninformative (uniform) 

distributions to informative distributions defined in a small region. Table 3 summarizes 

the results of the posterior distributions, and the correlation coefficients between pair of 

variables obtained from the Bayesian statistical analysis. 

 

Figure 2. Comparison of prior distributions (blue line) and posterior distributions (red line). 

 

According to Table 2 and Table 3, the mean of 
, �  and   were significantly 

updated from 10.0, 5.0 and 2.2 to 11.7, 1.26 and 0.93 respectively. The mean of the other 

parameters was slightly updated. All the parameters (except 	) had a significant variation 

in their standard deviation. The prior standard deviation of 
 was 5.7 m and it was 
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reduced to 2.6 m in the posterior distribution. The standard deviation of %�  was 
significantly reduced from 4.3° to 0.3°. The bounds of the parameters were also greatly 

reduced as it is shown in Figure 2, i.e., the bounds of the posterior distributions are 

narrower than the bounds of the prior distributions.  

The findings presented above are consistent with previous research in the field of 

Bayesian inverse modelling [21] and parameter estimation using Bayesian approach [22]. 

Those studies combined prior information of soil parameters with in situ observations by 

using Bayesian analysis. In both studies, a significant reduction in parameter uncertainty 

was achieved by using inverse problem theory within a Bayesian framework. 

Table 3. Statistics and correlation coefficients of the posterior distributions. 

Parameter Unit Mean Standard 

deviation 

Correlation Coefficients 

� � � � � � 	 

� m 11.7 2.6 1.0 0.02 0.46 0.03 -0.92 -0.01 0.15 

� - 1.26 0.39  1.0 0.54 0.06 0.03 0.02 0.10 

� - 2.86 0.62   1.0 -0.60 -0.55 -0.03 0.12 

� - 0.93 0.14    1.0 0.25 0.01 0.02 

� ° 31.8 0.34     1.0 0.02 -0.13 

� kN/m3 20.0 0.20      1.0 0.01 

	 - 25.2 2.43       1.0 

5. Conclusions 

Slope stability back analysis has been commonly performed by using inverse problem 

theory or trial-error processes within a deterministic framework. In this paper, a 

probabilistic back analysis based on a Bayesian framework was carried out. Prior 

knowledge and actual system response measurements were combined by means of a 

Bayesian analysis in order to update model parameter values of an unsaturated soil slope. 

The process based on MCMC simulations was developed through an application 

example.  

The following conclusions can be drawn from the present study: 

• Soil shear strength parameters and unsaturated soil conditions at the moment of 

failure of an infinite slope under steady-state water flow can be estimated by 

means of inverse problem theory within a Bayesian framework. Moreover, 

Bayesian analysis recognizes uncertainty and allows to employ non-informative 

(uniform) probability distributions with broad ranges as prior knowledge. 

• All the parameters except the unit weight of soil were updated. After Bayesian 

analysis, non-informative prior distributions with broad range of values 

changed to informative distributions (e.g. normal distributions), where the 

values can be identified in small ranges. 

• A considerably reduction in the uncertainty, i.e., in the standard deviation of the 

parameters was achieved by combining prior knowledge and system 

measurements via Bayesian analysis. Further research can focus on uncertainty 

reduction and its impact on reliability of geotechnical systems. 

• The use of inverse problem theory combined with a Bayesian analysis suggest 

a promising area of research to improve reliability assessments of geotechnical 

structures.  
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