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Abstract. In this paper a geotechnical characterization of former Texcoco Lake
subsoil is presented. The analysis consists of a detailed study of the spatial
distribution of the subsoil geotechnical properties such as resistance (qc) in CPT and
shear wave velocity (VS) applying the univariate (kriging) and multivariate
(cokriging) geostatistical methodologies. When using multivariate geostatistics, the
linear correlation between some geotechnical properties with a large number of data
available (qc) and parameters with a few number of data (VS) is taken advantage of
to estimate punctually the values of these parameters using minimum variance
estimators (cokriging).
Keywords. Geostatistics, spatial distribution, kriging, cokriging, correlation
function, cross correlation, estimation, geotechnical properties, shear wave velocity.

1. Introduction
Static and dynamic mechanical subsoil properties used for geotechnical design contains
a certain degree of uncertainty that must be considered for adequate subsoil
characterization. The main sources of uncertainty are due to the soil spatial variations
mainly associated to the formation process of the soil deposit and to the load history of
the site.
One of the geotechnical properties insufficiently measured is the shear wave velocity
that is fundamental in dynamic analyses. For this reason, empirical correlations with
other parameters are commonly used to estimate this velocity at specific points within
the subsoil. The empirical correlations present the limitation that their application is
hardly valid for different soils.
This paper proposes the use of the multivariate geostatistical methodology to
estimate the shear wave velocity using as a support the CPT tip resistance qc.
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2. Geostatistics theory
2.1. Random fields
Let us consider a geotechnical variable V(X), either of physical (i.e. water content),
mechanical (i.e. shear strength) or geometrical nature (i.e. depth or thickness of some
stratum) defined at points X of a given domain Rp (p = 1, 2, or 3). In each point of the
domain, this variable can be considered as random due to the range of possible values
that it can take (Figure 1). The set of these random variables constitutes a random
field [1 2].
2.2. Kriging
The kriging estimation technique, also known as BLUE (best linear unbiased estimator,
for its acronym in English) consists in using the estimator defined by Eq. (1) [3].
n

n

V * ( X ) = ∑ i =1 λiV ( X i ) + [1 − ∑ i =1 λi ]µ v

(1)

where λi are the influence weights and µv is the expected value of the random field.
One of the variants of the kriging estimation is the ordinary kriging (OK), where
imposing the condition ∑λi=1 in the Eq. (1), makes it not unnecessary to know the mean
value µv of the random field [3]. The estimation equation of ordinary kriging is defined
as:
n

(2)

V * ( X ) = ∑ i =1 λiV ( X i )

The value of the minimized error variance associated to the estimation (σ2EK(X)), is
obtained with the following expression:
n

σ 2 EK ( X ) = Var V ( X )  + µ − ∑ i =1 λi C ( X n − X i )

(3)

2.3. Cokriging
Cokriging is a natural extension of kriging and is defined as a multivariate estimator, it
is used when measurements of two or more properties within the study domain are
available [4, 5]. The general expression of the multivariate estimator is defined as follow:
n

m

V * ( X ) = ∑ i =1 λiV ( X i ) + ∑ j =1 β i S ( X j )

(4)

where the left side of the equation represents the primary property V(X) and the right side
the secondary property S(X), λ and β are the influence weights of the primary and
secondary properties.
In the cokriging, the variance of the estimate is reduced because it implicitly
considers the spatial correlation between the two properties [6]. The expression of the
variance of the estimate is as follows:
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n

m

σ 2 ECK ( X ) = Var ⎡⎣V ( X ) ⎤ + µ1 − ∑ i =1 λi CV ( X n − X i ) − ∑ j =1 β i CVS ( X m − X j )
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(5)

where Var[V(X)] is the variance of the primary variable, CV y CVS are the primary and
cross covariance, µ1 is the Lagrange multiplier of the primary variable.

3. Methodology for application
In general, the geostatistics methodology is integrated by three stages: i) exploratory
analysis, ii) structural analysis y iii) prediction [6]. To analyze and interpret the spatial
distribution of the geotechnical properties, the theoretical foundation of the geostatistical
analysis (univariable and multivariable) is adapted and a series of stages are defined as
indicated in Figure 1.

Figure 1. Methodology of application of the geostatistical analysis [7].

4. Description of study area
The study area is located at the central zone of the Mexico basin, in the State of Mexico,
in the Texcoco municipality (Figure 2). According to the Universal Transversal Mercator
(UTM) projection, the area is delimited by coordinates: X 1=499800 m, Y1=2155800 m
y X2=500800 m, Y2=2157600 m, covering an approximate area of 1.8 km 2.

834

M.E. Delgado Muñiz et al. / Multivariable Geostatistical Analysis of the Geotechnical Properties

Figure 2. Location of the study area and boring distribution.

5. Analysis of spatial distribution of shear wave velocity
5.1. Definition of random field (3D)
The set of shear wave velocity values (VS) and cone tip resistance (qc) gathered from PSlogging and electric cone techniques, are considered to be random fields V(X) and S(X)
respectively, distributed within Rp, with p=3 (3D case). The VS and qc data set measured
within the domain R3, constitute a sample from that random field. To perform the
univariable and multivariable geostatistical analysis of properties, five suspended logs
(ps-logging, Sds) and thirty-nine cone tip resistance logs (CPT) were used. Their
distribution in the study area is shown in Figure 2.
As shown in Figure 2, at some points the locations of performed Sds and CPT
coincide and the existent correlation among the properties can be verified; furthermore a
cross-correlation model can be built as required to perform multivariable analysis.
5.2. Statistical analysis
With the experimental data and assuming ergodicity of the random fields, the main
geostatistical parameters were obtained and synthetized in Table 1.
Table 1. Statistical description of the geotechnical properties (qc and VS).
Parameter
Mean
Median
Mode
Standard Deviation
Maximum value
Minimum value

qc (kPa)
873.40
508.20
250.00
1097.92
5000.00
14.00

VS (m/s)
74.68
53.14
25.00
60.13
436.10
15.50

The qc values under 1000 kPa are linked to clayed formations, upper values
correspond to stiff soils (sand and silt); on the other hand, shear wave velocity values VS
below 100 m/s correspond to clayey formations and higher values are associated with
stiff soils.

M.E. Delgado Muñiz et al. / Multivariable Geostatistical Analysis of the Geotechnical Properties

835

5.3. Linear correlation analysis
Following the geostatistical analysis methodology, the existence of certain correlation
between considered geotechnical properties was verified. In the correlation analyses,
only measurements where properties VS and qc matched spatially were included. Figure 3
shows the correlation plot between the two properties, where x-axis corresponds to a
primary (main) property (VS) and y-axis to a secondary property (qc). Additionally,
correlation coefficient and tendency line equation are shown.

Figure 3. Linear correlation between VS and qc.

5.4. Trend analysis
The trend of the field is represented by a hyperplane with the lineal equation
V(X)=ax+by+cz+d, where “a, b, c and d” are the linear regression coefficients. The
resultant VS y qc values are shown in Table 2. These coefficients allow removing the
trend from the VS and qc data in order to work with simpler stationary residual fields.
Table 2. Regression linear coefficients of geotechnical properties qc and VS.
Property
qc in CPT (kPa)
VS (m/s)

a
0.36
-0.003

b
0.39
0.01

c
68.42
3.69

d
-1037923.20
-1882.82

5.5. Structural analysis
Considering the data of the residual fields, the correlograms in the horizontal and vertical
directions were calculated; the correlation distances are presented in Table 3.
Table 3. Vertical and horizontal correlations distances of the geotechnical properties qc and VS.
Property
VS
qc
VS-qc

Vertical (m)
6.00
3.50
12.50

Horizontal (m)
1600.00
500.00
2500.00

With the correlation distances and adopting a simple exponential correlation model,
the vertical and horizontal correlograms of Figure 4 were determined.
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Figure 4. Directional correlations models of geotechnical properties (VS and qc).

In correlograms 4e and 4f, it can be observed that the initial value of the cross
correlation coefficient is lower than 1, because the correlation between the geotechnical
properties (VS and qc) is not perfect.
5.6. Prediction
Applying kriging and cokriging estimation techniques cross sections of shear wave
velocity and resistance qc were estimated along two preferential axes, with an equidistant
horizontal calculation step of 50 m and vertical calculation step of 0.25m for the VS an
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0.1 m for the qc. The final estimates are obtained by returning the trend to residual
predictions.
5.7. Results interpretation and visualization
To simplify the interpretation of the tabular values of VS and qc in CPT obtained in the
estimation stage, we resort to advanced graphics techniques that allow the elaboration of
cross sections that facilitate the visualization of the spatial variation of the properties
under study, as shown in Figures 5 to 7.

Figure 5. Cross section of VS estimated along axis 1 (ordinary kriging).

Figure 6. Cross section of qc in CPT estimated along axis 1 (ordinary kriging).

Figure 7. Cross section of VS estimated along axis 1 (ordinary cokriging).

The results interpretation is based in the typical sequence of soil layers in the
lacustrine zone of Mexico City subsoil includes a thin superficial Dry Crust (DC), a First
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Clay Layer (FCL) several tens of meters thick, a First Hard Layer (FHL), a Second Clay
Layer (SCL) and the so-called Deep Deposits (DD) [8].
The spatial distribution for the shear wave velocity (Figure 5) and tip resistance qc
(Figure 6) are similar; both tend to increase with depth. However, in the VS cross section,
the different formations that makes up the subsoil stratigraphy are not clearly
distinguishable, only the upper clay formation (FAS) and the deep deposits (DP) can be
identified.
Figure 7 shows that taking resistance qc into account in the estimation of the shear
wave velocity suggests more detailed variations of this velocity with depth
corresponding to the different stratigraphic formations.

6. Conclusions
Based on the results obtained, it can be said that multivariate geostatistics is a useful tool
for the interpretation of information from geotechnical explorations of a site or area of
interest. The greatest advantage is obtained when it is used for the characterization of
areas of large extensions, considering the existing correlation between two properties,
one with a high number of measurements and another scarcely measured.
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