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ABSTRACT 
 
For the simulation of underground excavation (tunnelling or cavern excavation) the Boundary Element 
Method offers advantages. For infinite or semi-infinite domains the radiation condition is explicitly 
fulfilled and the effort in discretization (surface instead of volume discretization) and solving the 
modelling system is reduced by an order of magnitude. One of the reasons why the method is applied 
rarely in practice is that essential aspects, such as modelling the sequential excavation, the efficient 
treatment of nonlinear material behaviour, inhomogeneous ground conditions and support construction 
were missing. In addition the method requires more computational efforts, run times for large 3D 
problems can become unacceptably long. The paper will present the research work carried out at the 
Institute for Structural Analysis at Graz University of Technology (with European and Austrian 
sponsorship). The research includes the implementation of efficient methods dealing with the above 
mentioned requirements for a practical application of the method to underground excavation problems. 
It will be shown on a 3D example in tunnelling, how the method can now efficiently deal with the 
sequential excavation / construction. Fast solution techniques were implemented to ensure that the 
results are obtained in a reasonable time for large 3D problems. 
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1 INTRODUCTION 
 
The New Austrian Tunnelling Method (NATM) is characterized by a process of sequential excavation 
and construction of support measures. Due to this process the tunnel construction is dependent on 
spatial and temporal development. In order to provide certain predictions or in the case of a 
verification of ongoing tunnel constructions a numerical simulation has to consider these properties.   
 
The Boundary Element Method (BEM) is well suited for the simulation of underground constructions 
like tunnels and caverns. These constructions are built in an infinite or in a semi-infinite domain for 
which the BEM is fulfilling the radiation condition explicitly by its formulation. There is no need to 
truncate a mesh and therefore no artificial boundary conditions have to be applied. With the BEM only 
the surface of the underground construction has to be discretized. Thus the effort of mesh generation 
is drastically reduced for such simulation problems. This is clearly demonstrated by a practical 
example in 3D.   
 
 
2 BOUNDARY INTEGRAL EQUATION 
 
The basis of the BEM is the displacement boundary integral equation (see Beer et al. 2008) which is 
given by 
   
 (1) 

  
where ( , )U P Q  and ( , )T P Q  are the fundamental solution and ( )u Q  and ( )t Q  are the boundary 

displacement and traction, respectively. The boundary integral equation (1) is valid for a single region, 
whose boundary is discretized by boundary elements with linear or quadratic shape functions. Due to 
the discretization of the integral equation the boundary  is divided into a sum of elements E and 
nodes . Thus, the integral equation (1) is transformed into the following form 
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are integrated kernel coefficients with respect to the collocation node  and the element 

node .  is an integral free term which depends on the geometrical conditions at node . The 

coefficients are assembled into matrices T  and U 	, whereas the following equations arise: 

 

     T u U t    (3) 

 
With equation (3) a single region problem can be solved. At the nodes of the boundary either 
displacements or tractions are known. The unknown boundary conditions (BC’s) are solved by 

rearranging equation (3). The unknown BC’s with its corresponding columns of matrices T  and 

U  are shifted to the left side of equation (3) and the known BC’s are multiplied on the right side 

with the columns of the matrices T  or U . Thus, the equation system, which has to be solved, 

has the following form 
 

    A x f  (4) 

 
where in case of a mixed boundary value problem the content of the solution vector 	 are either 

displacements or tractions,  matrix A 	is filled up either with columns of matrix T  or U .    

 
 
3 SIMULATION OF SEQUENTIAL EXCAVATION 
 
In the case of a sequential tunnel excavation parts of the rock volume are removed from load step to 
load step. There are different strategies to simulate such a chronological process with the BEM: 
 

 Using a single region BEM (SRBEM)  

 Using a domain decomposition method  –  coupling of BEM regions – Multiple regions 
BEM (MRBEM)) 

 

 
 

Figure 1. Single region BEM model (left) and multiple regions BEM model (right) 
 
In Figure 1 (left) the mesh associated to a certain excavation step using the single region BEM is 
shown. The mesh consists of a single region only and represents the surface of the actual excavated 
volume. On the right of Figure 1 the mesh for the same excavation step is shown, but modelled with 
the multiple regions BEM. This mesh consists of several finite regions, which are embedded in an 
infinite region. In such a case a coupling of regions is necessary. During the simulation regions are 
deactivated (excavation) from the system of multiple regions.   
 
3.1  Single region BEM 
 
A single region system is set up to simulate the sequential excavation process. In this method the 
geometry of the model has to be adapted at each step of excavation due to the change of the tunnel 
surface. The excavation simulation is started with a very small mesh and in every subsequent 
excavation step the existing mesh has to be extended by the surface of the excavated volume of 
excavation. A key issue of this method is the accurate evaluation of the excavation forces of the 
subsequent load step. Stresses in the interior domain have to be evaluated (as shown in Figure 2) and 
are applied at the adapted geometry of the new generated BE region of the subsequent load step. 
Additional details about the method of evaluation of excavation loads are explained by Duenser and 
Beer (2008). 



 
 

Figure 2. Determination of excavation loading for SRBEM 
 
3.2 Multiple region BEM 
 
Another method is to model a multiple region system as shown in Figure 1 (right). For each volume of 
excavation a boundary element region is discretized. In this case volumes which are excavated during 
the simulation are discretized by finite regions which are embedded in an infinite region. The infinite 
region represents the infinite extend of the domain. In Figure 3 the multiple region model of a staged 
tunnel excavation with top heading and bench is shown. 
 

 
Figure 3. Multiple region BEM model of tunnel excavation 

 
 
For the coupling of regions shown in Figure 3 the following strategies will be presented:  
 

 Interface coupling  

 Boundary Element Tearing and Interconnecting Method (BETI) 
 
3.2.1 Interface coupling 
 
One strategy is the coupling of interface surfaces only. Interface surfaces of a region are surfaces 
which are connected to surfaces of neighbouring regions. In tunnelling simulations always free 
surfaces (not coupled to other surfaces) exist, this is the tunnel surface of already excavated regions. 
As a result of this approach the interface changes from one step of excavation to the other step. As 
shown later stiffness matrices of regions are calculated. These matrices are based on the degree of 
freedoms of the coupling surface of each boundary element region. As the interface changes the 
region stiffness matrix has to be calculated newly. The accuracy of result of such a sequential 
excavation simulation is excellent and is shown by Duenser and Beer 2007. To improve the efficiency 
(in the sense of computing time) of such a calculation a new method will be introduced in the following 
section. 
 
 



3.2.2 Boundary Element Tearing and Interconnecting Method (BETI) 
 
The Boundary Element Tearing and Interconnecting Method (BETI) (Langer and Steinbach 2003) is a 
domain decomposition method similar to the Finite Element Tearing and Interconnecting Method 
(FETI) introduced by Farhat and Roux 1991. The main idea is to work out a stiffness matrix for each 
region which is based on the whole region surface, not only for the coupled degrees of freedom as 
explained before. The stiffness matrix is calculated from equation (3) assuming pure Neumann 
boundary conditions: 
 

      1
U T u t

    (5) 

 
In order to make possible a coupling of the BEM with the FEM the problem is formulated in nodal point 

forces. Thus, equation (5) is multiplied by the mass matrix  M which is shown as follows: 

 

          1
M U T u M t f

     (6) 

  

where the stiffness matrix  S  (also called Schur complement) is specified as 

 

      1
S M U T

    (7) 

 
and equation (6) can be written as follows: 
 

    S u f  (8) 

  
In order to formulate a coupled system of boundary element regions two conditions have to be 
satisfied: 
 

 Equilibrium  

 Compatibility  
 

3.2.2.1 Equilibrium of a boundary element region  
 

The equilibrium state of a region can be described by the following equation 
 

        T

NS u f B    (9) 

 
whereas the force vector of equation (8) is devided into: 
 

       T

Nf f B    (10) 

 

  S u  are the forces at the boundary of the region due to deformation,    T
B   are the coupling 

forces (Lagrange multipliers) to the neighbouring regions and  Nf  is the force vector of the given 

loading (Neumann boundary conditions).       
 

3.2.2.2 Compatibility of interface displacements  
 
The compatibility of a system on n regions may be written in the following form: 
 

             
1 21 2

.....
n n

B u B u B u b     (11) 

 
equation (11) either guaranties that the displacements at the interface of adjacent regions are equal or 
the displacements at the Dirichlet boundary are equal to the applied Dirichlet boundary conditions 
(applied displacements).  
 



 
3.2.2.3 System of equation 
 
The final system of equation of a coupled system of n boundary element regions is shown as 
following: 
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The first n equations of (12) represent the equilibrium of each region and the last equation of (12) the 
compatibility of displacements at every node of the system. 
Implementing the BETI method equation (12) is not assembled explecitly. The equation system (12) is 
condensed to the solution of the coupling forces λ (Lagrange multipliers) by inserting equations 1 to n 
into the last equation of (12). As the inverse of the stiffness matrix S  of a finite region (floating region) 
is singular special treatment of rigid body motions have to be considered. The final solution for λ is 
carried out iteratively. The whole solution formulation is shown in detail by Langer and Steinbach 
2003.  
The main advantage of the BETI method is that the stiffness matrix of each region has to be 
calculated only once and can be used for each load step of excavation. Changing boundary conditions 

due to sequential excavation are considered by the coupling matrices	  
n

B . They have to be computed 

for each calculation step. As those matrices are sparsely populated they are implemented as sparse 
matrices and the computing time related to those matrices is very small and compared to the overall 
computing time insignificant.    
 
 
4 EXAMPLE – NEW YORK UNDERGROUND – CROSSING PASSAGE 
 
In the following an example of a sequential tunnel excavation is shown. More precisely it is the 
crossing passage of two tunnels of the New York Underground. In the planning phase 3D-CAD 
planning documents were available (shown in Figure 4). In order to create the BEM model these data 
was directly used to mesh the geometry. The initial CAD model of the construction design was too 
detailed in order to use it for the numerical discretization and therefore the CAD geometry description 
had to be simplified. 
 
 

 
Figure 4. CAD detail of crossing passage 
 



 
After some adaptations and simplifications of the CAD model it was imported by the pre-processor 
CUBIT 2014 in which the mesh was automatically generated. The mesh is shown in Figure 5 and was 
modelled with linear (4 noded) quadrilateral elements and consists of approximately 20 000 nodes and 
8 000 elements. 
 

 
Figure 5. BEM mesh  
 
Boundary element regions are created according the excavation sequence, which was given by the 
tunnel design and can be seen in Figure 6 (left). Due to the excavation sequence the geometrical 
description of the regions was specified in CUBIT and of course the mesh strongly depends on this 
information. In Figure 6 (right) the steps of excavation are shown by the indication LC#, which means 
the number of load cases. In sum 12 load cases were calculated. In the first 6 load steps the 
excavation of the main tunnels is simulated, followed by the excavation of the cross passage which is 
performed in additional 6 load steps (LC7 to LC12).      
      

 
 

Figure 6. Multiple region BEM model of tunnel excavation 
 

In Figure 7 contour lines of displacements in z-direction for the fully excavated tunnel and crossing 
passage are shown. The maximum settlement is 8.1 cm at the joining openings of the crossing 
passage and the upper main tunnel.  The maximum heave is about 8.3 cm at the joining tunnels of the 
crossing passage and the bottom main tunnel.  



 
Figure 7. Multiple region BEM model of tunnel excavation 

 
In the following diagram vertical displacements for node A (location shown in Figure 7) of all load 
steps are displayed. The calculations were done for the three methods of excavation explained in 
section 3:  
 

 Single region BEM method (SRBEM)   

 Multiple region BEM method – interface coupling (MRBEM IC) 

 Multiple region BEM method – BETI (MRBEM BETI) 
 

 
 
Figure 8. Comparison of results for different excavation methods  
 
The displacements are displayed for each load case and each method of excavation. It can be seen 
that for the single region BEM and for the multiple region BEM with interface coupling very similar 
results are achieved. The results for the multiple region BEM with BETI coupling are slightly different 
from the two other methods. 
 



The calculation times for the three methods of excavation are shown in Table 1.  
 
Table 1: Calculation times 

Method of excavation modelling Calculation time [h] 

Single region BEM method (SRBEM) 4,5 

Multiple region BEM method – 
interface coupling (MRBEM IC) 

16,8 

Multiple region BEM method – BETI 
(MRBEM BETI) 

4,8 

 
The calculation time for the MRBEM IC is the largest of the three methods. For BEM regions with 
changing boundary conditions the calculation of the stiffness matrix has to be done again from one 
load step to the other. This is the main reason for the lack of efficiency of this method.  
For the present example the calculation time for the SRBEM is similar to the one of the MRBEM BETI. 
At the first excavation step the SRBEM method always starts with a very small mesh (small equations 
system), the size of the equation system increases from step to step as the surface of the excavation 
volume grows. 
For the MRBEM BETI method the stiffness matrices of all regions are calculated only once at the 
beginning of the analysis. They don’t change any more during the whole analysis. This is the main 
advantage of the MRBEM BETI against the MRBEM IC method. 
At the current state of experience an objective statement can’t be made whether SRBEM or MRBEM 
BETI is favourable in relation to computing performance. Maybe for an example of an increased 
number of load steps it can be expected that the MRBEM BETI method has an advantage over the 
SRBEM method. 
 
 
5 CONCLUSION 
 
Three BEM simulation methods for the sequential tunnel excavation have been described. The 
classical method of MRBEM interface coupling (MRBEM IC) and the method using a single region 
(SRBEM) for the excavation simulation are explained in brevity and references to a more detailed 
description are given. The multiple regions BEM using BETI method for the coupling of regions and 
simulation of the tunnel excavation is described in detail as for the user this method may rather be 
new. On a practical example in 3D the results for the three methods are verified and it has been 
shown that the accuracy of the solutions for all methods is excellent and corresponds well to each 
other. The performance of each method is demonstrated whereas the methods SRBEM and MRBEM-
BETI have distinct advantages in computing efficiency over the classical interface coupling MRBEM 
IC. Causes and consequences of the three techniques for the simulation of the sequential tunnel 
excavation are demonstrated by a realistic example in 3D.   
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