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SUMMARY.
in rock are unsatisfaciory.

Research Scientist, Division of Applied Geomechanics, CSIRO

Statistical and empirical methods of describing the frequently observed size-strength dependency
An analysis of the energetics of fracture shows that the critical energy level

required for crack propagation mey vary with initial crack or discontinuity sigze, mode of fracture, and

homogeneity of the stress distribution.

Fach of these factors can produce size effects.

The results of

punch bearing tests verify a theoretical conclusion that stress gradients can introduce apparent size

effects.

1 INTRCDUCTTON

The relationship hetween specimen size and
measured mechanical properties has long been of
concern to engineers designing and building rock
structures. The possibility that the results of
their compression tests on small (often only 10-20
mm) cubes of rock may not have been representative
of the behaviour of the larger blocks used in their
structures, was certainly considered by 19th
century engineers working with masonry. As early
as 1851, Johnson (Ref.l) proposed an empirical law
to explain the observed variation in cube crushing
strength with size.

The most commonly cobserved size-effect is an
apparent reduction in tensile cor compressive
strength with increasing specimen size, although
the reverse relationship has been observed at very
small specimen sizes (Ref.2). Brown (Ref.3) has
reviewed the published date and found it to be con-
flicting and generally inconclusive. Experimental
results have been influenced by such factors as
specimen geometry, end restraint, stress gradients,
surface condition, stored strain energy, and the
initial degree of micro-cracking present. Brown
suggested that under uniform stress fields, "hard”
rock that is relatively free of pre-existing micro-
cracking will not show a size effect. The strength
of intensely micro-cracked rock is noticeably size
gependent {Ref.k4) for reasons discussed in Section
4 below.

Statistical, empirical and mechanistic theories
have been used to explain size effect phenomena. In
this paper, statistical and empirical theories are
shown toc be not entirely satisfactory, and an
explanation of observed size-strength dependency is
sought in terms of the mechanies of fracture. Only
the behaviour of rock material is considered; the
more complex guestion of size effects in jointed
rock masses is beyond the scope of this paper.

2 STATISTICAL SIZE EFFECT THEORIES

In statistical theories, the material is
usually represented as an assembly of like elemenis
of uniform size. The calculation of the variation
in strength with specimen size is based on the
probability of failure of any element and, depend-
ing on the arrangement of elements, of the specimen
itself, under a given load. The most widely
applied of these theories is that due to Weibull
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(Ref.5). The simplest form of Weibull's extensive
statistiecsl theory of the strength of meterials is
based on the weakest link model in which the
specimen is assumed to consist of a series arrange-
ment of elements. TFailure of any one of them
causes failure of the specimen.

Weibull's basic equation for the probability
of failure, 5, of & specimen of volume, V, sub-
Jected to a general stress field, o, is

g-a.

um
S=1-expi{-S{ 5 ) avl (1)
v o}

where 0,, U, and m are material constants, ¢, being
the lowest strength that any element may have.

The difficulty in applying this equation to
real problems lies in performing the required

integration for non-uniform stress fields. For the
simple case of a uniform applied stress, J,
Equation 1 becomes
g=-0y m
S=1-exp{-{ 7 ) v} (2)
o

In this case, the probabilities of failure of two
specimens of volumes V, and V, will be equal when

1
a,-0y V, m
Tp=0y vy

(3)

where 0, and 0, are the uniform failure stresses
associated with the chosen value of S, usually 0.5.

In the particular case in which o, = 0,
Equation 3 hecomes

L
0, v, m
¥y

Ty

{k)

It is in this form that Weibull's theory has
been widely applied to the size effect behaviour of
rock. Many investigators have erronecusly conclud-
ed that Weibull's theory is applicable merely
because & log-log plot of compressive strength
against specimen volume gives an approximately
straight line. Clearly, the application of the
special case of Weibull's theory given by Egquation
L without an understanding of its' derivation can



lead to serious error (Ref.6).

While there may be scme justification for
applying the weakest link model to tensile failure,
it may not be applied %o the fracture of rock in
compression since this is a progressive mechanism
in which multiple local fracturing usually precedes
total collapse (Ref.T}. More realistic representa-
tions of the process of compressive fracture in
rock are likely to be given by other statistical
theories such as the classic parallel bundle model
{Ref.B) or a stochastic process approach of the
type proposed by Hudson and Fairhurst (Ref.6). It
should be noted, however, that the parallel bundle
model predicts no size effect and may not, there-
fore, be regasrded as satisfactory.

3 EMPIRICAL APPROACHES

A number of empirical methods, based largely
on curve-fitting technigues, have been used to
deseribe size effects in rock and related materi-
als. Indeed, the determination of the material
constant, m, in the form of Welbull's theory given
by Equation %, is nothing more than an exercise in
curve fitting (Ref.6).

Perhaps the bhest known of the empiricsl formu-
lae is that due to Protodyskonov (Ref.2) who was
concerned with the relationship between the come
pressive strengbth of a rock mass brecken up by dis-
continuities and that of & cylindrical laboratory
specimen.

The considerable amount of experimental work
that has been carried cut on the crushing strength,
Ua, of cubes of coal with a view to predicting the
strength of coal pillars has yielded a law of the
form
UC = K E_—Ot (5)
where a is the side length of the cube and K and o
are constants for the material. There can be
little doubt that the resulits of most of the tests
of this type reported in the literature are strong-
Ly influenced by end effects. Although the origin-
al application of Egquation 5 was essentially
empirical, it can be shown to have considerable
theoretical basis (see Section 4 below). The
extended form of Eguation 6 usually applied to non-
cubical coal mine pillars is (Ref.9}

g. =k — (6)

where h is the height of the pillar, w is its
least width, and k, o and B are constants.

Clearly, these empirical or curve-fitting
methods, while being of some practical use, suffer
from the fundamental disadventage that they have
been developed without reference to the mechanics
of fracture. Because of this, they do not help
provide insight into the causes of size effects in
rock.

L THE ENERGETICS OF ERITTLE FRACTURE

Although the total application of Griffith's
theory of rupture to the fracture of rock is =
matter of some controversy, there can be little
doubt about the applicability of Griffith's basic
energy instability concept (Ref.l10). This is
essentially a statement of the theory of minimum
potential energy applied to the extension of a pre-
existing crack. A crack will extend only when the
potential energy of the system of applied forces
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and the specimen decreases with an increase in
crack length, i.e. when

2(AP)
s ¢ 0 (1)

where ¢ is an initial crack length parameter, and
AP is the change in potential energy of the system

accompanying an increase in crack length. Gener—
ally, AP may be expressed as
AP = Wy - Wy {(8)

wvhere Wy is the energy used for crack extension or
the work of fracture, and Wg is the strain energy
released from the system as a result of crack ™
extension (Ref.11). Egquation 8 then becomes

—g-g {Wg-Wg) £ 0 (9)

In applying the energy instabllity approach to
the extension of a crack of initial length 2¢ at
right angles tc the direction of loading in an
elastic plate subjected to uniaxial tension,
Griffith (Ref.10) found that

melg?
E
vhere 0 is the applied stress at which crack exten-

sion ccecurs, ¥ is the specific surface energy of
the material, and E is Young's modulus.

AP = loy - {10)

Substitution of AP in Equation 7 gave the well
known criterion for crack extension,

s J2E (11)

e

Cook {Ref.12) has extended the energy instabi-
lity analysis to the case of plane compressive
stress assuming collapse in shear. The resulting
criterion is of the same form as Eguation 11. In
fact, Fairhurst (Ref.l1) has shown that any criter-
ion based on en elastic energy instebility analysis
can be expressed in the general form

{stress)?.{crack length) = constant (12)

By considering the variation in the crack
length parameter, c, with specimen size, Fairhurst
(Ref.11) has drawn some important conclusicns
regarding size-strength dependency. Two extreme
situations may be postulated - that in which maxi-
mum crack size increases in proportion to the size
of the specimen, and that in which crack size is
constant irrespective of specimen size. If in the
first case, specimen size is characterized by a
length, L, then c0l: and Equation 12 may be written
as

(13)

where K is a constant. Millard, Newman and
Phillips {Ref.13) first derived this equation in
considering size effects in cecal.

In the second extreme case in which the speci-
men is assumed to contain a number of identical
flaws, an increase in specimen size will not affect
the strength so that

g = K,.L° (14)

Thus an estimate of size-strength dependency
may be made from a& khowledge of the degree to which
larger flaws are introduced with increases in speci-
men size. Obviously, 2 range of behaviour between
the two extremes is possible in real materials so
that, in the general case, the relationship becomes
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Fig.1l General relationship between causative factors and observed size effecis.
o=ku? {13} will vary as the cube of a specimen length para-

wvhere 0 € ¢ € 0.%, with the upper extreme of 0.5
being approached for extensively cracked material
such as conl (Refs.9,13). Laws of the form of
FEquetion 15 have also been fitted to the results of
tensile and compressive strength tests on concrete
and rock (Refs.1:,15).

A consideration of the nature of the terms Wy
and Wy in the basic statement of the energy insta-
bility criterion (Eguation 9) shows that factors
other than the initial state of cracking can influ-
ence size effect behaviour. In the case of crack
extension in an ideal Griffith material (Equation
10), the energy demand term, Wgs represents the
energy absorbed as surface energy of the extended
crack surfaces. Recent investigations of the nature
of crack propagation in rock have shown the classi-
cal Griffith material concept to be too simplified
for this application (Refs.7,11,16~18). It has been
demonstrated that a zone of micro-cracking is
created arcund the tip of a crack extending in rock
under tension. With increasing deformation, the
damage in the micro-cracked zone becomes more in-
tense until the macro-crack extends. A crack may
extend along grain boundaries or by cleavage of
individual grains. Thus the energy required to pro-
pagate a tension crack in rock will depend on the
mineralogy, grain size and extent of initial micro-
cracking. If multiple macro-fracture surfaces form,
the energy absorbed will be different from that in
the single macro-crack case.

It is well established that in compression,
multiple local inter-and intra-granular cracking
oceurs before peak load is reached (Refs.T,11).

The extent of this cracking varies with rock type,
being less marked for dense, fine-grained rocks
{Refs.T.,19). Pailure of these dense, fine-grained
rocks (such as the Sclenhofen iimestone) is gener-
ally more brittle than that of coarser grained
rocks, and is quite difficult to control even with
servo-controlled testing machines (Ref.1%). Furth-
ermore, fracture in such cases is localized on one
or two major fracture planes and not distributed
throughout the specimen as in other rock types.
Tven in those rock types that normally exhibit
multiple pre-pesk fracturing distridbuted throughout
the specimen, failure on a limited number of major
planes can resplt from the presence of zones of
weakness in the specimen or non-uniform spplication
of load. It must be expected that energy demand
will vary with the fracture distribution.

A comparison of the energetics of fracture in
these various cases is difficult because of its'
complexity. However, a conceptual evaluation mey
be made by considering two extremes of fracture
development - type & in which cracking is developed
uniformly throughout the specimen, and type B in
which fracture cccurs on & single plane traversing
the speeimen. In type A situations, energy demand
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meter, and energy demand per unit volume will be
constant irrespective of specimen size. In type B
situations, energy demand will vary as the square
of the length parameter, and energy demand per unit
volume will decrease with increasing specimen size.
Since the energy supply term, Wg, can be expected
to vary with the cube of the length parameter in
both cases, it follows that a size effect will
exist for type B but not for type A. It is
suggested that many of the size effect observations
made have resulted from the fact that ftesting tech-
nigques used pre-determined that type B failures
would cecur. Contributory factors inelude the use
of spherical seats, excessive end restraint, and
inadequate tolerance on the flatness and paraliel-
ism of loaded surfaces.

The energy supply term, Wg, is the change in
strain energy of the specimen accompanying crack
growth. For the ideal Griffith material, it is &
function of Young's modulus, crack length and the
zpplied stress (Equation 10). In the more general
case, it will depend on the constitutive relations
of the material, specimen size, and distribution of
stress within the specimen. Using the finite ele-
ment method of stress analysis, the strain energy
stored in a cracked material can be calculated for
a number of test econfiguratiocns taking account of
non-linearities such as variations in mcdulus with
crack length and stress level (Ref.17). Tt will be
shown in Section 5, that under stress gradients,
higher applied stresses are required to produce the
same energy relesse rate as under homogeneous
stresses, and that this gives rise to an apparent
size effect because stress gradienis generally
increase with decreasing specimen size.

Glucklich and Cohen (Ref.20) recognized the
importance of stored strain energy in brittle
fracture and argued that the stability of cracks or
flaws of any size depends on the total machine-
specimen system strain energy. It is important to
note, however, that Fairhurst {Ref.1l) has demon-
strated that although the stiffness of the applied
load, and hence i%s' stored energy, may influence
fracture propagation, it does not influence
fracture initiation.

This qualitative analysis of the energetics of
fracture initiation has shown how observed size
affects can arise from the initial degree of micro-
cracking, the nature of the fracture pattern, the
distribution of stresses within the specimen and
stored strain energy. In any given situation, the
interaction between these various influences will
be complex. Tig. 1 shows how the factors discussed
may combine to produce size-strength dependency.
Currently, the nett effect can be predicted for
only the simplest of cases {(Ref.17). Nevertheless,
the energy instability epproach does provide a
rational explanation of phenomena not othervise
satisfactorily accounted for.



5 TEE ROLE CF STRESS GRADIENTS

Stress gradients can be shown to play = parti-
cularly important role in producing apparent size
effects. In fact, there are some situations in
which stress gradients are the dominant cause of
observed size effecis.

It is now well established that the measured
"tensile strength” of brittle materials is stress
gradient dependent; higher values of "tensile
strength" are obtained in tests involving inhomo—
geneous stresses than under uniform stress fieléds
Refs.17,21). The influence of stress gradients on
the compressive failure of brittle materials has
not been studied to the same extent, although it is
known that some effect does exist.

The influence of stress gradients on the ener-
getics of fracture may be determined by reconsider-
ing the energy supply term, Wg. It is reasonable
to expect that under stress gradients, crack propa-
gation will be initiated in a more highly stressed
zone. When a crack propagates in a non—uniform
stress field freom a zone of higher to a zone of
lower stress, the strain energy released (Ws} must
be lower than that released under a uniform stress
field with the same stress in the zone of fracture
initiation. Accordingly, in a stress graedient
situation, higher local stresses must be attained
before the energy release rate corresponds o that
for wniform stress. This means that a higher
apparent strength will be recorded. In laboratory
tests, stress gradients usually wvery inversely with
specimen size so that the effect is more marked in
smaller specimens, for which apparently higher
strengths mey be observed.

It is suggested thet this is the cause of many
of the size effects observed in compression fests on
cubes and cylinders of rock. It is universally
recoghized that unless very special precautions are
taken, non-uniform stresses are produced at the
specimen-platen contact and within the specimen.
Analyses of this problem yield disiributions of
stress that are dependent on specimen geometry but
independent of specimen size, given a consiant
degree of end resiraint. It follcows, therefore,
that gradients of stress will be higher in small
than in large specimens. TFor very small specimens
in the order of 1 cm. in size, quite high stress
gradients will exist whereas the siress gradients
in corresponding 1 metre specimens will be very
small indeed. Accepting that high stress gradients
produce high "strengths”, it follows that an
aprarent size effect will result.

A convineing illustraetion of the influence of
non-~-homogeneity in the stress field on size effect
behaviour in rock is given by the resuits of punch
bearing tests. Hodgson and Cook (Ref.22) measured
the uniaxial compressive strengths of cylindrieal
specimens of a shale and & quartzite with a length
t0 & diameter retio of 3 and diameters of 0.56 to
15.23 ecm. The compressive strengths of these rocks
were virtually independent of size under the uni-
form stress conditions produced in their carefully
performed tests. On the other hand, punch bearing
strengths determined under conditions of high stress
gradient in the fracture zone, were markedly size
dependent. The results were expressed in the form
of Eguation 15 with the length parameter being the
punch diameter, and o taking values of 0.40 for
shale and 0.56 for quartzite.

As part of the present investigetion, a number

of punch bearing tests were carried cut on blocks
of gypsum plaster, Wombeyan marble and & local
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granite (Ref.23). Punch diameters (D) in the range
3 to 25 mm were used, ahd all tests were carried
cut on blocks of rock with widths greater than 12D.
In uniaxial compression tests carried out using the
brush platen technique, no size effects were
recorded. In the punch bearing tests, each of the
three materials tested yielded strength-size
relstionships of the form

(16)
with K and ¢ apparently constant for each material.
A& significant feature of the resulis is that
modes of failure, shapes of punch load (F) - dis-
placement (A} curves and values of o were quite
different for the three materials tested (Fig.2).
The observed differences can be accounted for by
determining the varistions of energy supply and

demand with punch size to be expected for different
modes of fsilure.

F

[/

Plastic
“ zone

PLASTER, O£ =015
F l/\
Brittle
? di” D Zone i
rater

GRANITE , (¢=0-58

Crater
MARBLE, Q¢ =0-26

Fig. 2 Punch Bearing Test Resuits

The granite gave an almost linear load-
displacement response with only minor cracking
observed before the peak load was reached. Failure
was sudden and unstable in the soft tesiing machine
used. The crater formed as a result of fracture on
a limited nuwber of surfaces. Its' size was rough-
ly proportional to punch dismeter. This is a dis-
crete failure plane situstion for which WdaDz and
WSuD as argued in Section L.

This explains why the experimental wvalue of ¢
is close to 0.5.

The Wombeyan marble failed in a less briitle
or catastrophic manner than the granite. Post-peak
behaviour was stable, and although a single surface,
punch size oriented crater was produced, a bulb of
crushed rock behaving &s a plastic meterial in the
manner described by Ladanyi (Ref.2h) was produced
under the punch. For a volume of erushed or
plastic rock both Wy and Wy can be expected to
vary with pd » S0 that in the perfectly plastic case,
¢ should be zero. It follows that the mixed mode
of failure produced in the marble should have
associated with it an intermediate value of «.



The gypsum plaster which is a porous material,
failed by crushing in = zone under the punch. This
zone deformed in & strain-hardening manner but no
crater was formed. This failure mode is clearly
closer to the perfectly plastic case than the other
two, and produces a smaller size effect with a value
of o closer to zero.

These punch bearing experiments show that under
atress gradients, size effects may be produced in
materials that show no size-strength dependency
vunder uniform stresses. The intensiiy of this size
effect is determined, to a large extent, by the mode
of failure produced.

Gonano (Ref.23) has used model underground
opening tests to further demonstrate that compress-
ive stress gradients produce size effects. This
experimental situaticn proved to be more complex
than the punch bearing tests in that the value of o
appeared to vary with stress gradient intensity.

In this case, the qualitabive predictions of the
energy instability approach err on the side of over-
simplification.

3 CORCLUSTIONS

Statistical and empirical size effect theories
are inadequate because they model the mechanics of
rock fracture imperfectly in the former case and not
at all in the latter. An analysis of the energetics
of fracture using the principle of minimum potential
energy as applied by Griffith shows that crack
instebility will develop only when sufficient strain
energy is available, and that this critical energy
level can vary with mode of fracture, initial crack
or discontinuity size, and homogeneity of the stress
distribution within the specimen. Stress gradients
induce apperent size effects in some laboratory
tests. The results of punch bearing and model
underground opening tests verify theoretical con~
clusions that size effects may be related to mode of
failure and stress gradients.
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