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1 INTRODUCTION

The paper gives a progress report on the
development of an integrated finite element system,
which will analyse various aspects of soil and rock
behaviour, based on a common discretisation of the
structure concerned, and will evaluate the inter-
actions between these aspects. The system
components which are currently available include a
sophisticated mesh generation program, a finite
element program for the linear and nonlinear
analysis of structures in a state of plane strain or
plane stress, or of axisymmetric structures, a
program for the steady-state apalysis of two-
dimensional field problems, and a comprehensive
plotting program which produces a visual display of
the finite element mesh and the parameters computed
by the stress analysis and field analysis programs.

The basic programs assume that the structural
stresses and displacements and the pore pressures
exhibit only spatial variation although provision is
made for the guasistatic simulation of the
construction process where relevant. Pore
pressures appear as prescribed values in the stress
analysis program, while volumetric strain rates
appear as prescribed values in the field analysis
program. When the time variation of each of these
parameters is taken into account, the stress and
field analysis equations combine to form a coupled
system of matrix differential equations. Work is
in progress on the development of a control program
to solve the combined problem by using the separate
analysis programs in parxallel. This approach,
which offers a high degree of flexibility, is made
possible by the adoption of a common discretisation
and a common database. Each program is aware only
of that area of the Gatabase which is relevant to
the parameters under examination.

2 MESH GENERATION PROGRAM

The mesh generation program carries out two
digtinct functions, the specification of a set of
nodal coordinates and the automatic generation of
element incidences. The node generation process
controlled by a sequence of free-format commands.
The NODE command allows node coordinates to be
specified directly, and is useful for those nodes
which do not conform to any pattern suitable forx
automatic generxation. The LINE command specifies
a line between two points, aleng which nodes may be
located at equal intervals or at given distances or
ratios. The ARC command is similaxr, except that
the nodes are located on a specified circular axc.
The REPEAT command selects a block of nodes, which
is then translated, rotated and scaled as necessary
to create new nodes. The PRINT, DELETE and CHANGE
commands allow the generated data to be inspected
and edited. The QUADRILATERAL, command generates
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nodes to subdivide a gquadrilaterxzl, given the
coordinates of the corner nodes and the desired
spacing of nodes in each direction, while a similar
LSHAPE command generates nodes within an L~shaped
figure. The PENCIL command reads data from an
electromagnetic tracing table, together with
appropriate scaling and alignment information, and
generates the recoxded nodes. The node sequence
numbers are controlled by the order in which the
nodes are generated. This is of no consequence in
the present applicatien, as the stress analysis and
field analysis programs incorporate a resequencing
procedure which remains transparent to the user.

Wwhen node specification is complete, element
generation can begin. Each node i is considered in
turn. The nearest node j is found and a side ij
established. & further node k is then selected so
that the points i, j and k form a counter-clockwise
sequence, and the angle ikj is as large as possible.
Note that the node coordinates are stored in integer
form, so that the largest angle may be precisely
selected. When two or more nodes subtend equal
angles, the node with the highest sequence number is
chosen. The potential element ijk is then checked
to ensure that there is no overlap with any
previcusly defined elements. When no such conflict
exists, and when both j and k are higher numbers
than i, the element ijk is generated. Whether or
not ijk has been generated, the side ik then hecomes
the baseline, and the process is continued until the
node i has been completely suryounded. The next
node in seguence then becomes the central node , and
the procedure is repeated.

The end result of the generation process is a
mesh comprising triangular elements with the lowest
possible aspect ratios. A& useful reduction in
computational effort is possible when a restriction
can be placed on the number of remote ncdes which
must be checked while a node is being surrounded.
Predrick, Wang and Edge (1) specified a maximum
bandwidth for this purpose. In the present method,
the search is restricted to those nodes which are
iccated within a circle of specified radius centred
on the eurrent node. Wwhen points on the mesh
boundary are to be surrounded, artificial points are
automatically generated if no point k can be found
which subtends a sufficiently large angle with i and
j. This process may result in a few surplus
elements, near re-entrant corners and in holes,
which must subsequently be eliminated. In general,
it is not possible to determine in advance the
pattexn of elements which will be generated. This
may not be an important restriction when adequate
plotting and editing facilities are available.

Procedures are under development which will
allow elastic and other properties to be assigned to
elements. These procedures involve the concept of



polygonal zones defined by a list of vertex points
given in eyclic order. Each vertex point may be
described by its coordinates, or simply by a node
sequence number if it happens to coincide with a
generated node. Elements whose centroids are
located within a defined polygon then belong to that
zone, and the varicus properties can be assigned by
zone rather than by element. Zones may be nested,
and the properties of elements in such zones are
controlled by those of the innermost zone for which
each property is defined. Overlapping zones are
permitted only when there is no conflict between the
relevant properties.

Further development will involve the use of a
storage-tube display, and additional facilities will
be provided for the direct graphical input of nodes
and zones. The availability of an interactive
piotting capability should improve still further the
flexibility of the system, and should permit rapid
checking of input data.

3 STRESS ANALYSIS PROGRAM

The stress analysis program uses the finite
element method to predict the stresses and
deformations developed in a two-dimensional
structure, which may be in a state of plane stress
or plane strain, or which may be axisymmetric. The
effects of stress and displacement boundary
conditions, concentrated loads, inertial forces,
pore pressures and temperature stresses may be
included. Dynamic storage allocation is used in
both the stress analysis and field analysis programs,
so that no fixed limits are placed on the number of
nodes, elements, materials and boundary conditions
involved.

The node information which must be provided
includes the global coordinates, the temperature and
pore pressure, the applied loads or displacements
parallel to the local axes, and the angle hetween
the local and global axes. The definition of local
and global coordinate systems provides a flexible
mechanism for the description of skew boundary
conditions. Missing nodes are generated at equal
intervals between the available defined nodes, and
the associated temperatures and pore pressures are
determined by linear interpolation.

The element information which must be provided
includes the nodes to which the element is connected,
the material of which it is composed, the
construction phases during which it is added to, and
subsequently removed from, the structure, the angle
between the local and global axes, the element
thickness {for plane stress conly) and the initial
stresses. Missing elements are generated by
numbering the nodes at egual intervals between those
associated with the adjacent defined elements, and
the various parameters are determined by linear
interpolation. Two nodes identify a bar element,
three nodes identify a triangular element and four
nodes identify a guadrilateral element. Simulation
of the construction sequence is an important feature
of the program, and demands a nonlinear analysis.
The response of those elements in existence when
construction starts is determined by an initial
linear or nonlinear analysis, during which the
geometry is assumed to remain constant. When ho
measured values are available, this procedure coffers
an approximation to the stresses present in the
undisturbed structure. During subsequent phases,
the internal structural geometry is updated in
accordance with the computed nodal displacements,
but the external geometry of added elements is
assumed to correspond to the original description.
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The information required for each material can
be divided into twe classes, parameters which remain
constant, and parareters which are stress-dependent,
and which are grouped into property sets. Constant
parameters include information relating to failure
criteria, thermal expansion coefficients, and lists
of the values of mean principal stress and octahed-
ral shear stress for which property sets are
tabulated. The stresses within the material may be
limited by a Mohr-Coulomb failure criterion.
Alternatively, the material may be assumed to be
laminated, so that failure is restricted to shearing
between adjacent laminations. A mechanism is thus
available for the analysis of rock joints, and scil-
structure interfaces. Each material property set
includes the elastic modulus and Peisson ratic
associated with each principal direction, together
with the independent shear modulus where relevant
(isctropic behaviour is assumed when data is pro-
vided for only one principal direction), and the
coefficient of internal friction. The actual
parameters applicable to a given stress situation
are calculated by & double linear interpolation
procedure,

Both nonlinear material properties, and the
effects of finite deformations, are taken into
account by an iterative solution based on the
repeated computation and application of residual
nodal forces within each construction phase.

The displacements or reactions at each node,
the average stresses in each element, and the
element factors of safety where relevant, are
calculated and printed at the end of each
construction phase. At the same tinme, any number
of plots can be generated. Nodes can be pletted
and labelled, incidences can be plotted as sclid or
broken lines, elements can be labelled with element
numbers, material numbers, or safety factors, nodal
displacements, element stresses and nodal reactions
can be plotted in vector foxm, and the displaced
structure can be plotted. Separate scale factors
can be selected for the geometrical coordinates and
for each of the computed parameters, and plotting
can be restricted to any desired region of the mesh.

4 FIELD ANALYSIS PROGRAM

Consider the case of an incompressible fluid
contained in a porous saturated elastic medium.
The spatial variation in the fluid pressure is
governed by the following quasi-harmonic partial
differential equation:
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where p is the pressure in the fluid, Ky is the
permeability coefficient parallel to the x-axis, Ky
is the permeability coefficient parallel to the y-
axis and Q@ is the rate at which fluid is supplied
per unjit area. When the solid medium deforms
elastically, the fluid supply rate can be expressed
as follows:
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where u is the displacement component parallel to
the x-axis and v is the displacement component
parallel toc the y-axis.

Note that, in general, the permeability
coefficients may be time~dependent. When the
situation at some particular instant is considered,
the equation reduces to a steady-state form which
can be solved by the field analysis program. The



program can, in fact, be applied to a wide variety
of engineering problems, including those associated
with heat transfer, the distribution of magnetic and
electrostatic potential, seiche development in
enclosed bodies of water, and torsion in prismatic
shafts.

The physical constraints asscciated with each
region and problem are expressed in the form of
boundary conditions, the most cormon types of which
are as follows:

(a) fThe value of p is specified on the boundary.

(k) The following eguation must be satisfied on
the boundary:

Ky cos O %% + Ky sin @ %5-+ ap + g = 0

where O represents the angle between the outwards
normal to the boundary and the glcbal x-axis.

The formulation of the problem in finite
element terms means that isotropic and anisotropic
regions can be analysed with egual facility, and
that any desired boundary conditions can be applied.

The input data for the field analysis program
is very similar to that for the stress analysis
program, as both programs share a common database.
The fluid pressure at each node, and the average
stream velocity components in each element, are
computed and printed, together with suitable
explanatory matter. Plotting facilities similar to
those associated with the stress analysis program
are available.

As explained previously, the fluid pressure
appears as a Load component in the stress analysis
from which the nodal displacements are determined.
Hence, given initial values for these displacements,
for the fluid pressures and for the various elastic
and permeability parameters, the stress analysis and
field analysis can be operated in parallel to trace
the variations in displacements and pressures with
time and space. A somewhat similar procedure was
carried out on an experimental basis by Thoms, Arman
and Pecquet (2), with encouraging results. While
experience with the present programs is limited, and
the above approach is in some respects more
approximate than that described by Sandhu and Wilson
{3}, the fact that the system components are
uncoupled offers a valuable measure of flexibility,
particularly when creep becomes significant.

5 MATHEMATICAL FORMULATION

The discretisation of two-dimensiocnal elastic
problems in terms of finite elements has become
commonplace, and full details have been given by
Zienkiewicz {4). The central assumption in the
present case is that the displacements parallel to
the x-axis and parallel to the y-axis vary within a
triangular element, in accordance with two linear
pelynomials whose coefficients can be evaluated in
terms of the element geometry and the nodal
displacements.

The strain components within the element can be
related to the spatial variation in the displace-
ments and hence, through the polynomial coefficients
to the nodal displacements:

E = BS

where E is the vector of strain components in the
element and B is a matrix dependent on the element

geometfry. Because the chosen displacement
functions are linear, the strain components within
the element are constant. The stress compeonents
are in turn related to the strain components:

G = DE

where ¢ is the vector of strxess components in the
element and D is the elasticity matrix, the
composition of which depends on whether the material
is isotropic or anisotropic and on whether the
structure is in a state of plane stress or plane
strain or is axisymmetric. The internal work done
by the stresses and distributed loads can be
computed by summation over the element area and,
since displacement continuity between adjacent
elements is ensured by the linear displacement
functions, can ke equated to the work done by the
external neodal forces.

Consideration of the force eguilibrium at each
node allows the stress analysis problem to be
reduced to the solution of the matrix equation:

KA+ MP + R =0

where K is the structural stiffness matrix, M is the
matrix which converts pore pressures to effective
nodal forces, P is the vector of pore pressures at
the nodes and R is the vector of all specified
forces, including those related to thermal

variation and initial stresses, but excluding those
related to pore pressures.

The field analysis problem can be formulated in
a very similar manner, and reduced tc the solution
of the matrix eguation:

J
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where H is the field stiffness matrix and S is the
matrix which converts the rate of time variation of
the nodal displacements inte an effective rate of
fluid supply or depletion.

While txiangular elements are simple and
versatile, Doherty, Wilson and Taylor (5) consider
that guadrilateral elements which are internally
handled as sets of four triangular elements with a
common node at the centroid of the original eiement
offer certain ecconomic advantages. The degrees of
freadom associated with each such element can be
divided intc those which are in common with other
elements and those which cccur only in the current
element.

The element equilibrium equation can then be
partitioned as follows:

ki1 k12 6y r)

ka1 kaz 82 rp
where &) and r; are respectively the displacement
and force vectors at external nodes while §z and np
are the displacement and ferce vectors at internal
nodes. The internal displacements can be
expressed in terms of the remaining parameters:

83 = kp3! (rp = kg181)

and then eliminated from the equilibrium eguation,
which reduces to:

-3 " -
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hssembly of the complete structural stiffness



matrix follows. When the external and internal
force vectors, and the external displacement vector,
have been calculated for each element, the internal
displacement vectors can readily be computed.

Consider now the nonlinear form cf the
equilibrium equation:

KA+ R=0

where the stiffness matrxix K is a function of the
displacement vector A. Provided that the stress
pattern which corresponds to any given strain
pattern can be uniguely determined, the linear
elastic relationship:

[+ og + D (E - Eg)
can be adjusted to reflect the actual situation by
altering the initial stress vector. Suppose that

the linear equation:

Kghg + Rg 0

has been solved, and that the necessary adjustments
to the initial stress vector have been determined.
These adjustments will effectively establish an
incremental load vector R} and the following
equation must be solved:

Kghy + Ry 0

where A; represents the corresponding incremental
displacement vector. At each stage in the
procedure, the difference bhetween the actual stress
pattern predicted by the current strain pattern and
that generated by the elastic solution is computed.
The stress pattern is then redistributed elastic-
ally to restore egquilibrium. The incremental load
vector can be interpreted physically as the vector
of unbalanced residual loads, and, as indicated in
Figure 1, the procedure is continued until these
leads are reduced to an acceptable level.
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Fig. 1 Iteration pattern

The stiffness matrix is held constant during
gach construction phase, and is updated at the end
of that phase to reflect the changes which have
occurred in the structural gecmetry and the material
properties. The procedure readily handles the
situation where the stresses in certain elements are
limited by prescribed failure criteria.

‘he typical stiffness matrix is sparse,
containing many zero coefficients, banded, with the
non-zero elements grouped arcund the leading
diagonal, symmetric and positive definite. There
would appear to be little doubt that, as advocated
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by Wilkinsen (6), the Cholesky deccmposition, in
which a lower triangular matrix Ly is computed such
that:

LoLE = Kp

represents the most satisfactory elimination
procedure for symmetric positive definite systems.

The method is particularly convenient for non-
linear systems, as the repeated computation of
incremental displacements can be achieved by the
solution in sequence of the following equations:

LgZi + Ri = 0 and Lis; = 2

Since Lg is the lower-triangular, very little
computational effort is inveolved. The decomposition
algorithm is compact, minimal data management is
required, error bounds are low, full advantage is
taken of symmetry and the lower-triangular matrix
remains banded.

The above algorithm must be applied in a
manner which takes maximum account of the matrix
sparseness. One possible approach is the frontal
solution technique described by Irons {7), in which
the basic matrix is generated in compacted form,
and related to the original matrix by a system of
pointers. The procedure is directed towards an
elimination based on the elements, and independent
of the nodal sequence, and derives its name from
the creation of an 'elimination front' which passes
through the nodal system.

The usual band matrix approach is based on the
assumption that all non-zero coefficients are
located within a narrow band of constant width
centred on the leading diagonakl. The sequence in
which the nodes are eliminated cleaxly determines
the width of this band, and hence the efficiency of
the procedure, and the selection of an optimal
sequence involves considerable effort. A
significant improvement can be made by recording
the maximum offset from the leading diagonal of any
actwal or potential non-zerc coefficient in each
row, and storing the matrix coefficients, above and
including the leading diagonal, which are located
within the resultant variable band, in a lineax
array. Only a subset of the complete array need
actuwally be resident in the main store of the
computer at any given instant.

The procedure is more efficient than the
congtant band width approach, and the additicnal
data management is insignificant. Bn important
consideration is that the optimum band profile,
initially narrow, then expanding monotonically, can
be closely approximated by a simple algoxithm.
while the balance between the extra data management
needed for a frontal solution and the reseguencing
activity needed for a variable band solutien is
fairly even when a single linear analysis is
concerned, the fact that several steps of a non-
linear analysis can share the benefits of a single
resequencing step makes the variable band approach
clearly superior for the present application.
<] CONCLUSIONS
The present stage of development of a finite
element system with particular application to
problems in soil and rock mechanics has been
described in some detail. The most important
system component is the common data base which
serves a range of separate programs. These may
operate in parallel, but continue to be available
individually for problems in which only one aspect



of the overall situation needs to be studied. The
system is currently being adapted tc the I.C.E.S.
environment, where control will be achiewved through
the use of a suitable problem-oriented language.

The problems associated with the interaction of
beam and slab elements and the currently available
planar elements are now being examined. Such
interaction must be taken into account in the
analysis of pile groups, and foundation structures
in general, and the initial facilities should become
available in the near future, The current programs
are so arranged that the computation of the
structural response associated with an earthquake
time-history is feasible, and the additiocnal
facilities needed for this purpose are included in
the I.C.E.S. implementation. Provision has already
been made for the assessment of element safety
factors and, as the mesh generation program is
developed to the point where the effort required to
construct a finite element mesh becomes insignific-
ant, the use of nonlinear elastic analyses may
substantially reduce the present dependence on
approximate limit-state methods for stability
calculations.

The field analysis program will shortly be
extended to cover the problem of partially saturated
flow by the introduction of a further iterative
procedure which allows for variations in the free
surface profile, and which takes the storage
capacity of the individual elements into account.

The present programs are restricted to two-
dimensional problems, and, for various reasons, it
is anticipated that such problems will continue to
form an important part of the system workload. An
obvious extension is to cover the case of a three-
dimensicnal structure with a constant cross-section
which sweeps a sclid volume along a straight or
curved generator. As discussed by Zienkiewicz and
Too (8), such a structure can, with the aid of
Fouriexr analysis, be reduced to an equivalent series
of two~dimensional structures, and this approach
seems likely to be useful for tunnel and slope

analysis. Fully three-dimensional programs will be
provided during the next phase of system develcopment.
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