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Summary The consolidation of porous elastic media is nonlinear due to the dissipation of excess pore water
pressures. This nonlinearity is most pronounced during the early stages of the consolidation process when excess
pore water gradients are high near draining surfaces. When using finite elements to model the consolidation pro-
cess, the governing Biot equations are linearised in order to obtain a solution and the accuracy of the transient dis-
placements (and pore pressures) will be dependent upon the size of the time steps used in the analysis. This paper
presents a scheme for the automatic control of time stepping during finite element analysis of elastic consolidation.
The governing coupled consolidation equations are treated as a system of ordinary differential equations which
are solved using a Backward Euler scheme with subincrementation of the time increments. The scheme attempts
to choose subincrements such that, for a given mesh, the temporal error in the displacements is less than a user
specified tolerance. Results are presented for the consolidation of a simple one-dimensional elastic layer and for
the consolidation of a flexible strip footing. For a given mesh, the scheme is shown to control the global temporal
displacement error in a manner which is consistent with the specified tolerance.

1. INTRODUCTION ‘ tions which can be expressed as a system of coupled

differential equations of the form
The finite element method can be used to model the

consolidation of porous elastic media using a mixed K. Lijfu 00]m |F
formulation incorporating displacement and pore pres- LTol||p[ T|0H [ } ~1Q
sure freedoms. The resulting governing equations are

nonlinear due to the dissipation of excess pore water where K. is the usual elastic stiffness matrix, L is a

pressures. As such, the solution of the governing con- coupling matrix, H is a flux matrix, Fis a vector of ap-
solidation equations requires the linearisation of the ~ Plied external forces, Q is a vector of external fluxes
time domain into a number a individual time incre- and u and p are the unknown displacements and ex-
ments, each of which is applied in sequence. The size cess pore water pressures. The definition of these ma-
of these increments, which is not necessarily uniform, trices can be found in Lewis and Schrefler (1987) or
has a major influence on the accuracy of the solution ~ Britto and Gunn (1987). The superior dot denotes a
obtained. Ignoring rounding effects, this error typi-  derivative with respect to time.

cally increases as the time step size is increased. Techniques for the solution of the governing consoli-
In consolidation analyses acceptable step sizes may dgtion equations usually involve a simple one dimen-
vary by several orders of magnitude. During the early sional time integration scheme whose stability and ac-
stages of consolidation, when excess pore water pres-  Curacy have been investigated by Booker and Small
sure gradients are high, relatively small time steps are (1975), Vermeer and Verruijt (1981) and Wood and
necessary to obtain an accurate solution. As the analy- ~ LeWwis (1990). The resulting time stepping schemes are
sis proceeds, much larger time steps can be used with- in fact identical to simple techniques for the solution
out any loss in the accuracy of the solution. of first order differential equations for which a vast

) o amount of literature exists on accuracy and stability.
The analysis of consolidation is usually based on the

theory of Biot (1941) for which Sandu and Wilson This. paper d'escribe.s a metho'd for autgmatically con-
(1969) were the first to present a solution using finite  (rolling the size of time steps in the finite element ana-
elements. Since then numerous methods have been lysis of consolidation. A key feature of this scheme is
used to formulate the governing finite element equa- that, for a given mesh, it permits the user to control the
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temporal error in the resulting transient displacements.
Note that the temporal error is caused by the use of fi-
nite time increments, and is distinct from the spatial
discretisation error.

The method treats the governing consolidation equa-
tion as a large system of first order differential equa-
tions of the form

Ci + Kx = f(f)

where

o-fi e [5 x-i

and
{u}
x=1p

is a combined vector of unknown displacements and
excess pore water pressures. The time increments are
automatically divided into smaller subincrements so as
to maintain the temporal error in the displacements
below a specified threshold. The proposed technique
uses an embedded integration scheme to march the
solution forward in time. The algorithm is both robust
and stable.

The motivation for this scheme comes from the suc-
cessful development of adaptive integration schemes
by Sloan (1987) for the integration of elastoplastic
stress-strain relationships and by Abbo and Sloan
(1996) for the solution of the governing load-displace-
ment relationships in nonlinear finite element analysis.
Unlike the explicit schemes developed in these previ-
ous papers, the scheme presented in this paper uses im-
plicit solution techniques.

Other schemes for controlling the size of time incre-
ments in the solution of differential equations have
been presented by Zienkiewicz et al. (1984) and Tho-
mas and Gladwell (1988). Both of these schemes use
an estimate of the local temporal error to control the in-
crement size. Zienkiewicz uses a Taylor series expan-
sion to estimate the local error. Subsequent increment
sizes then expand or contract on the basis of this error
but no effort is made to control the error in the solution
directly.

Thomas and Gladwell, on the other hand, use the dif-
ference between solutions obtained using p and p+1
stage schemes as an estimate of the local temporal
error. Unlike Zienkiewicz, their scheme does attempt
to control the error directly through adaptive control of
increment sizes. The scheme presented in this paper
differs from the higher order schemes of Thomas and
Gladwell in that a 1-stage / 2-stage pair of schemes is
used to estimate the local temporal error. In addition,
the present scheme enables the temporal error to be es-
timated using a single solution of the matrix equations,
whereas Thomas and Gladwell require a single factori-
sation with two subsequent solutions.
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2. SOLUTION PROCEDURES

Conventional time stepping techniques for solving the
governing consolidation equations use a simple one di-
mension integration scheme of the form

fdt = A1 - a)f(r) + af(t + Ar))

where f is a function of time and a is an integration
constant. The resulting time stepping scheme is, in
fact, a single stage single step scheme (SS11) for the
integration of first order differential equations which
can be expressed as

(C + aKAt)xMAx =1 -a)f +af,,—Kx. (1)
where the updated solution is calculated according to
Xevar = X + Atxwm 4 (2)

This scheme is of at least first order accuracy and un-
conditionally stable for all ¢ = 0.5. Indeed, for
a = 0.5 the method is second order accurate and cor-
responds to the Crank-Nicolson method. When
a = 1, we obtain the backward Euler scheme which
is not only unconditionally stable but also oscillation
free (Wood, 1990).

Another scheme for the solution of first order differen-
tial equations is the generalised 2-stage single step
scheme of Thomas and Gladwell (1988). This in-
volves the solution of

Xp = % + @ AL%,

Xrvar = Xt

f=f(t, + ¢,Ar)
((pZCAt + ¢3KA12)£r+Ax = .t:— C;HAr - K£I+At (3)

in which @,, @, and ¢, are integration parameters.
Having solved this equation, the primary variables and
the associated rates are updated according to

Xoop = X + A + %Atzfz-(»m 4
Xepn = X + AL, (&)

This scheme is stable and of second order accuracy
provided 2¢; > ¢, = 0.5. Itis worth noting that this
scheme is equivalent to the consistent 2-stage method
of Zienkiewicz (1984) with ¢,=¢,=0, and ¢,=0.50,.

In this paper, an adaptive integration scheme is pro-
posed that breaks up each (coarse) time increment into
a number of smaller subincrements. The main princi-
ple behind the scheme is the use of two integration
methods, of different accuracy, to provide an estimate
of the local error in the displacements. In this case the
first order backward Euler method and the second
order Thomas and Gladwell method are used for this
purpose. The scheme uses this local error estimate to
automatically adjust the size of the time increments to



keep the local temporal error near a user specified tol-
erance.

A general implementation of the adaptive scheme
would require the solution of both equations (1) and (3)
to enable an estimate of the local temporal error to be
computed. An efficient adaptive scheme, requiring
only a single solution of the governing matrix equa-
tions to estimate the local temporal error, can be ob-
tained with a suitable choice of integration parameters.
Equation (3) can be expressed in the form

(€ + FiRAr)igoAtk, .y + %) = T K,

which is similar to equation (1). Indeed, these two
equations require factorisation of the same matrix
when

_ %

(2
Furthermore, when these conditions are satisfied, (1)
and (3) lead to the same system of matrix equations
when the approximations to the forcing functions are
identical. In this case, it is sufficient to have a piece-
wise linear forcing function which, for the consolida-
tion equations, represents a piece-wise linear variation

@ =a ©

in F. The scheme described in this paper uses a piece-

wise linear loading scheme (constant F) so that the
method is compatible with the incremental nature of
many finite element programs. In practice the full ben-
efits of the scheme can be obtained using a functional
definition of the applied loads such as that described by
Zienkiewicz and Taylor (1977).

Using the conditions on the integration parameters im-
posed by (6), the solution to equation (3) can be calcu-
late directly from the solution of equation (1) accord-
ing to

-- _ Tran T X

Xevar ®, At

In the above, %,.,, are the velocities obtained from
solving (1), while x, are known velocities at the start
of the time step. Note that in general, the first order ac-
curate velocities computed from (1) are not equivalent
to the second order accurate velocities computed from
(5). For the special case where @, = 1, however, it
may be shown that these two velocities are equivalent.
This can be proved by inserting (7) in (5) and compar-
ing with (2). Also, by substituting the accelerations
from (7) into (4), the second order accurate estimate of
the solution x,. 4, can be obtained. Hence, in summary,
it is only necessary to solve equation (1) in order to ob-
tain second order accurate estimates of the velocities
as well as first and second order accurate estimates of
the solution. The latter quantities can be used to gauge
the local temporal error and construct an automatic
time stepping scheme.

@)

Thus, an efficient adaptive integration scheme is ob-
tained using the following integration parameters

1=, =¢;=a =10
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in association with the second order solution update.

Finally, the local temporal error, is estimated as the dif-
ference between equations (2) and (4). Substituting (7)
in (4) and subtracting from (2) gives

Error = %At “ (Fpenr — %) ”

This estimate of the local temporal error is now used
to control the size of each time increment so that the
local error is held below a specified tolerance. A de-
tailed description of the method used to predict the size
of subsequent time increments is given by Sloan
(1987).

The algorithm, which follows the basic construction of
direct ordinary differential solvers, may be summa-
rised as follows

1. Enter with current displacements and pore pres-
sures x,, corresponding velocities x,, external
force increment AF, real time at start of incre-
ment t,, time increment At, and specified error
tolerance DTOL.

2. Set t=t,, T=0 and AT=1 where

t—t,
A7 ®)

is a dimensionless time parameter.
While T<1 do steps 4 to 7.
4. Compute %,,, according to

X, =[C+ ¢1Kh]_l{% - z}

where & = ArAT is the current increment size.

T =

5. Compute estimate of the local temporal error in
the displacements for subincrement 4 using

E=2h|i., - u]

where u,,, denotes the displacement component
of %,.,. Also compute the displacements and ex-
cess pore water pressures according to

- hoo oo

Xpp =X + E(xt + xt+h)

6. Compute the relative error for subincrement, A

R = max EPS,_L-
I i |

where EPS is a machine constant indicating the
smallest relative error that may be calculated.

7) IfR>DTOLthen gotostep 8. Else this step is suc-
cessful so update displacements, dimensionless
time and real time according to

Xeon < Xipn
T<—T+ AT
t—t+h

If the previous increment was successful, esti-
mate a new increment size by computing



q = min{0.9 (DTOL/R),2.0}

and setting
AT < gAT

Before returning to step 4, check that integration
does not proceed beyond T=1 by setting

AT < min{AT,1 — T}

8) This subincrement has failed, so estimate smaller
dimensionless time increment using

and setting
AT < gAT
before returning to step 4

9) Exit with displacements and pore pressuresx,., ,,
and corresponding velocities %, ,, at end of time
increment.

The implementation of this algorithm requires that the
user specify a series of coarse time increments. The
coarse increments are handed to the algorithm and, if
necessary, subincremented automatically.

3. APPLICATIONS

In this section the automatic time stepping scheme is
used to analyse the consolidation of a flexible strip
footing resting on an elastic layer. The footing and the
soil parameters are shown in Figure 1. The soil mass
is modelled using 144 sub-parametric elements which
use a quadratic displacement distribution in conjunc-
tion with a linear pore water pressure interpolation.
This avoids the spurious oscillations associated with
iso-parametric elements during the initial period of
consolidation (Reed, 1984; Nukulchal and Suaris,
1982). Load is applied to the footing over an initial di-
mensionless time factor of T, = 0.000] after which it
is held constant (see Figure 2). The rapid application
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Figure 1 : Flexible strip footing on an elastic layer
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Figure 2 : Load vs time factor

of load produces pore water pressure oscillations near
the draining surfaces (Vermeer and Verruijt, 1981).
These errors are a function of the mesh and finite ele-
ment discretisation and are inherent to all solutions
using this mesh.

To gauge the performance of the automatic time step-
ping algorithm, the global temporal error in the transi-
ent displacements u, are estimated using

" _” Uy — Uy ”max

“ s “ max

where u,,; are a set of reference displacements calcu-
lated at the corresponding times. The reference dis-
placements, which have a small temporal error, were
calculated using the second order scheme of Gladwell
and Thomas described above. The reference solutions
used 1,000 equal size time increments to model the
loading regime and 12,000 equal size time increments
to model the subsequent consolidation process. All
runs were performed on a HP710 workstation with the
HP FORTRAN 77 compiler option +03.

Table 1 : Results for strip footing using backward
Euler scheme.

No. of coarse time increments CPU
— time

Loading Consolidation (s)

1 12 7.7

10 120 30

100 1200 251

To assess the performance of conventional schemes,
the footing is analysed using the backward Euler
scheme with various numbers of equal-size time incre-
ments. The Backward Euler scheme required two fac-
torisations of the global equations; one at the begin-
ning of the analysis and one at the beginning of the
consolidation stage. The remaining incremental solu-
tions can be calculated using back substitutions only.
The CPU times for the analyses are presented in
Table 1 and the resulting temporal displacement errors
are plotted in Figure 3. As expected, the temporal dis-
placement errors decrease as the number of load incre-
ments is increased. Using 12 load increments to model
the consolidation process, the temporal displacement
error is of the order of 1073, while for analyses using
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Figure 3 : Variation of temporal displacement error
with time for strip footing

120 and 1200 increments, the corresponding temporal
displacement errors are approximately 10~ and 1073
These results exhibit the first order accuracy of the
backward Euler scheme.

The automatic time stepping scheme is used to analyse
the consolidation of the strip footing with various dis-
placement tolerances, DTOL, ranging from 107! to
1073. To test the sensitivity of the scheme to the size
of the coarse load increments, each tolerance is ana-
lysed three times using 2, 7 and 13 coarse time incre-
ments. In each case, the first increment corresponds to
an initial time factor increment of AT, = 0.0001 over
which the load is applied. The remaining increments
are of uniform size and apply a total time factor incre-
ment of AT, = 1.2. Results for these analyses are
presented in Table 2 in which the CPU time and the
number of successful and failed subincrements are re-
corded. As expected, each of the analyses uses a simi-
lar number of subincrements to achieve the desired ac-
curacy. For a tolerance of 1072, 96, 99 and 104
subincrements where required for analyses using 2, 7
and 13 coarse time increments. Similar results are also
obtained for the other tolerances. The slight increase
in the number of subincrements is attributed to an in-
crease in the number of truncated subincrements re-
quired at the end of each coarse time increment.

The temporal displacement errors associated with each
of the analyses, using 13 coarse time increments, are

plotted in Figure 3. It can be seen from the figure that,
although the global temporal error in the displace-
ments is well below the specified local error tolerance,
the automatic scheme successfully adjusts the subin-
crement sizes so that a tightening in the tolerance re-
sults in a corresponding increase in the accuracy of the
solution. This tolerance proportionality is demon-
strated by the ten fold increase in accuracy which oc-
curs each time the tolerance DTOL is tightened by an
order of magnitude.

Table 2 : Results for strip footing using automatic

scheme
No. of No. of subincre- CPU
DTOL coarse time ments time
increments Successful  Failed ©
10-1 2 37 9 48
7 39 8 49
13 40 7 52
10-2 2 96 8 103
99 7 107
13 104 7 113
1073 2 280 9 283
282 8 292
13 287 8 302

In comparing the performance of the fixed increment
and the automatic schemes, it can be seen from
Figure 3 that the analyses using 120 fixed size time in-
crements is of comparable accuracy to an automatic
analysis using a tolerance of DTOL=10"1. The fixed
increment analysis required 30 seconds of CPU time as
compared to approximately 50 seconds for the auto-
matic scheme. For a tighter tolerance of DTOIL=10-3,
an analysis using 1200 uniform increments is slightly
less accurate then the automatic scheme. Again the
fixed increment analysis was slightly faster, requiring
251 seconds of CPU time as compared to approximate-
1y 290 seconds for the automatic scheme.

The comparison of the automatic scheme to an analysis
with uniform increment sizes may be considered inap-
propriate as consolidation analyses should be per-
formed using variable increment sizes and hence re-
quire less CPU time. However, in most analyses, the
optimal size and distribution of time increments will
be unknown and several analyses may be necessary
just to study the behaviour of the finite element model.
The automatic scheme overcomes this and requires
only a single analysis to obtain a solution of the desired
accuracy.

Finally, the robustness of the automatic algorithm is
demonstrated by considering an analysis using only
two coarse time increments. Although a severe test,
the automatic time stepping algorithm successfully re-
duces the subincrement size and adjusts it thereafter to
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Figure 4 : Subincrement selection for strip footing
with two coarse time increments and DTOL=10"!

achieve the desired tolerance DTOL. A plot of the suc-
cessful increment sizes chosen by the algorithm, for a
tolerance of DTOL=10"!, are shown in Figure 4. As
expected, this plot reveals that very small increments
are required early in the analysis. Although not inter-
pretable from the figure, the initial increment size is
AT, = 0.28x10~*. This grows to a maximum size of
AT, = 0.13 as consolidation takes place. The growth
in increment size of several orders of magnitude high-
lights the inefficiency of using a uniform increment
size for consolidation analyses, and further demon-
strates the benefits obtainable through the use of adap-
tive integration schemes.

4. CONCLUSION

The automatic integration algorithm presented in this
paper would appear to be a promising method for con-
trolling the size of time increments in the analysis of
consolidation. Although the temporal displacement
errors are smaller than the user specified tolerance, the
scheme demonstrated tolerance proportionality and
successfully controlled the error in the transient dis-
placements independently of number of the coarse
time increments supplied by the user. A major advan-
tage of the scheme is that it removes the need for inex-
perienced users to specify suitable increment sizes.
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