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Summary  The present paper outlines the stress-strain behaviour of cohesionless soils under saturated and
unsaturated (empty) conditions by the example of dense Berlin Sand. Sand as well as soils in general are porous
media consisting of a soil skeleton with filled or empty voids. To describe strains and flow processes in such
a porous solid, an elasto-plastic model is used and presented in the framework of the Theory of Porous Media
(TPM) defined by the elements mixture theory and concept of volume fractions. Within the constitutive equations
of the elasto-plastic model, the elastic response is described by a materially non-linear elasticity law. Plastic
deformations are considered in the context of a single-surface yield function with isotropic hardening properties.
Non-associated flow is realized with an additional plastic potential function. Isotropic behaviour is assumed and
the study is restricted to small strains. Parameter identification for the described model is shown for dense Berlin
Sand on the basis of triaxial tests. The presented model is implemented into the finite element code PANDAS?

numerical examples will demonstrate the capability of the formulation.

1. INTRODUCTION

A soil structure consists of an assemblage of parti-
cles with different sizes and shapes which form a
skeleton whose voids are either empty or filled with
a pore-fluid. The stresses carried by the soil skeleton
are conventionally termed effective stresses in the
soil mechanics literature (Terzaghi, 1943), and those
in the fluid are called pore-fluid pressure. In the case
in which flow of the pore-fluid takes place, there
is an interaction between the skeleton deformation
and the pore-fluid flow. Therefore, the solution
of this problem requires a multiphase continuum
formulation. Such a formulation can be carried out
by use of the well-founded framework of the Theory
of Porous Media (TPM). The TPM approach is based
on a homogenization process to handle the micro-
scopically inhomogeneous porous solid material
with a macroscopic continuum mechanical descrip-
tion, ¢f. e. g. the work by Truesdell & Toupin (1960),
Bowen (1976, 1980), de Boer & Ehlers (1990), de
Boer et al. (1991) and Ehlers (1993).

To describe the stress-strain relation of a granu-
lar soil matrix, an elasto-plastic model seems to
be suitable. Basis of an elasto-plastic theory is
the assumption that the total deformation consists
of the sum of a recoverable elastic part and an
irreversible plastic part. Isolation of the elastic
deformation part from the total deformation within
triaxial experiments is possible through moderate

*Porous media Adaptive Nonlinear finite element solver based
on Differential Algebraic Systems

unload-reload stress-paths, where only recoverable
strains occur.  Furthermore, experimental results
indicate that the elastic parameters, as e. g. the shear
modulus or the Young’s modulus, are functions of
the stress state, respectively of the deformation of the
structure. Nevertheless, a thermodynamically con-
sistent elasticity law can be formulated without any
restriction to the existence of a hyperelastic potential
(Loret, 1985). Plastic strains are described within a
rate-independent plasticity approach. The presented
contribution proceeds from a single-surface yield
function, a non-associated flow rule based on an
additional plastic potential function and an isotropic
work-hardening formulation. The evolution of the
yield surface is defined by rate equations for two
parameters included in the yield criterion. In this
paper, the formulation of the yield condition is shown
for cohesionless materials. However, the general
plasticity model is not restricted to cohesionless
soils. Although the model is rather complex, the
included parameters can be identified on the basis of
the results of conventional triaxial compression and
extension tests. Evaluation of experimental results
and parameter identification is shown in the present

paper.

For the numerical treatment of the problem within the
finite element method (FEM), the weak formulation
of the field equations is used. The elasto-plastic
model is implemented in the numerical code PAN-
DAS to calculate the stress-strain relations of the
soil matrix under saturated and empty conditions.
Finally, the capability of the model is demonstrated
by numerical examples.
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2. THEORY OF POROUS MEDIA

The description of coupled deformation-flow pro-
cesses in porous materials requires the consideration
of a multi phase problem within the Theory of Porous
Media proceeding from the classical mixture theory
and the concept of volume fractions.

In the following, a materially incompressible
two-phase model is considered. Thereby, the con-
stituents ™ are a solid phase (@ = S), described
through an elasto-plastic model, and a viscous fluid
phase (@ = F). The inclusion of material incom-
pressibility of a constituent implies incompressibility
in the material’s micro range, which does not lead
to macroscopic incompressibility. Thus, even if the
realistic density p*® of a constituent ¢ is constant,
the partial density p* = n¢ p™F can still change
through a change of the volume fraction n®.

The model incorporates three independent fields, the
solid displacement ug, the seepage velocity wr and
the effective fluid pressure p. The corresponding
three equations for quasi-static considerations (negli-
gible accelerations),

LF
-m(gradp—pFR b)—nfwr =0 (1)
!

div(TE —pI) + (5p B +nFpF Ry b = 0 (2)
E

div [(us)’s+anF] 0 3

can be obtained from the kinematics, the balance
relations and the constitutive equations described
in Ehlers (1993) and Diebels et al. (1998). Therein,
kF is the Darcy permeability parameter, b the body
force (gravity), vF R the effective specific weight and
(us)s the time derivative of the solid motion. The
solid extra stress tensor T3 represents the effective
stress of the soil matrix. Equation (1) represents
Darcy’s law describing the internal friction between
the skeleton and the viscous pore-fluid.

Unsaturated (empty) conditions are given for
k¥ = oo relative to the rate of loading, no excess
pore-fluid pressure over atmospheric pressure builds

up.
3. ELASTO-PLASTIC MODEL
31 A New Formulation of An Elasticity Law

As mentioned above elastic strains can be isolated
through unload-reload cycles in triaxial tests. In
case of moderate unloading, hysteresis effects can
be neglected and intermittent strains are assumed to
be entirely recoverable and hence elastic (Figure 1).
A special property of granular materials is the
dependence of the elastic stiffness on the stress state,
respectively on the deformation state of the structure.
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To take into account this phenomenon, the elastic pa-
rameters vary with the elastic volumetric strain, and
furthermore consider the plastic volumetric strain
and the point of compaction as governing parameters.

In particular, hydrostatic tests show a non-linear
behaviour towards the point of compaction, compare
Figure 2, defined by a critical packing density, where
an increase of the isotropic load cannot cause a
further increase of the volumetric strains, unless
there is grain crunching.
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Figure 1. Unload-reload cycles in triaxial
compression test, o3 = const. (qualitatively)
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Figure 2. Unload-reload cycles in isotropic
compression test (qualitatively).

To describe the elastic behaviour, it is assumed that

T% =2u seD +k(e.- DI 4

be a modification of Hooke’s law. The tensor €
e — 3(g. - )T is the deviatoric part of the elastic
strain tensor €.. To consider the variation of the shear
strength, the shear modulus 4 is introduced as a linear
function of the plastic volumetric strain €,, = €, - I:

D.__.
€

p = p(evp) = Ko lEupl )

Therein, €,, must be understand as a parameter and
thus,  is a constant at any given state of the plastic
deformation.

The volumetric plastic strain &,p, according to
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a unload-reload loop and therefore to a special
value of g, is determined with results of triaxial
compression tests carried out on Berlin Sand. Stress
paths of these axial compression tests lead to a
point where unload-reload is applied and consist of
two parts: isotropic compression up to an arbitrary
confining pressure and further, increase of deviatoric
stress up to the specified point. Thus, €y, can be split
into € and e

Completely unloading from a choosen isotropic
confining pressure state leads to remaining volumet-
ric strain. This strain is assumed to be the plastic part
emd of the total strain assigned to this hydrostatic

v
stress state.

Within the increase of the axial stress, respec-
tively of the deviatoric stress, there is still an increase
of volume contraction. The corresponding volumet-
ric strain ei’,"p" is determined through extension of
the considered unload-reload cycle as it is shown in

Figure 3.
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Figure 3. Determination of the volumetric plastic
strain s‘fg' for a particular unload-reload cycle in a
triaxial compression test (o3 = —100 kN/m?).

Therewith, it is possible to assign to every unload-
reload loop and hence to every value of the shear
modulus an according total volumetric plastic strain

hyd o dev
Eup = Eyp T Eyp ©)

This assignment is plotted in Figure 4 for a few triax-
ial compression tests (o3 = —50, —100, —200, —350,
—500 and —750 kN/m?) with several unload-reload
cycles.

The bulk modulus k not only depends on €, as a pa-
rameter of the plastic deformation, but is also a func-
tion of the elastic volumetric strains €, = €, - L.
Finally, the point of compaction must be included by
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Figure 4. Observed shear modulus for different
values of volumetric plastic strain, approximated by
a linear function p(eyp) = HoEup-

the parameter €, min describing the maximum of the
volume contraction. Thus,

k

k (5ve; €vp, €y min)

= kl +k2 In [1+Eve (Eue +EU})— (7)

—E€ymin + —— )] Eye
Eyp — €y min
k; and k. are constants to be fitted at unload-reload
cycles in isotropic compression tests. Parameters

for the considered dense Berlin Sand are given in
Section 4, Table 1.

3.2 Plastic Soil Properties

3.2.1  Constitutive equations

In order to bound the elastic domain, a single-surface
yield function (Ehlers, 1995) exhibiting a closed and

smooth shape in the principal stress space is intro-
duced:

F(T$,q% ") = /T 1o+ }ol + I +
+ Bl+ el -k =0 ®
D(T$,¢%) = (1+~1Mp/(p)*?)"

The first invariant I and the deviatoric second and
third invariants IIp,IIIp of the extra stress tensor
T% characterize the stress state in equation (8). The
function I'(T%, g¢) with the deviatoric parameters

¢¢ = (vm)T 9)

specify the shape of the yield-curve in the octahedral
plane. The hydrostatic material parameters

q" = (a,8,6,6,k)T (10)

govern the effect of isotropic work-hardening pro-
cesses, realized through the rate equations

(@™)s = Ci (@" — a") (Wp)s (11)
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with the boundary conditions

g" (W, =0) =g > q"

(12)
"(W, -+ ) = ¢, = ¢"
1V, is the plastic work per unit volume accumulated
during the deformation process, C; are constants to
fit equation (11) to experimental results, qg is the pa-
rameter set of the initial yield surface and ah com-
prises the parameters of the limiting yield surface, re-
spectively of the failure surface. Reformulation of
equation (8) with the Reuss variables r (yield radius)
and © (Lode angle) leads to

F(1, 1Ip, Ip; ¢%,¢") = F(I, 7, ©; ¢%,q")
13)
Thus, the yield function can be given by

T(@,I) = Fh(I) Fd(@)

Ey(D) V2 [(€2 = 62) T* + 2Bel® +

+ (8%~ Lo —2ex) P - 2Bk1 + K?]

1/2

' -m/2

Fu(@) = [1+ Zysin(30)]

(14)
Therein, 7(©,1) is the yield radius given as the
product of two independent functions, Fj(I) and
F4(©), where Fy,(I) represents the hydrostatic shape
function with ©@ = 0°, while F3(©) describes the
shape of the yield condition in the deviatoric plane.

In general, soils are frictional materials and the
description of plastic flow requires a non-associated
flow rule. Therefore, an additional plastic potential
(Ehlers & Mahnkopf 1998)

G(T§,q" b1,u2) = \[tsllp + Jal? + 821+

+a 81+ € 1?

(15)
is defined. The parameters ¥, and v, specify the de-
viation of the shape of the plastic potential, respec-
tive of the shape of the yield surface in the hydro-
static plane. In the deviatoric plane, coaxial flow per-
pendicular to the hydrostatic axis is assumed. Given
equation (15), the flow rule

oG

(ep)s=A Eiwg

holds, where A is the usual plastic multiplier.

(16)

3.2.2 Deviatoric shape of the yield function

Cubical triaxial tests, performed for example by Ya-
mada & Ishihara (1979), indicate that the deviatoric
contours of the plastic work (equipotential surfaces
of W,) have circular shapes at low stress levels
and gradually change into rounded triangular shapes
when the stress level increases up to failure, compare
Figure 5.
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Figure 5. Octahedral plane; cross-section
perpendicular to the hydrostatic axis.

The formulation of the yield function in (8) allows
the description of this property for a suitable choice
of v and m. The ratio of the compression and
the extension radii, r. and r., in the failure state,
provides the first condition for the determination of
~v and m.

In addition, the restriction to convexity evalu-
ated at the point of extension delivers the second
condition for these parameters. Change of the
shape of the yield curve is realized through a linear
increase of v from v = 0 (circular) to Y q, (rounded
triangular shape) according to the deviatoric stress
level.

3.2.3  Hydrostatic shape of the yield function

In equation (14), F}, describes the contour of the
yield curve in the hydrostatic plane for © = 0°.
The parameters g" (10) specify the shape of
the curve. For sand as a cohesionless material,
k and « are zero. Thus, there are three remaining
parameters 3, d and € to determine the yield criterion.

Since yielding is a continous process for fric-
tional materials, there may not be a distinct point
of initial yielding on a stress-strain curve. The
determination of yield surfaces have been studied
in detail since the plasticity theory has been found
effective in modeling deformation of frictional
materials. In the presented model, the method of
identification of yield points and yield surfaces in
stress space is based on the assumption that yield
surfaces are equivalent to plastic work contours, as
it was suggested by Lade & Kim (1988). For each
stage of several triaxial compression tests and of an
Isotropic compression test, the plastic work W), is
calculated. A family of yield contours is approx-
imated through an optimization process to stress
points with the same values of Wp,, compare Figure 8.

The parameter [ is directly connected to the
slope of the yield surface at the origin of the stress
space (I = 0). Comparison with the friction angle
¢ of the well-known Mohr-Coulomb-theory leads
to the relation 8 = § sin¢ for the failure state. The
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evaluation of the friction angle ¢ for compression
tests with six different values of the confining pres-
sure is shown in Figure 6. An increase of the friction
angle with a decrease of applied confining pressure
is observed. ForI = 0, ¢ = 48.6° is assumed, which
corresponds to B = 0.25. During hardening and
hence for the above mentioned optimization, [ is
kept constant at this value.

44 T T T T
= { — verae
- 1 average
<
g2 40
(=]
= L
= 38
R
&

36 r °

0 500 1000 1500 2000 2500

confining pressure, I = 303 [kKN/m?]

Figure 6. Observed friction angles vs. confining
pressure for dense Berlin Sand.

Hence, § and e are the hardening parameters, which
are evaluated according to the hardening law in
equation (11). Figure 8 shows a choice of adapted
yield curves for different values of 1. Since there
are two hardening parameters for the description
of the hydrostatic yield function, a non-similar
evolution of the shape of the yield curve is possible
and therefore a more flexible fit to the experimental
results is feasible.

A failure surfgce is enclosed in the model de-

fined through § and Z, which are the limit values
for the evolution of § and €, compare Figure 7. In
hydrostatic direction, the expansion of the yield
surface for sand is very sensitive, e. g. increments
of volumetric plastic strains are rather small for high
stress levels. In combination with the presented
elasticity law in Section 3.1, the increments of total
volumetric strains converge to very small values,
which makes sense for granular materials. Following
a triaxial compression stress path leads to a critical
point of deviatoric stress level, where the yield
surface no more expands and hence ideal plasticity
takes place.

As mentioned above, non-associated flow can be
realized through an additional plastic potential G
(eq. (15)). The parameters t; and v, specify the
projection of the flow direction in the hydrostatic
plane. Determination of these parameters is done
through a fit to volume change curves of triaxial
compression tests.

4. PARAMETER VALUES FOR BERLIN
SAND

Table 1 shows the parameter values for the presented
elasto-plastic model determined in triaxial tests on
dense Berlin sand. The characteristics of the sand
are summerized as follows: coefficient of uniformity:

o
é 20
Z — hardening law, eq. (11)
2 st - results of optimization 4
&
>
= 10r J
5 b -
0 2P e o 1 ° L -y T .
0 2.0e-05 6.0e-05 1.0e-04 l.de-04
5 [m*/kN]
E
g g
Y
2 ]
O L 2 2 ) L
0 5e-05 1.5e-04 2.5¢-04
¢ [m*/kN]

Figure 7. Development of the parameters § and €
during hardening.

2.1; specific weight of grains: pSB = 2.653 g/lem®;
maximum void ratio: 0.817; minimum void ratio:
0.481. All tests are realized on samples with a bulk
density of pg = nyg p5% = 1.71 g/em®. This density
corresponds to an initial volume fraction of the solid
of n§g = 0.644.

Table 1. Determined material parameters of the
elasto-plastic model for dense Berlin Sand.

( Elasticity

Parameter Symbol Value Unit
Elasticity law Lo 1.07-10% | kN/m?
k1 3.86-10* | kN/m®
k2 6.11-10° | kN/m?
Ev min —0.019 -
Plasticity
Yield and hard- a 0 -
ening functions K 0 kN/m?
J5} 0.25 -
5 |881-107% | m¥kN
Cs 0.81 m?/kN

o 1.53-10"% | m2/kN
€ 5.00 - 107 | m?/kN

Ce 0.60 m?/kN

€o 2.65-10"* | m?/kN

¥ 0.569 -

m 1.664 -
Plastic potential Y1 4.545 -

)2 0.770 -

Viscous effects within the pore fluid motion are in-
cluded by the Darcy permeability coefficient k. For
the considered sand, k¥ = 2.5 x 10~* m/s is an ade-
quate value.
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Figure 8. Contours of constant plastic work W, and experimental data points shown on (© =0°)-plane.

S. FEM CALCULATIONS

The presented elasto-plastic model is implemented in
the finite element code PANDAS. For the numerical
treatment of the problem, the weak formulation of the
field equations (1-3) is used. The incompressibility
conditions for both constituents, fluid and solid, lead
to a system of differential-algebraic equations (DAE)
of first order in time. This DAE system is handled
by a diagonally implicit Runge-Kutta (DIRK) time
integration scheme (Diebels et al. 1998). Time
discretization of the elasto-plastic equations, de-
scribed in Section 3, leads to a system of nonlinear
equations. For the solution, a Newton procedure is
applied in each time step. A consistent linearization
of the nonlinear equations guarantees quadratic
convergence within the Newton procedure.

Model validation — triaxial tests:

Predictions for conventional triaxial compression
tests on Berlin sand were calculated from the model
and compared with experimental results of three sim-
ilar tests, shown in Figure 9. In these tests, the confin-
ing pressure was kept constant at o3 = —500 kN/m?,
while the major principle compressive stress o; was
increased up to peak failure. The model predic-
tions capture the observed stress-strain relations ac-
curately.

Coupled solid-fluid problem:

This example handles a fluid-saturated sand region.
Load is applied by a time dependent external force
on a rigid strip footing. The boundary beside the
footing is perfectly drained, the other boundaries are
rigid and undrained. Figure 10 shows the contours of
isolevels for the effective fluid pressure p at a given
time. The arrows display the seepage velocity of the
pore fluid. The problem is calculated for different
values of the Darcy permeability coefficient k.
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Figure 9. Comparison of FEM calculations with
experimental results of conventional triaxial tests
(o3 = —500 kN/m?) on dense Berlin Sand.

PANDAS | Pore pressure (scaled) e

{C) 1994-1998 P. Ellsiepen p/p max

Institut fir Mechanik (Bauwesen), Universitat Stuttgart, Lehrstuhl I, Prof. Dr.-Ing. W. Ehlers

Figure 10. Consolidation of fluid-saturated sand due
to foundation loading.
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The load is increased linearly at a load-velocity
of 1 kN/m? per second. The load-settlement and
time-settlement curves (Figure 11) demonstrate the
influence of the variation of k¥ on the displacement
of the footing. The viscocity of the fluid leads to
a time-dependent deformation. In case of a higher
value of kF, the settlement is larger, since fluid
pressure decreases very fast and the soil matrix has
to carry the greater part of the load (Figure 11a). In
Figure 11b, the load is kept constant at 500 s, after
some time the curves converge to the final settlement.
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Figure 11. Load-settlement/Time-settlement curves.

6. CONCLUSIONS

In the present article it was shown that a unified
approach can be used to describe the stress-strain
behaviour of frictional materials. A combination
of elasticity and plasticity theories may provide a
reasonable and consistent description of this be-
haviour. In addition to a non-linear elasticity law, the
components of this framework are the single-surface
yield function, the plastic potential, the flow rule and
the work-hardening law.

The elasto-plastic model within a multiphase
theory is implemented in the FEM code PANDAS.
Validation of the model was achieved by comparison
of predicted and experimental stress-strain curves.

As for restriction, the presented model is con-
sidered to be only valid as far as unload-reload cycles
remain limited. In the unlimited case and in case of
cyclic compression-extension tests, the model should
be extended by the inclusion of kinematic hardening
effects.
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