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Summary In order to combine the Mohr-Coulomb criterion with the Cam-clay models, after how to really
modify the existing yield surface by the Mohr-Coulomb criterion is reviewed, a transformed stress tensor G,
based on the Mohr-Coulomb criterion is proposed, which is deduced from what makes the Mohr-Coulomb
criterion become a cone with the axis being the isotropic loading line in the transformed principal stress space.
The transformed stress tensor & is applied to the Cam-clay models to improve the model capability in

describing the behavior of soils in general stresses including triaxial compression. The present paper provides a
rational and simple approach to extending the constitutive models, which are only verified in triaxial

compression, to the three-dimensional models.

1. INTRODUCTION

The original and modified Cam-clay models were
developed by Roscoe et al. (1963) and Roscoe and
Burland (1968) from the theoretical consideration
and the experimental results of clays under triaxial
compression stress condition, and extended to three-
dimensional models by using stress parameters p and
g, which are defined as
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where § iis Kronecker’s delta. The Extended Mises

criterion (g/p=const.) was adopted for the shear yield
and failure of clay in the Cam-clay models.
However, it is well known that the failure of soil is
not explained by the Extended Mises criterion but by
the Mohr-Coulomb criterion and the SMP criterion
(Matsuoka and Nakai, 1974) or others. The SMP
criterion of I;-Iy/Is = const. (I, I; and I3 are the first,
second and third stress invariants) is based on the
constant shear-normal stress ratio on the “Spatially
Mobilized Plane (SMP)”. Just as the Mises criterion
has the concept of averaging the Tresca criterion
under three principal stresses, the SMP criterion has
the concept of averaging the Mohr-Coulomb

criterion under three principal stresses. Since the
Cam-clay models revised by the SMP criterion has
been proposed by Matsuoka et al. (1998) and Yao et
al. (1999) and the Mohr-Coulomb criterion has
become a fundamental law in geomechanics, the
Mohr-Coulomb criterion is here accepted as the
criterion of the failure of clay for the sake of
simplicity. The failure of soil is due to the shear
failure, so the Mohr-Coulomb criterion is a criterion
of the shear failure. On the other hand, the yield of
soil includes the shear yield, which is induced by the
increase in the stress ratio, and the consolidation
yield, which is induced by the increase in the mean
stress. From the continuity of the shear yield and the
shear failure, the shear yield should also be
explained by the Mohr-Coulomb criterion. That is to
say, to take the consistency in the shear yield and the
shear failure into account, it is quite natural to
introduce the Mohr-Coulomb criterion or others
rather than the Extended Mises criterion for the
shear yield as well as the shear failure of soil.
Although some researchers (e.g. Zienkiewicz and
Pande, 1977) have attempted to combine the Mohr-
Coulomb criterion with the Cam-clay models, it has
not been really adopted as the shear yield criterion in
the elasto-plastic models presented so far as
described in Section 2.2.

In this paper, after how to really use the Mohr-
Coulomb criterion as the shear yield criterion is

reviewed, a transformed stress tensor Gy is

proposed, which is deduced from what makes the
Mohr-Coulomb criterion become a cone with an
apex at the origin of the coordinate system in the
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transformed principal stress space. The transformed
stress tensor G is applied to the Cam-clay models

to improve the model capability in describing the
behavior of soils in general stresses including
triaxial compression. The Cam-clay models revised
by the transformed stress tensor G; can predict well

the drained behavior of clay not only under triaxial
compression, but also under triaxial extension and
true triaxial conditions. The present paper provides a
rational and simple approach how to extend the
models using stress parameters p and q to the three-
dimensional modcls by adopting &, instcad of o .

2. MODIFICATION OF EXISTING YIELD
SURFACE BY MOHR-COULOMB
CRITERION

2.1 Expression of Mohr-Coulomb Criterion in
Polar Coordinates

As well known, the irregularly hexagonal pyramid
shown in Fig.1 is the shape of the Mohr-Coulomb
failure criterion in the principal stress space, which
can be expressed by

¢, —C .
Gl+03

where ¢ isinternal friction angle. In this paper, we
extend the Mohr-Coulomb failure criterion to not
only the failure criterion but also the yield criterion,
which is expressed by
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where ¢,,,15 @ mobilized internal [riction angle.
These criteria are called the Mohr-Coulomb criterion
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Figure 1. Shape of Mohr-Coulomb criterion in
principal stress space.
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in this paper.

The Mohr-Coulomb criterion in the 7m-plane can be
also expressed by the polar coordinates. As shown in
Fig. 2, ¢, is the length from the origin O to point
A’ on the Mohr-Coulomb line(solid line) in the -
plane, and can be expressed as
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o=
V3sin@®+ z;—) ~sind,,, cos(0 + 1;—)
where
‘ 5, 0, \fS—zsin(G + g)
Sind o = L= (5)
1o +J& cos(6+ =)
P 3 3
0536=1@%=J€~———5*S“S“y ©)
2 522 (Smnsmn) !
Y
0<0<—
( 3)

in which p is the mean stress, S, and S, are the
second and third invariants of deviatoric stress
tensor sy(= o -p 6 ), and § is Lode’s angle, as
shown in Fig. 2. When ¢ ,,= ¢, the Mohr-
Coulomb criterion becomes the Mohr-Coulomb
failure criterion.

The shape function g( 6 ) of the Mohr-Coulomb
criterion in the n-plane is

g®=1£,1¢, @)

where ¢, is ¢, for 6=0° , which is in triaxial
compression stress state(Fig. 2). Substituting 6 =0°
into Eq.(4) gives
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Figure 2. Mohr-Coulomb criterion in = -plane(solid
line) and 7 -plane(broken circle).
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Substituting Eqs.(4) and (8) into Eq.(7) gives
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From Eq.(9), when 6 =0°, g(6)=1, and in the case
of 0° <6 <60°, g(0)<l. When# =60°,
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g(60°) =

Figure 3 shows the shapes of the Mohr-Coulomb
criterion(Eq.(4)) in the m-plane. It is worth noting
that the yield loci of the Mohr-Coulomb criterion in
the m-plane is not parallel each other, and the slope
of the vield lines is dependent on ¢ .

2.2 Modification of Existing Yield Surface by
Mohr-Coulomb Criterion

As aforementioned, the Mohr-Coulomb criterion is

mainly adopted as a failure criterion for geomaterials.

However, from the viewpoint of consistency in the
shear vield and shear failure, the criterion can be
used not only as shear failure criterion but also as
shear vield criterion for geomaterials. In the
following described is that how to introduce the
Mohr-Coulomb criterion to the existing yield
functions in the elasto-plastic —models for
geomaterials.

Most existing yield surfaces in the elasto-plastic
models for geomaterials are proposed and verified in
the triaxial compression stress state( o >0 ,=03),
which can be written by

f(p,q,H)=0 €3]
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where p=(0 (+2 0 3)/3, @0 -0 and H is a
hardening parameter. Based on the consistency in
the shear yield and shear failure of geomaterials, the
yield locus in the m-plane is assumed to be the
same as the Mohr-Coulomb criterion in the 7 -plane.
Thus, the yield surface (Eq.(11)) can be generalized
by using the shape function g( 6) of the Mohr-
Coulomb criterion (Eq.(7)) as follows:

f(p,q/g®),H)=0 (12)

In popular approaches to generalize the yield surface
by the Mohr-Coulomb criterion(e.g. Zienkiewicz
and Pande, 1977), ¢ ;= ¢ is assumed, i.e.

S,
2[\/5 sin(® + 5) —sin¢cos(d + g)}
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This means that they take the shape function at
failure as the shape function during yield as shown
in Fig.4, i. e. the shape function during yield is
assumed to be the same as that at failure, so the
Mohr-Coulomb criterion is not really used in the
yield surface. The correct approach to take the
Mohr-Coulomb criterion as a shear yield criterion is
the following.

Substituting Eq.(7) into Eq.(12), and taking
q=4/3/2 ¢, into consideration give

£(p. 4/3/2£,, H) =0 (14)

Eq.(14) is a general expression of the yield surface
which is verified only in triaxial compression.
Therefore, Eq.(14) can be used to generalize various
kinds of the existing yield surface for geomaterials.
For example, the yield function of the well-known
original Cam-clay model(Roscoe et al.(1963))
whose yield surface is a circle in the n-plane, can be
generalized by the Mohr-Coulomb criterion as

0, 05

Figure 4. Usually used Mohr-Coulomb criterion for
shear yield and failure in the case of ¢ =40° .

Figure 3. Mohr-Coulomb criterion used as shear
yield and failure criteria in the case of ¢ =40° .
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transformed principal stress space. In Fig.2 the
Mohr-Coulomb criterion can be drawn by the solid
line in the ordinary m-plane, and a circle(broken
ling) in the transformed 7 -plane( called T -plane
for short). In order to realize this transformation, the
following equations can be made.
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Figure 5. Yield loci of original Cam-clay model
generalized by Mohr-Coulomb criterion in triaxial
compression and extension.
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stress space (Fig.l), and the circles in the 7 -
plane(Fig.7) are exactly equivalent to the irregular
hexagons in the m-plane(Fig.3). Taking the
similarity in the shapes of the Extended Mises
criterion in the principal stress space and the Mohr-
Coulomb criterion in the transformed principal stress

O,
Figure 6. Shape of Mohr-Coulomb criterion in
transformed principal stress space.













