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1. INTRODUCTION

In probabilistic analyses the uncertainties associ-
ated with the preblem are included within the
framework of the analysis, therefore the risks
assoclated with the consequences of various strat-
egles can be evaluated in terms of selected design
criteria. Extensive literature on the probabilitvy
of failure related to slope analysis has been
published, mostly ceonfined to theoretical develop-
ment with few trial or hypothetical slopes investi-
gated, Those studies which have been reported
require a great dezl of statistical data for a full
analysis and generally represent slopes which have
a very low failure probability. In this work slope
failures from surface coal mines are back analysed
using a reliability approach.

A prebabilistic model has been developed which is
capable of incorporating variations in shear
strength, modelling errors and watertable. The
variability of rhe shear strength parameters were
considered to be a combinmation of spatially corre-
lated variations and independent components. A
further refinement to include 3-D effects from end
resistance and variance reduction along the failure
length. provided a means of estimating the probabil-
ity of failure for different lengths and volumes.
These could then be compared to actual failure
volumes. This paper presents a background to the
techniques and the basis for the model, it then
reviews the case studies and investigares the
sensitivity to input variables with respect to the
failure analysis.

2. UNCERTAINTIES IN SLOPE ANALYSIS

There are many variables that enter into slope
analyses and with & probabilistic approach, the
uncertainties associated with these variables need
te be quantified and included in the analysis.
Subjective uncertainties, from a lack of knowledge
or information, necessitate the use of deductive
reasoning and therefore will never be totally
eliminated. They are usually allowed for by conser-
vative, flexible design procedures and the observa-
tional approach advocated in many engineering
projects. It would be unreasonable to expect the
techniques of risk anaiysis and statistics to
resolve problems which cannot be formally answered,
and as such are not intreduced directly into the
analysis. Objective uncertainties which can be
recognized and to some extent be gquantified, are
related to measured statistical or probabilistic
information, The major uncertainties in a slope
stability analysis arise from the natural
heterogeneity in the shear strength (¢ and ¢) of
geological materials, structural controls on fail-
ure, water conditions and model assumptions. These
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are further compounded by sampling and testing
techniques, Miner wvariations from inaccurate
measurements of slope geometries and variability in
material properties (i.e. density and permeability}
are not treated separately as they do not influence
the stabilicy analysis to the same extent, The main
contribution to these uncertainties are discussed in
the following sections.

2.1. Variability in Shear Strength

Within so-called homogeneous geological units the
shear strength is known to vary widely from point ro
point. No amount of testing can fully characterise
the nature of this heterogeneity, and therefore some
probabilistic uncertainty will always remain. The
variability in shear strength, in most cases, is
dependent on location and as such is spatially
correlated. This regionalised behaviour implies that
points in close proximity are strongly correlated as
would be reasonable to expect from the natural
processes involved in their formation or in the
method of placement for man-made slopes. The
correlation will diminish as the distance between
points becomes larger, until the covariance between
points is zero. This spatial dependence has other
implications that are introduced later in the
analysis. The sampling and test results present a
different problem in that they contain inferential
uncertainties. These are quantifiable and can be
reduced to an arbitrary level by increasing the
sample size. However they will also introduce bias
errers for the following reasons.

During the recovery and preparation process, it is
unavoidable to prevent some mechanical disturbance
to the sample. Stress conditions on the boundary
will change as a result of removal from the in situ
stress field and little is known aboutr the induced
stresses caused by sampling. The results from
laboratory shear or triaxial tests are used to
predict the behaviour of a slip surface many orders
of magnitude larger. The influence of macro effects
or scaling remain essentially unsampled. The testing
techniques present inherent differences between
actual conditions and the simulated laboratory test.
These problems may be partially avoided by testing
large scale samples in situ, however it is difficult
to exercise full contrel over the test environment
in the field and this contributes to the overall
uncervainty.

2.2. Water Conditions within Slope
Most uncertainties concerned with determining the

watertable or pore pressures within a slope are from
a lack of information and are therefore subjective.
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The prediction of the water pressures within the
slope from very limited information usually involves
gross, order or magnitude assumptions about infil-
tration rates, position of aquifers, aquicludes,
flow, permeabilities, and presence of perched
aquifers or artesian conditions. Water pressures
estimated from measuring sites within a stope will
have a statistical uncertainty from the interpola-
tion between measuring stations. Meteorological
data introduces more variables intc the problenm.

2.3. Structural Controls on Failure

When the geometry of a slope failure is governed by
structural features (discontinuities), for example
wedge failures in rock slopes, an uncertainty is
introduced at the level of the mechanism. This is
because there will be variability in the dips, dip
directions, spacing and length of discontinuities
controlling the failure as well as those errors
associated with the measurement of these parameters.
With enough information there are techniques which
allow for the mechanisms to be modelled
probabil istically quite successfully., Unfortunately
the field data is seldom available in the areas of
interest and extrapolation of structural data is
problematic and in itself stochastic.

2.4. Model uncertainty

Further uncertainty arises from the simplifying
assumptions made in the analytical model. There-
fore, even if all input parameters to a particular
medel were known exactly, there would be an uncer-
tainty associated with the curput. From the very
nature of the simplifying assumptions in the ana-
lytical models, part of these uncertainties are
biased. In the absence of any significant data the
design engineer may have to make a subjective
estimate for the model uncertainty.

It is apparent from the above comments that in risk
assessment of a slope failure, it is only possible
te model those uncertainties that are measurable,
unless some *judgement factor’ is included. The
risks are expressed in the form of a probability or
reliability, which can then be applied to design
decisions. The objective uncertainties relate te
two fundamental areas in slope analysis, firstly the
failure mechanism and secondly to the analysis -
input parameters and calculation process. The true
variation of input parameters can never be deter-
mined completely since any sampling will only be
partial. and the unknown inaccuracies present in
testing techniques can not be quantified. This lack
of information particularly in respect to the shear
strength and watertable will require the use of
deductive reasoning to resolve. In this paper no
attempt has been made to examine the effects of
structural controls on the failure mechanisms since
no quantitative data was available for the case
studies. The uncertainties associated with the
variability in shear strength, water conditions and
modelling errcr have been investigated within a
probabilistic slope analysis.

3. MODEL DEVELOPMENT

The first stage of a probability based slepe analy-
sis is to quantify the possibility of failure, the
second being to rationalise the consequence of
failure . The probability of failure P{Slope failure)
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is denoted by P,. The procedures for analysing slope
failures are the same as in ordivnary deterministic
methods - limiting eguilibrium, stress-deformation
or plasticity models. Because of the generally
sparse information available, the simplicity and
wide acceptance in deterministic analyses of limit-
ing equilibrium or slice techniques, these are
favoured for probabilistic analyses. Using the
factor of safety F defined as the ratioc of resisting
(R) to mobilising (S) forces or moments, the prob-
ability of failure is defined as P(F < 1.0) or
P(R < 8).

Initially a distinction is required between the
failure probability of one specific failure surface
and the slope as a whole. The P, may refer to a
specific location along the slope, for one cross
section and the analysis is confined to two dimen-
sional plane strain failures in that section.
Alternatively a complete length of slope or a
geologically homogenecus unit is treated as one
entity, the P, applying to the whole section. In a
hemogeneous material free from structural controls,
there are an infinite number of kinemarically
possible failure surfaces for any given ecross
section. These will represent the famiiy of curves,
circular, log spiral or non-linear, each contrib-
uting to the overall P,. Cornell (1971) argued that
these potential failure surfaces represented compo-
nents of a series system and since many of these
surfaces would be in close proximity, their prob-
abilities would be highly correlated. The overzall
system reliability would therefore be close to the
surface with the highest P,. Alonso {(1976) has
shown by a case study of cireular failure in a
homogeneous material that the surface with the
kighest P, ceorresponds to that with the minimum
factor of safety F. More recently Sharp (1982) and
Chowdhury and Zhang (1988) have demonstrated that
this is only true for certain statistical parame-
ters.

The prebability of sliding represents in a single
figure the frequency of conditions that cause a
particular slope geometry to fail. as a proportion
of all possible conditions. In order to calculate
this probability either the full distribution of the
random input wvariables or cheir moments are
required. These are then combined in an appropriate
probability model, taking account of modelling
errors, to produce the distribution of failure
conditions, or its moments.

Second moment analysis has been favoured in place of
full distribution methods, because ne assumptions
are required regarding the distributions of the
inpur variables. Two techniques are commonly
referred te in the literature: these are point
estimates and the first-order second moment method
(FOSM). In the latter method it is possible to model
the spatial variability and the covariance between
the shear strength parameters, as demonstrated by
Alonso (1976) and therefore this method was pre-
ferred. To analyse failure geometries of any shape,
the simplified Janbu methed, Janbu(1973) was formu-
lated in a FOSM approach. Approximations of the
mean and variance of the factor of safety are
determined from first-order expansion terms of a
Taylor series. Full details of the equations are
given in St George (1991). In all second moment
methods it is necessary to assume some distribu-
ticnal form of the factor of safety or safety margin
to calculate a probability of failure. It is con-
venient to assume a normal distribution and calcu-
late probabilities from standard tables. For com-
parative purposes the reliability index g is a
useful parameter, defined from the mean and srandard
deviation of the factor of safety by
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B = ~e L (1)
To incorpeorate the spatial variability of the shear
strength it is necessary to calculate the covariance
between points within the slip surface. This
requires some correlation function to be defined. An
approach from the theory of regionalised variables
was developed to estimate this covariance. Firstly
the spatial behaviour must be characterised. This
information is contained in the form of a variogram
which is the compliment to the covariance function.
Normally the process invelves fitting parameters for
a number of general modeis to the field data and
then selecting the most appropriate model. Since it
was the intention here to investigate the influence
of spatial variability a general model was selected
and the parameters were varied. The exponential
variogram model was chosen because it has a conveni-
ent mathematical form and is a monotonically increa-
sing Function with a sill (C). This sill represents
the independent wariance and occurs when point
spacing exceeds the range of influence (a). A nugget
effect C, is included which accounts for the non-
spatial contribution to the overall variance. The
general form of the exponential function variogram
is

v(h) =g, + C{1 - eD/%) 3]

If either a = 0 or C = 0, the model reduces to the
spatially unceorrelated component C,.

A quasi 3-D appreach developed by Vanmarcke (1577b)
incorporates the spatial variability aleng the slope
together with the resistance at the lateral margins
of the potential failure and produces a 3-D prob-
ability eof failure. This approach has a lot of
appeal since it only requires the mean and variance
from the 2-D plane strain solutions and variance
reduction funcrion, end resistance and failure
length (b) to find the 3-D Pn. The variance reduc-
tion function I?* takes inte account the spatial
variability along the slope. To make this consistent
with the spatial model in 2-D, a function was chosen
which modelled the same characteristic behaviour as
the exponential varliogram. Vanmarcke (1977a) has
shown that the reduction function T'(b) defined as

1 bzd

(b} = -{3)

L
(%)H bz

provides a close approximation te the exponential
correlation function if § the scale of fluctuation
is equal to twice the range.

In order to calculate the resistance at the ends of
the failure, assumptions regarding the strength and
stress conditions are required. It is inevitable
that these will only be approximate, and depend on
localized conditions. Initially the stress distribu-
tion on the lateral margins is assumed to result
from active earth pressures and the resisting ferces
at each end may be calculated using the shear
strength. A lateral release factor (a) is proposed
which takes into account structural and geometrical
effects on release, The total enrd resistance is
determined from Re = o,Re, + o,Re, where the sub-
scripts refers to each end of the failure., Spatial
variability of the lateral margins was neglected as
its contribution to the overall variance would be
small.

The contribution to the total resistance from the
strength of the lateral margins is usually ignored
in conventional 2-D analyses because the resulting
F is conservative. In the 3-D probabilistic model,
as the failure width (b) inecreases the contribution

460

from the lateral margins as a proportion of the
total resistance, will reduce. At the limit for
long slope widths the 3-D safety factor F, will be
equivalent to the plane strain 2-bB F. Also as the
failure width (b} increases, the variance of the 3-D
factor of safety is attenuating from the unit width
variation, Therefore provided F > 1.0, short failure
widths will have low 3-P preobabilities of failure Py,
due to a high F, frem the end resistance and the P,
for long failures will alsc be small due to the low
variance in F,. This wvariance reduction concept is
applicable whether or not the variables are spacial-
ly correlated. Vammarcke (1977b) derived a critical
width b, for a eylindrical failure area which
minimises the reliability index and consequently
maximises P,. Using the reduction function in
equation (3}, the eritical width b, is approximated
by

bczpfldo (B
Where d, is a function of end section geometry and
the failure surface and F is the plane strain faector
of safety. For these assumptions b, is independent
of the rate of variance reduction.

Both the 2-D and 3-D probabilistic models have been
programmed in Fortran 77. Besides the slope and
failure surface geometries the input parameters are
as follows:

Mean and scandard deviation of ¢
and ¢ for each material and lat-
eral margins.

Sill €, nugget effect C, and range
of influence a

Shear strength:

Spatial:

Failure width b

Lateral release factor a

Hodel error

Coefficient of watertable variation

The results from each analysis produced a 2-D F and
a 3-D F, with their respective reliability indices
and probabilities of failure, making the assumption
of a normal distribution. The critical failure
width defined in equation (4) was alse calculated,
approximating d, from the ratio of section area to
length of failure arc. The wvariance reduction
parameter, the scale of fluctuation, was set at 2a,
although deviations from this can be made during
program execution,

4. CASE STUDIES

The majority of cases for this work were taken from
an extensive study of failures in UX opencast mines,
conducted by the Department of Mining Engineering.
University of Nottingham. A review of this work is
presented by Stead (1984). The failures recorded by
Chandler (1974) were included as a control to test
the algorithms but as no failure lengths were
recorded, these cases were not included in the 3-D
analyses. All the case studies have been recorded
on a database system and are identified by a group
code and number. The groupings are made according to
the material on the failure surface and are listed
in Table I. Individual failures are referenced by
the group code and number., e.g. LIAS 301 and
SEAT 79.

Each group is representative of a particular geo-
logic material and should display reasonably con-
sistent properties. The material properties from
each group were taken from published test results,
The standard deviation for these parameters was
obtained by comparing the range of the data with a
coefficient of variation of 40% for cohesion and 20%
for ¢, the lower value was used in the analysis,
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Table I

Case Studies Under Material Crouping

Brecciated and unbrecciated clay.
Backfill materials - circular failure mechanisms only.

failures witly basal materials having weaker

strength than back£ill.

Group Cade Number Description
Lias Clay LIAS 8
Loosewall  LWGC 14
Loosewall LUBP 11 Biplanar
Seatearth  SEAT 17
Clayband CLBD 13
content,
5. ANALYSIS

The sensitivity of the input variables was initially
studied i1in 2-D rtaking the observed failure
geometries, thereby removing this uncertainty from
the analyses, The parameters which were indepen-
dent of the wvariability in shear strength, i.e.
model error and watertable, were investigated first.

Model error: This term is added to the overall
variance and will therefore increase the P, (P, <
50%). TFigure 1 is a plet of P, versus model error
for twa Ltas Clay failures showing the expected
increase in P, as the model error becomes more
significant, For the remainder of this work the
error was kept c¢onstant at 5%. This ls conslstent
with the expected accuracy of limit equilibrium
netheds ,
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Figure 1 Sensitivity to model error

Watertable: It has been assumed that on the scale

of the cross seections, the watertabie or pore
pressures are completely correlated. ‘The variations
are thexefore just additive on the cverall variance
and have a similar effect on the P, as model error.
The upper and lower estimates for the phreatic
surface were made on the basis that they covered all
probable conditions consistent with slope observa-
tions and any measurements. A dry or fully drained
slope would represent the lower limlt. The upper
limit is less reliable to estimate although a fully
saturated slope would represent a maximum watertable
In the absence of artesian conditions. The same
Lias Clay cases show, in Figure 2, the effect of
changing the coefficient of variation of watertable
on P..

Ma jority of failure plane within seatearth material,

Failure plane confined to bedding features with high clay
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Figure 2 Sensitivity to watertable variations

The variability in the shear strength is related to
the individual variance of ¢ and ¢, their spatial
correlation and the correlation between ' them,
Intuitively the presence of spatiasl correlation will
cause a reduction in the overall varlance for the
shear strength. In order to study this effect,
different ranges or autocorrelation distances (5-
200m) were compared to the completely uncorrelated
P,. 1t was found that the size of failure influ-
enced the behaviour of P, with respect to the range
of inlluence. For the large fallures the P,
decreased initially on increasing the range until
some mlnimum point was achieved. Then gradually
increased asymptotically to the uncorrelated value,
For the small scale failures this effect was prob-
ably masked (a < 5) as they only showed an increase
towards the uncorrelated values. The P, is plotted
against the range of influence (a) in Figure 3, for
the large (LWCC_104) and smail (LWCC_129) failures.
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Figure 3 Effect of range of influence ‘on P,
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Figure 4 Effect of lateral releasse on 8

Correlation between the shear strength parameters c
and ¢ was lonvestigated by varyilng the correlation
coefficient from -1 to +i. The changes in P, were
very small and, as expected, positive correlation
contributed to an lncrease, negative correlation a
decrease in P,.

Extending the analysis to 3-D introduces the lateral
release factor (a), variance reduction function and
the scale of fluetuation, The resistance on the
lateral margins also requlres a shear strength
value. In case studies where fallure through the
lateral marglns occurs In essentially intact
material, a strength representative of that material
was used e.g. loosewall slopes. For rock slopes
where intact strength is high, release occcurs along
discontinuities and a wuniform strength of ¢w30°
c=0kPa was assumed. Then o measures the relative
strength of release to this standard value. The
lateral release factor directly affects the 3-D
factor of safety F, and in the limit as failure
width b+, F, converges to F.

The form of the reduction function and scale of
fluctuation have been chosen te be consistent with
the 2-D spatial behaviour and therefore the 3-D
model will be essentially controlled by the range of
influence (a). By holding the range constant, the
effect of variations in end resistance, on P, can
be observed. This is achieved by varying the lateral
release factor with both ends of the failure having
the same o. Figure 4 shows the reliability index
(B) plotted agalnst failure width (b) at different
lateral release factors for case study LWCC_75. As
can be seen the critical failure width b, defining
a minimum £ (maximum P, ) is dependent on the lateral
release factor. The critical failure widths becom-
. ing shorter with reducing end resistance, as would
be expected. It clearly shows the influence a has on
the reliability index. At the observed failure
width for the slope (100m), A changes from 3.2
{(a=0.1) &o 5.7 (a=2.0). This effect will be
amplified for rock slopes where strength differences
between intact rock and discontinuities are high.
Other factors such as slope curvature helping
release also appsar to be important in these cases.
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Figure 3 Effect of range of influence on 8
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FEDICTES CAILURE wi0TH W

By holding the lateral release factor constant
(a=0.,2}, the effect of spatial correlation on the
reliability index is investigated, TFigure 5 shows
a plot of failure width versus reliability index for
different ranges of influence {a) for the same case
study. It ciearly demonstrates that the minimum 8 1a
also dependent on the range. The critical fallure
width b, calculated using equation {4) was compared
to the actual failure widths and have been plotted
as a vatlo In Flgure 6. Three cases are not included
due to excessive predicted fallure lengths: the
largest being 2741m for an actual failure length of
150m, and those cases with F < 1, b, 1s undefined,
A further indication of failure length was obtained
from examinlng the cross sectlon length L., of the
failures, It was noted the majority of actual
failures were within 1 < L,, < 3. Failure lengths
longer than 3L, were attributed to being essentially
multiple events. There was only one faiiure notice-
ably shorter than L, and thls was caused by over
steepening at the toe, along a portion of the slope,

40D - - e m— -

350 - a
.
i
+
n30
.
1]
200
*
50
o+
. [

L -~ x
e a R

x o
50 - M 8

wt ¥y 4

,,‘? ~ 1 ° o
wm o ° n
v T T T T T Y T
[ 100 2o ELL 20

ACTUAL FAILUAL ¥IGTH M
nooLec L] Lwin & SCAT LS N +

Flgure 6 Actual vs predicted failure widths

In order to use the 3-D P, in a predictive analysis
the slopes were re-examined without regard to the
actual failure plane., The loosewall cases were all
analysed in this way and compared to the actual
failures., Two failure modes were investigated
circeular and biplanar. The critical ecircular slip
surfaces with the minimum 2-D F were located by
standard search routines and this was then compared
to the lowest F f£rom the biplanar analysis. The dip
of the pavement was assumed known, with a strength
of e¢=0kPa and ¢=~16°. The lowest overall F defined

the fajlure geometry;

then the eritical failure

width b, and L,

were calculated for this cross

section if L,, < b, < 3L,; b, was taken as the fail-
ure length, otherwise L, was wused. The P, was
calculated for <this failure width, The spatial
variability was modelled with a range of 100m. The
lateral release factor, in ail cases, was set to 1,
since side release would occur through spoil
material. The results are presented together with
the actual failure widths and volumes in Table II.
Alsc included are time to failure and water rating
for the slopes. The cases are listed in ascending
order of probability and it iz evident the very low
P, vaiues have a delayed failure and/or water has
been an important component. The- predicted failure
widths and volumes deviated considerably from the
observed which 1s perhaps indicative of the lowest
2-D F not producing the maximum 3-D P,. All those
failures with a P, > 5% water appears to be a
signifleant factor, except for LWBP- 83 where no
information was available, The two cases with Py
much greater than 50% (LWCC 169 and LWBP_183) were
examples of extremes. LWCC_169 had a slope angle of
60° to a helght of 33m while LWBP_183 was cut at 40°
to a helght of 80m on an 8° dipping pavement. Even
with optimistic strength parameters both these cases
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TABLE 2

Failure Probabilities for Loosewall Case Studies

Probability Predicted Actual Time Water
Code of Failure Volume Width Volume Width Factor  Factor
Pe x10°m? m x10°m® i

LWCG_79 6.4x10" 67 a7 6 60 4 3
LWBP_17 3.1x10° 38 20 176 180 2 4
LWBP_&4 2.5x10™ 1009 244 5C0 250 4 3
LWCC_192 3.5%107 6 37 13 50 4 1
LuB?_l&4 5.1x10" 36 83 50 150 3 3
LWGCG_129 6.6x107F 1 17 0 15 2 0
LWGC_172 8.9x10™* 3 30 5 80 2 2
LWCGC_219 0.16 3¢ 64 28 80 3 3
LWCG_69 0.18 4 32 30 300 2 1
LWCC_152 0.33 1 22 1 50 2 0
LWCC_239 0.72 1 19 1 20 3 3
LWBP_217 0.72 303 129 368 120 4 1
LWBP_201 0.77 67 108 87 12¢ 3 4
LWGC_75 1.12 36 91 51 100 1 1
LWCG_199 3.38 28 78 36 160 2 2
LWBP_150 4.77 11 41 5 100 4 0
LWBP_L155 8.24 g 39 21 90 2 4
LWBP_83 20.90 2 38 2 40 2 G
LWBP_177 31.8¢ 210 148 728 150 1 3
LWGG 104 30.20 247 145 135 360 4 3
LWCC 169 82.30 8 42 8 25 3 3
LWBP_183 9%.80 188 125 466 200 3 3

Time Factor Water Factor

0 Ne details 0 No details

1 < 1 week 1 Dry/fully drained

2 1 week - 1 month 2 Slight seepage/rainfall

3 1 - 3 months 3 Heavy seepage/rainfall

4 3 - 6 months 4 Artesian conditions

have 2-D F below 1 for dry conditicms. The other
case with Py, > 50%, LWCC_104 had a submerged toe due
to the formatien of a sump, this would explain the
long time to failure sinee the dry P,, for same
geometry was 5.1x107". For case studies with P,, above
3x10"* and below 5%, there is reasonable concordance
between measured and predicted volumes and failure
widths. One notable exception is for LWGC_69 where
the observed failure width is a factor of 10 greater
than predicted.

6. CONCLIZSIONS

From the 2-D analysis it was noted how the P, was
sensitive to changes in model error and watertable
variations. The effect of spatial and parameter
correlation had a lesser influence on P,, however
the behaviour of P,, with respect to spatial vari-
ability, was found to be dependent on the scale of
failure . The most significant infuence on the 3-D P,,
was the resistance of the lateral margins and
clearly this represents an area were more research
could be carried out. The form of the wvariance
reduction function eltered P,, and also affected the
so-called critical failure width where the minimum
f is defined, The retrospective analysis of the
locsewall failures produced mixed results. Those
cases with very low P, did not measure up in terms
of failure geemetries, widths and volumes with the
observed failures. However there was good agreement
between wvolume and failure width for most of the
other cases and this wmight provide & means of
estimating potential failure volumes. As the 3-D B,
is sensitive to lateral release, the presence of
weak planes or slope curvature will greatly reduce
the probability of failure, particularly for rock
slopes. The critical failure width would become less
impartant since the potential failures would be
pesitiomal, related to release features on the
slope.
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