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Abstract: Although reliability methods are commonly applied in gravity retaining wall stability analysis to account for 

uncertainties embedded in input parameters, and for their correlation relationship, their optimization considering a system 

reliability-based design has not been yet widely employed. This paper proposes a simple system reliability-based 

optimization design method for a semi-gravity retaining wall. Two failure modes with respect to overturning and sliding 

failure are considered; the response surface method (RSM) is used to evaluate the probability of failure for each individual 

failure mode, and the linearization approach considering the correlation structure of failure modes is employed to obtain an 

approximation of the system probability of failure. Based on this, the section profile of the semi-gravity retaining wall is 

reduced to a trapezoid; then, the optimization design aims to find a trapezoid profile with minimum area and with a system 

probability of failure equal to, or less than, a threshold value. A discretization method is applied to solve the optimization 

problem. The whole procedure is encoded in a spreadsheet to ease its application in engineering practice. Finally, several 

simple semi-gravity retaining wall cases are used to demonstrate the effectiveness and robustness of the proposed method. 

 

Keywords: Retaining wall; response surface method; linearization approach; system reliability analysis; optimization design. 

 

1 Introduction 

 

Reliability methods can usually outperform conventional deterministic methods �that simply calculate the 

factor of safety using deterministic values� in engineering analysis and design; since they are able to quantify 

the influence of uncertainties embedded in input parameters, and of their correlation relationship. 

During the past decades, attentions have been put to the reliability analysis and design of retaining walls. 

Duncan (2000) computed the factor of safety and reliability index of a retaining wall, and indicated that both 

measures can be used as a mutually complementary. Low (2005) developed a spreadsheet-based method to 

estimate the reliability of a semi-gravity retaining wall considering overturning and sliding failure modes, 

respectively. Fenton et al. (2007) assessed the probability of failure for a retaining wall using Monte Carlo 

simulation (MCS) considering random fields. Low et al. (2011) employed bimodal bounds to evaluate the system 

reliability of a retaining wall. Zeng and Jimenez (2014) and Zeng et al. (2018) proposed a linearization approach 

and applied it to evaluate the system reliability of a semi-gravity retaining wall. 

Meanwhile, some researches focus on the reliability-based design of geotechnical problems. Zhang et al. 

(2011) proposed an indirect reliability-based optimization method, and applied it to a shallow foundation and to 

a gravity retaining wall. Gong et al. (2014) presented a fuzzy set-based robust geotechnical design method 

considering uncertainties of the input parameters. Low and Phoon (2015) determined the optimal width of a 

foundation using reliability method, and discussed its complementary role to Eurocode 7 design approach. Peng 

et al. (2017) conducted a reliability-based design of a rock slope with the objective of maximizing the design 

robustness using MCS. Lü et al. (2017) applied a reliability-based design optimization to a rock tunnel support 

system with multiple failure modes using response surface method. However, limited effort has been put to 

develop an approach for reliability-based optimization retaining wall design, particularly considering the system 

probability of failure. 

This paper aims to propose a system reliability-based optimization design approach to a semi-gravity 

retaining wall considering the overturning and sliding failure modes. The procedure is encoded in a spreadsheet 
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to ease its application in engineering practice. Several simple cases are employed to illustrate the effectiveness 

and robustness of the proposed method. 

 

2 Limit State Function and Random Variables 

 

2.1    Limit state function 

A semi-gravity retaining wall (see Figure 1) with two failure modes (overturning and sliding) commonly 

employed in engineering practice is considered in this study. Their limit state functions (LSFs) can be written as 

(Low 2005; Low et al. 2011): 

1

1 1 2 1 2 2 av 2 ah

2
x ( )

3 2 3

a H
G W b b W b P b P

æ ö
= - + - + -ç ÷

è ø
   (1) 

2 2 a ahxG b c P= -   (2) 

where 

1 wall 2 10.5 ( )W b b Hg= -    (3) 

2 wall 1=W b Hg    (4) 

2

av a soil

1
= cos + -

2 2
P K H

p
g d a× × ×  

 (5) 

2

ah a soil

1
= sin + -

2 2
P K H

p
g d a× × ×  

  (6) 

and where Ka is the Coulomb active coefficient, b1 and b2 are widths of the top and bottom of the retaining wall; 

ca is the base adhesion; α is the inclination of the back of the wall; H is the height of the wall; δ is the interface 

friction angle between the concrete wall and the soil; γwall and γsoil are unit weights of the retaining wall and the 

retained soil, respectively. 

 

Figure 1.  Schematic diagram of a semi-gravity retaining wall (after Low (2005)). 

 

2.2   Random variables 

The internal friction angle of soil, φ, the base adhesion, ca, and the interface friction angle between the concrete 

wall and the soil, δ, are considered as random variables in the system reliability-based design. Other parameters 

are all regarded as deterministic variables as their variances are relatively small. 

Generally, the mean value, !, of random variables can be obtained from in-situ or laboratory tests. However, 

the standard deviations, σ, and the distribution types of the three random variables are often not available as a 

sufficiently large number of tests to obtain their statistical information is usually not available. To facilitate its 

estimation, the coefficients of variation, COV, of variables considered in the reliability design of a retaining wall 

can be divided into three levels, as listed in Table 1 (Phoon 2008). The retaining wall designer can choose the 

level of variance and its corresponding COV value according to the characteristic of the site. Two distribution 

types, namely normal distribution and lognormal distribution, are considered for the random variables in this 

study. But the lognormal distribution is rather preferred, as it avoids the negative values generated by the normal 

distribution. The correlation relationship between the three random variables should also be considered in the 
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design. For instance, φ and δ are often considered positively correlated with a correlation coefficient of 0.8 (Low 

et al. 2011). 
 

Table 1.  Coefficient of variation (COV) employed in the reliability-based design of a retaining wall. 

 

Random variable Level of variance COV 

Internal friction angle of 

soil, φ 

Low 0.075 
Medium 0.125 

High 0.175 

Base adhesion, ca 
Low 0.2 

Medium 0.4 
High 0.6 

Interface friction angle 

between the concrete wall 

and the soil, δ 

Low 0.4 
Medium 0.6 

High 0.8 

 

3 Reliability Analysis 

 

3.1    Reliability analysis of individual failure mode 

The response surface method (RSM) aims to construct a closed-form polynomial function, which is 

approximately equal to the actual limit state function in the region with maximum contribution to the probability 

of failure. Reliability analysis can then be easily performed based on this response surface. 

To evaluate the reliability index of each individual failure mode of the retaining wall, an iterative RSM 

proposed by Rajashekhar and Ellingwood (1993) is employed in this study. The quadratic polynomial function 

without cross terms in U-space is defined as 
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where a0, bi, and ci are coefficients to be determined, and n is the number of random variables. By using the 

RSM, one can easily obtain the reliability index, β, and the design point, u*, of both overturning and sliding 

failure modes. 18 simple cases are used herein to verify the accuracy of RSM in the reliability analyses of 

individual LSFs for retaining walls (details of these cases are not provided due to space limitation). Reliability 

results with 1,000,000 Monte Carlo simulations (MCS) are considered as reference (see Figure 2). The computed 

results show that, for all the cases under consideration, RSM provides a good approximation to the MCS, with an 

absolute relative error of less than 5%. Therefore, the RSM can be used as an alternative to the original LSFs in 

the system reliability-based optimization design of the retaining wall. 

 
Figure 2.  Comparison of RSM and MCS for the reliability analyses of retaining walls. 

 

3.2    System reliability assessment using a linearization approach 

For a series geotechnical system with m LSFs, Zeng and Jmenez (2014) proposed a linearization approach to 

estimate its system probability of failure, Pf,s, based on the information provided by the design points, which is 

given as: 

1
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j=1,…,m; and where α is the unit direction vector at the design point, given by 
* */=α u u . 

However, the function library of EXCEL spreadsheet only provides the CDF of the one-dimensional 

standard normal distribution (NORMDIST), while the semi-gravity retaining wall system studied in this paper 

has two failure modes. To circumvent this problem, an approximation algorithm is employed to estimate the 

CDF of the two-dimensional standard normal distribution in the spreadsheet (Gong and Zhao 1996). 
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where ( )F ×  is the CDF of standard normal distribution, β1 and β2 are the reliability indices computed by the 

RSM for the two failure modes considered, R1,2 is the correlation coefficient of the two failure modes. 

To assess its accuracy, three different methods are used to compute the system probability of failure of a 

semi-gravity retaining wall. Table 2 shows that the reliability computed with the RSM-based linearization 

approach agrees well to that evaluated by MCS, with a small relative error of 1.15%. In addition, note that 

although the RSM-based bimodal bounds provide very similar probability of failure to the proposed method, 

they can hardly be employed for optimization, as they are a range of probability rather than a certain value. 

 
Table 2.  System probability of failure computed by different methods for a retaining wall. 

 

Method Pf,s (%) Deviation from MCS (%) 

MCS (1,000,000 simulations) 0.260 - 

RSM-based bimodal bounds 0.262-0.264   1.15
 a

 

RSM-based linearization approach 0.263 1.15 
a 

Deviation with respect to MCS computed for mean value of bimodal bounds. 

 

4 System Reliability-Based Design of a Retaining Wall 

 

The section profile of the semi-gravity retaining wall can often be reduced to a trapezoid (as shown in Figure 1). 

Then the cross sectional area, S, of the semi-gravity retaining wall is computed as 

1 20.5( )S b b H= +  (10) 

where b1 and b2 are the top and bottom widths of the cross section, respectively; H is the height of the semi-

gravity retaining wall (often determined according to the engineering requirement). The purpose of the optimum 

design is to obtain a minimum cross sectional area, Smin, which is equivalent to find a minimum sum of b1 and b2 

under the corresponding constraint conditions. Then, the mathematical formulation of a system reliability-based 

optimization design can be defined as 

minimize  b1 + b2 

subject to 

, , targetf s fP P£  

1,min 1 1,maxb b b£ £  

2,min 2 2,maxb b b£ £  

(11)

where Pf,target is the target system probability of failure, and its value is defined as 0.001 in this study; b1,min and 

b2,min are the lower bounds of b1 and b2, and b1,max and b2,max are the upper bounds of b1 and b2. They are defined 

as follows according to the design handbook (Wei and Zhou 2004). 

0.4m  ≤  b1 ≤  1/12H 

0.5H  ≤  b2  ≤  0.7H 
(12)

Note that different values can be used for Eq. (12) when different retaining wall design codes are employed. 

In general, many optimization algorithms (e.g., gradient descent, quasi-Newton method and genetic 

algorithm) can be employed to solve this constraint optimization problem. However, having real geotechnical 

engineering practice in mind, only certain values are considered as possible solution; therefore, a discretization 

method is used in this study. In particular, we discretize the top and bottom widths using intervals of 0.05m and 

0.1m, respectively (as shown in Figure 3). Then, the optimization procedure starts from the left bottom point 

(with minimum cross sectional area), and computes the system probability of failure, Pf,s, for each combination 

of b1 and b2 from left to right and from bottom to top (i.e., blue ■ in Figure 3). Once the computed Pf,s is equal to 

or less than Pf,target (i.e., yellow ▲ in Figure 3), the procedure will stop, and the remaining combination of b1 and 

b2 (i.e., red $ in Figure 3) will not be tested. Then, one can obtain the desired minimum cross sectional area of a 
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retaining wall that satisfies the reliability-based design constraints given in Eq. (11). To further ease the 

application of the proposed method in engineering practice, the whole system reliability-based optimization 

design procedure is encoded in a spreadsheet as shown in Figure 4.  

 

 

Figure 3.  Schematic diagram of discretization. 

 

 

Figure 4.  System reliability-based optimization design of a retaining wall in a spreadsheet. 

 

5 Case Studies 

 

Five typical semi-gravity retaining wall cases taken from the literature (Ibrahim 2015; Li et al. 2010; Low 2005; 

Shao et al. 2011; Tiznado and Rodríguez-Roa 2011), are employed in this paper to validate the accuracy of the 

proposed system reliability-based optimization method. The computed results are listed in Table 3 with 

comparison to the original design. Results show that our proposed method obtains optimal dimensions of the 

retaining walls that satisfy the reliability requirement. The cross sectional areas provided by the proposed 

method for the five cases considered are often smaller than those of the original designs, which implies that the 

proposed method is able to obtain a design with minimal volume. Moreover, based on the obtained values of b1 

and b2, the factor of safety, FS, with respect to overturning and sliding failures can also be computed, 

respectively (as listed in Table 3); and these values can also be compared with conventional design codes to 

further validate the safety of the retaining wall. In this way, both the deterministic design and the reliability-

based design can be used together; i.e., they are complementary tools to better understand the design of the 

retaining wall. 
Table 3.  System reliability-based optimization design of five retaining walls. 

 

Case This study Original design Pf,s FSoverturning FSsliding 

1 
b1=0.40m b1=0.80m 

0.000909 2.03 2.25 
b2=2.70m b2=5.00m 

2 
b1=0.40m b1=2.00m 

0.000674 2.38 2.29 
b2=3.00m b2=5.00m 

3 
b1=0.40m b1=0.50m 

0.000500 1.82 3.51 
b2=1.60m b2=3.00m 

4 
b1=0.40m b1=0.70m 

0.000312 1.81 6.83 
b2=1.60m b2=2.50m 

5 
b1=0.45m b1=0.40m 

0.000757 1.74 2.39 
b2=2.00m b2=1.80m 
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6 Summary and Conclusions 

 

This paper proposes a simple system reliability-based optimization design method for a semi-gravity retaining 

wall considering overturning and sliding failure modes. The linearization approach is used to assess the system 

probability of failure using the reliability index and design point of each LSF, as provided by the response 

surface method. The discretization method is applied to minimize the cross sectional area of the retaining wall 

that has a system probability of failure equal to, or less than, a threshold value. The whole procedure is encoded 

in spreadsheet to ease the application of this method in engineering practice. Five simple semi-gravity retaining 

wall cases are used to demonstrate the accuracy of the proposed method. 

Compared with the conventional retaining wall design method that employs the factor of safety, the 

proposed method can better consider the uncertainties embedded in the soil parameters and their correlation 

relationship, and it helps designers to design from the perspective of probability. And, although the reliability 

equations are more challenging mathematically, with the aid of the spreadsheet, the designer can obtain the 

optimal design parameters efficiently and accurately. In this way, the system probability of failure and the factor 

of safety can be used together to better understand the design aspects of the retaining wall. It should also be 

noted that, the proposed method only considers the volume of material in the wall. Other aspects (e.g., degree of 

reinforcement, ease of construction) could also influence the cost, they should be considered in engineering 

practice in future studies. 
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