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Abstract: This paper addresses the probability of failure (Pf) and reliability index (β) of infinite slopes of undrained clay, dry 

slopes and saturated slope with seepage conditions. To this end, the infinite slope is analyzed in different conditions, 

following the Mohr-Coulomb failure criterion. Parameters such as soil strength, slope geometry and pore pressures are 

generated using random variables, with the StRAnD v2.00 program. Within the limitations of infinite slope assumptions, the 

paper clearly demonstrates the importance of reliability analysis in random materials with the use of First order second 

moment (FORM), Second order reliability method (SORM), “Crude” Monte Carlo Simulation (MCS) and importance Monte 

Carlo Simulation (IMCS) in the design of infinite slopes.  
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1 Introduction 

 

The infinite slope method is widely used as the geotechnical component of geomorphic and landscape evolution 

models. Its assumption that shallow landslides are infinitely long is usually considered valid for natural 

landslides on the basis that they are generally long relative to their depth (Baecher and Christian 2003). Research 

activity in the mechanics of landslides has led to renewed interest in the infinite slope equations, and the need for 

a more general framework for giving insight into the probability of failure of long slopes involving non-

homogeneous vertical soil profiles and variable groundwater conditions (Silva et al. 2008; Zolfaghari and Heath 

2008; Griffiths et al. 2011). 

Infinite slope methods analyze the translational slope stability. The assessment of reliability and probability 

of failure for a slope should be considered as complementary to the usual deterministic analyses (Glade et al. 

2005). The superficial sliding layer is thin compared to the slope’s height, and it is assumed to extend upslope 

and downslope infinitely (Briaud 2013; Duncan et al. 2014).  

The values of minimum FS found in specifications and in the literature tend to be fairly consistent, even for 

different types of slope, regardless of (1) the degree of uncertainty associated with loads inducing instability of 

the slope and the resistance against the loads and (2) the geometry of the slope (Rackwitz 2000; Salgado and 

Kim 2014).  

The analyses of infinite slope stability depend on saturation and seepage conditions. The analyses objective is 

to produce estimates of the probability of infinite slope failure, as opposed to the factor of safety. Consider a 

typical slice of the infinite slope shown in Fig. 1.  

 

 
 

Figure 1.  Infinite slope configuration. 
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2 Problem Setting 

 

2.1    Performance function 

The structural reliability problem is formulated in terms of a random variable vector, X= {X1, X2,…, Xn}, 

representing a set of random geotechnical parameters. The probability of failure is given by: 
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where fX(x) represents the joint probability density function of x and the integral is carried out over the failure 

domain. In these cases, the minimal distance of the limit state function g(y)=0 to the origin is the so-called 

reliability index (β), and the point over the limit state with minimal distance to the origin is called “design point”. 

In standard Gaussian space, the limit state function is approximated by: 
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where Φ(.) is the standard Gaussian cumulative distribution function (Melchers and Beck, 2018). The limit state 

function in slope stability problems is generally expressed as (Phoon 2008): 
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where FS is the safety factor. 

 

2.2    Reliability Methods 

In this study, approximate methods such as First-Order Reliability Method (FORM) and Second-Order 

Reliability Method (SORM) are employed, and compared with exact methods as “Crude” Monte Carlo 

Simulation (MCS) and Importance Sampling Monte Carlo Simulation (iMCS) in different infinite slopes 

conditions. A complete explanation of these reliability methods is found in (Melchers and Beck 2018). 

 

2.3    Application of the problem and boundary conditions 

The slope of the study consists of a homogenous earth slope. The uncertain stability analysis is characterized by 

uncertain effective cohesion (c´), undrained shear strength (Cu), specific weight (γ), saturated specific weight 

(γsat), slope inclination (i) and effective stress friction angle (!´). The geometry is considered deterministic and 

change in function of the problem (fproblem), with variables height above of the water surface (h1), height of the 

groundwater table above bedrock (h2) and depth soil above bedrock (H). Consider a typical slice of the infinite 

slope, as shown in Fig. 1. The infinite slope equation for the factor of safety (FS) of a homogeneous soil in this 

case (Phoon 2008; Griffiths et al. 2011) is given by 
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All the parameters are shown in Figure 1. The uncertain stability parameters are assumed to have Lognormal (LN) 

distribution, according to the situation of the analysis. The mean (µ) and the Coefficient of Variation (COV) of 

all the parameter of the slope are shown in Table 1. 
 

Table 1.  Soil parameters of the slope problem. 

 

Number Variable Unit " COV (%) 

X(1) Effective cohesion (c´) kPa 10.0 50.0 

X(2) Undrained shear strength (Cu) kPa 25.0 20.0 

X(3) Specific weight (γ) kN/m3 17.0 7.00 

X(4) Saturated specific weight (γsat) kN/m3 20.0 7.00 

 Height above of the water surface (h1) m fproblem - 

 Height of groundwater table above bedrock (h2) m fproblem - 

 Depth soil above bedrock (H) m fproblem - 

X(5) Slope inclination (i) ° 30.0 - 

X(6) Effective stress friction angle (!´) ° 30.0 20.0 

 
The numerical calculations were implemented in the StRAnD v2.00 program (Beck 2008), developed in Fortran 

language. 
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3 Examples of Infinite Slopes 

 

In this section, reliability analysis is applied for three cases of infinite slope: undrained clay,  dry slopes and 

saturated slope with seepage. The limit state functions for the three examples are derived from Eq. (4). The 

examples differ in the number of random variables, but also depth soil above bedrock (H). 

 

3.1    Example A: undrained clay 

The first infinite slope example considers two random variables (Cu and γ), and Eq. (4) therefore simplifies to: 
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Using the mean values (µ) of the parameters, safety factors are found as 3.40, 1.70 and 1.13, for heights H of 1.0, 

2.0 and 3.0 meters, respectively. 

 

3.1.1    Results of deterministic and reliability analysis 

In order to compute the Pf with FORM, SORM, MCS and IMCS, we must assume a Lognormal (LN) distribution 

of the two random variables (Cu and γ), hence the probability of failure is given by the limit state function Eq. (5). 

The Pf and the β are shown for 3 cases of the deterministic parameter H in Table 2. 
 

Table 2.  Results of the reliability analysis with FORM, SORM, MCS and IMCS.  

 

Analysis H (m) 
FORM  SORM  MCS  IMCS  

Pf β Pf β Pf β Pf β 

A1 1.0 4.79*10-9 5.74 4.79*10-9 5.74 5.23*10-9 5.82 5.05*10-9 5.73 

A2 2.0 7.35*10-3 2.44 7.35*10-3 2.44 6.60*10-3 2.48 7.68*10-3 2.42 

A3 3.0 3.05*10-1 0.51 3.05*10-1 0.51 3.04*10-1 0.51 3.10*10-1 0.49 

 

An advantage of the FORM method is the possibility of carrying out sensitivity analyses, through the 

direction cosines at the design point (α2). Figure 2 shows sensitivity factors αi
2 for limit state function of this 

example. Again, it is observed that undrained shear strength (Cu) is the most relevant random variable, and the 

specific weight (γ) has less relevance. 
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Figure 2.  FORM sensitivity coefficients αi

2 for limit state function of the analysis A. 

 

Results for reliability analysis were computed by two Monte Carlo simulation techniques: crude Monte Carlo 

and importance sampling using design points. Fig. 3 shows converge plots for crude and importance sampling 

Monte Carlo, in terms of a number of samples nS, for the case with medium failure probability (H=2.0 m); in 

addition, Fig. 3 shows the confidence intervals (Pf  Upper and Pf  Lower curves).  
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Figure 3.  Convergence of crude (left) and importance sampling (right) of the analysis A2. 
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The upper and lower probability of failure approximate 95% confidence limits for the mean flow of the Pf. In 
95% of cases the true value lies in the confidence interval. In 5% of cases it is outside the interval. For the MCS 
the Pf Upper and Lower has a large variation between both of them, in turn, the IMCS has a closely fluctuation 
of the Pf (Figure 3). 

Acceptable failure probabilities for slopes are given for temporary structures as 0.1, and for general slopes as 
0.0001  (Santamarina 1992; Salgado and Kim 2014). A maximum value of Pf of natural slopes in a range of 
0.001-0.15 is suggested by (Chowdhury and Flentje 2003), changing with potential failure modes and 
consequences of slope failure. (Christian et al. 1994) suggested a Pf of 0.001 would be a reasonable number to 
use in design. (Loehr et al. 2005) set the range of Pf from 0.001 to 0.01 for slopes with high potential risk and 
low potential risk, respectively. (Christian 2004, 2013) has done characterization to express the acceptable 
probability of failure as a function of a number of fatalities.  

Depending on the importance of the slope, the Pf of 30 % in a slope with H of 3 meters should be taken with 
care. According to authors above, this slope is unacceptable. It is very important to determine the correct depth 
in an infinite slope reliability analysis. A variation of more than 100 % of β between the analysis A1 to A2 or A3 
shows that the parameter of the geometry H is a very important parameter. The analyses A1 and A2 show an 
acceptable Pf in these conditions; therefore, the design of the slope is possible until 2 meters above the intact 
rock. 

It is important to keep track of the computational efficiency of the solutions: first-order methods (FOSM and 
FORM) applied to the infinite slope problem resulted in accurate results, with much smaller computational cost, 
in comparison with simulation methods (MCS and IMCS).  
 

3.2    Example B: Dry Slopes 

The second infinite slope example in dry condition considers three random variables (c´, γ and !´); hence Eq. (4) 

therefore simplifies to: 
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Using the mean values (µ) of the parameters, safety factors are found as 2.36, 1.45 and 1.27 for heights H of 1.0, 

3.0 and 5.0 meters, respectively. 

 

3.2.1    Results of deterministic and reliability analysis 

In order to compute the probability of failure with the FORM, SORM, MCS and IMCS, we assume a Lognormal 

(LN) distribution of the three random variables (c´, γ and !´). The probability of failure is evaluated considering 

Eq. (6) as limit state function. The Pf and the β are shown for 3 cases of the deterministic parameter H in Table 3. 
 

Table 3.  Results of reliability analysis with FORM, SORM, MCS and IMCS.  

 

Analysis H (m) 
FORM  SORM  MCS  IMCS  

Pf β Pf β Pf β Pf β 

B1 1.0 7.69*10-4 3.17 7.69*10-4 3.17 6.00*10-4 3.24 5.21*10-4 3.27 

B2 3.0 6.29*10-2 1.53 6.29*10-2 1.53 5.32*10-2 1.61 5.11*10-2 1.63 

B3 5.0 1.69*10-1 0.96 1.69*10-1 0.96 1.46*10-1 1.05 1.49*10-1 1.04 

 

Figure 4 shows sensitivity factors αi
2 for limit state functions of this example. Again, it is observed that 

effective cohesion (c´) and the effective stress friction angle (�´) are the most relevant random variables, and the 

specific weight (γ) has less relevance. For 1 meter of depth, the cohesion is the most important parameter, but 

between 1 and 3 meters of depth the situation change and the friction angle become the most relevant parameter. 
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Figure 4.  FORM sensitivity coefficients αi
2 for limit state function of the analysis B. 
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The most critical situation is the infinite slope with 5 meters of soil above the intact rock with Pf of 16.9%. 
According to the authors (Santamarina 1992; Christian et al. 1994; Chowdhury and Flentje 2003; Christian 2004, 
2013; Loehr et al. 2005; Salgado and Kim 2014), this slope is unacceptable. As shown in example A, the 
variation of more than 100 % of the β between the different analysis shows that the geometry parameter H is 
very important. The analysis B1 and B2 show an acceptable Pf in these conditions; therefore, the design of the 
slope is possible until 3 meters above the intact rock. 

The MCS for the different analysis shows that the number of simulations is adequate in order to find the Pf 
and β. Results confirm that FORM and SORM are accurate enough for this problem, in comparison with MCS 
and IMCS, with errors between 2 and 10%. 
 

3.3    Example C: Saturated Slope with Seepage 

The third infinite slope example considers four random variables (c´, γ, !´ and γsat). In this case, Eq. (4) 

simplifies to: 
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Using the mean values (µ) of the parameters, the safety factors are found as 2.82, 1.66 and 1.09 for heights H of 

0.5, 1.0 and 2.0 meters, respectively. 

 

3.3.1    Results of deterministic and reliability analysis 

In order to compute the probability of failure with the FORM, SORM, MCS and IMCS, we assume Lognormal 

(LN) distributions for the four random variables (c´, γ, !´ and γsat). The limit state function is Eq. (7). The Pf and 

the β are shown for 3 cases of the deterministic parameter H in Table 4. 

 
Table 4.  Results of the reliability analysis with the FORM, SORM, MCS and IMCS.  

 

Analysis H (m) 
FORM  SORM  MCS  IMCS  

Pf β Pf β Pf β Pf β 

C1 0.5 3.45*10-3 2.70 3.45*10-3 2.70 4.20*10-3 2.64 2.91*10-3 2.76 

C2 1.0 8.76*10-2 1.36 8.76*10-2 1.36 7.28*10-2 1.46 8.26*10-2 1.39 

C3 2.0 4.78*10-1 0.05 4.78*10-1 0.05 4.41*10-1 0.15 4.44*10-1 0.14 

 

Figure 5 shows sensitivity factors αi
2 for limit state functions of this example. Again, it is observed that 

effective cohesion (c´) is the most relevant random variable, and the others parameters have less relevance. 
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Figure 5.  FORM sensitivity coefficients αi
2 for limit state function of the analysis C. 

 
The most critical situation is the infinite slope with 2 meters of soil above the intact rock with 47.8% Pf and 

according to different authors (Santamarina 1992; Christian et al. 1994; Chowdhury and Flentje 2003; Christian 
2004, 2013; Loehr et al. 2005; Salgado and Kim 2014) this slope is unacceptable. As is shown in the examples A 
and B, the variation of more than 100 % of β between the different analysis shows that geometry parameter H is 
very important. The analyses C1 and C2 show an acceptable Pf in these conditions; therefore, the design of the 
slope is possible until 1 meter above the intact rock. 

The MCS for the different analysis shown that the number of simulations is adequate in order to find the Pf 
and β. Comparing MCS and IMCS with the FORM and SORM method, the variations are from 2 % to 60 % that 
shown some variations in specially when the slope has more Pf. 
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4 Conclusions 

 

In this paper, we addressed reliability analysis for three cases of infinite slope: undrained clay, dry slope and 

saturated slope with seepage. In all cases studied, slope reliability was found to change significantly with the 

depth of soil above bedrock (H). For larger values of H, slope reliability drops below internationally accepted 

values.  For undrained clay in example A, it was observed that undrained shear strength (Cu) is the most relevant 

random variable, and the specific weight (γ) has less relevance in the reliability analysis. For a dry slope in 

example B, effective cohesion (c´) and the effective stress friction angle (!´) are the most relevant random 

variables, and the specific weight (γ) has less relevance in slope reliability. For a saturated slope with seepage 

(example C), it was observed that effective cohesion (c´) is the most relevant random variable; whereas specific 

weight (γ), effective stress friction angle (!´) and saturated specific weight (γsat) have less relevance in the 

reliability analysis. In all cases, results obtained by FORM and SORM agreed with results obtained by Monte 

Carlo simulation, showing that the infinite slope reliability problem is not excessively non-linear. This includes 

the linearity of the limit state functions, and the transformation of log-normal variables to standard normal space. 

Taking into account the reliability analysis, the design of slopes shown different acceptable height of infinite 

slopes between the Pf and FS.  
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