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Abstract: To perform a reliability-based design of shallow foundations the level 3 from ISO 2394 has been followed. 

The bearing capacity of shallow foundations has been calculated according to the Random Finite Element Method (RFEM) 

under undrained conditions that are dependent only on su values. The variability structure of the undrained shear strength su is 

derived from the qc calculated values through the Ordinary Kriging technique. By this latter method, the high spatial 

variability structure of CPT readings (tip resistance qc and the sleeve friction fs) have been characterized up to the first 10 m 

depth through a 3-dimensional stochastic anisotropic model of the alluvial deposits located in Bologna province. The vertical 

semi-variograms drawn from the first 30 m in depth, show horizontal scales of fluctuation dv as long as 2 m whereas the 

horizontal ones dh get to 1400 m. In RFEM numerical analyses two vertical scales of fluctuation dv of qc values were then 

used: 0.5 m (as the minimum value), 2 m (as the maximum value). The horizontal scale of fluctuation dh is assumed to equal 

to 1400 m. Resulting mean bearing capacity values show to be moderately influenced by the scale of fluctuation of su, as 

expected. The largest effects have been observed on the coefficient of variations of the bearing capacity CoVbc: the CoVbc 

increases as the dv of su increases. 

 

Keywords: Ordinary Kriging; Po plain alluvial deposits; random finite element method; bearing capacity; anisotropic 

variability structure. 

 

1 Introduction 

 

The ISO 2394 (2015) standard defines three levels of structural performance to be taken into account in civil 

engineering designing. One out of the three levels of performance shall be satisfied: (1) the first level is the risk, 

which should be perceived as related to human safety. Risk may also be defined as an economic risk represented 

by the sum of all the costs (e.g., building, maintenance, etc.); (2) the second level is the reliability-based 

performance, that imposes the structure to fulfill reliability requirements, in terms of a maximum admissible 

failure probability or minimum values for the reliability index b; (3) the third level called semi-probabilistic 

assumes design parameters as the performance indicators, such as structural characteristics, response parameters 

or functionalities. Commonly, to establish the relation between performance indicators and structural properties a 

performance model should be defined. It shall consider all relevant failure modes and interaction between the 

structure and the environment (e.g., wind, water or soil). All the levels of the structural performance might be 

achieved for geotechnical structures. Hereinafter, the third performance level for shallow foundations in highly 

variable alluvial deposits has been calculated. The location of the present shallow foundation design is the Po 

river plain (Emilia Romagna Region, Italy) where tip resistance qc profiles of 182 cone penetration tests CPTs 

have been collected to characterize the resistance of the first 10 m depth of silty, clayey and sandy soils. In order 

to characterize the spatial variability structure of these deposits two techniques have been employed: the random 

field RF approach by Vanmarcke (1983) and the Ordinary Kriging OK procedure (Matheron 1973). In this study 

area, the RF method has been used by Pieczyńska-Koz�owska et al. (2017) and later the OK has been also 

applied by Vessia et al. (2018). Results from the application of the aforementioned approaches in the study area 

suggest that where sedimentary layers cannot be clearly detected, the calculation of the scale of fluctuation 

through the RF might be cumbersome or misleading. Thus, the Ordinary Kriging has been preferred to calculate 

the range of variation of the scale of fluctuation of the considered deposits from 182 qc readings. Then, the 

calculated 3D stochastic anisotropic model of qc readings has been used within the random finite element method 

RFEM to estimate the shallow foundation bearing capacity under undrained conditions: mean values and the 

spatial variance have been estimated in 2-dimensional simulations of an anisotropic random field. In the 

following, the study site has been briefly described and characterized in section 2, then in section 3 and 4, the 

statistical methods used to characterize the variability structure of qc and the bearing capacity qult respectively 

have been briefly described. Then, in section 4 the numerical analyses performed in terms of mean values and 

coefficients of variation of the shallow foundation bearing capacity have been presented and discussed.  
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2 Geological and Litho-Technical Characters of the Study Area  

 

The Po river alluvial plain is located in the Northern part of Italy and it is one of the largest basins in Europe 

with its extension of about 46,000 km2 (Fig. 1a). The Po basin is a tectonic depression created by a rapidly 

subsiding foreland basin, bounded by the S-verging Alpine fold-and-thrust belt to the North (i.e., the Southern 

Alps), and by the N-NE verging Apennines to the South (Astori et al. 2002). This tectonic plain is filled by 

heterogeneous deposits of hundreds of meter thickness made up of Pliocene-Quaternary alluvial deposits (Pieri 

and Groppi 1981) (Fig.1b). In the study area, that is the portion of the Po river deposits located in Bologna 

province, the surficial sediments are prevalently fine soils that are mixtures of clays, silts, and sands.  

 

 
 

Figure 1. Location Emilia Romagna Region and the study area within the Po river plain. a) Red boundary: Study area; purple 

points: 182 CPTs. b) Alluvial deposit types. 

 

There, 182 CPTs have been collected to characterize these sediments up to about 35m in depth. The dataset 

is related to the North-Eastern area of Bologna province as shown in Fig. 1a. Robertson lithological 

classification (Robertson 2009) has been used to calculate the soil type index  ISBT through the qc and fs 

readings. Table 1 summarizes the values of the ISBT corresponding to the soil types. 

 
Table 1. Soil type index calculated according to Robertson� formulation (2009). 

 

SBT zone Lithological Classification ISBT 

2 Clay � organic soil ISBT >3.60 

3 Clays: clay to silty clay 2.95 < ISBT <3.60 

4 Silt mixtures: clayey silt & silty clay 2.60 < ISBT <2.95 

5 Sand mixtures: silty sand to sandy silt 2.05 < ISBT <2.60 

6 Sands: clean sands to silty sands 1.31 < ISBT <2.05 

7 Dense sand to gravelly sand ISBT <1.31 

 

Figure 2 shows the ISBT index values calculated for the abovementioned 182 CPTs. The considered CPT 

readings are quasi-continuous measures performed at a distance of 20 mm alongside depth; conversely, the 

horizontal distance between pairs of CPTs, in this case study, is at least 500 m long. As shown, the prevalent soil 

types up to 5-6 m depth are ISBT3 to ISBT6 meaning that they vary from mixtures of silt and clay to sands; 

under 6 m and up to 10 m the dense sand and gravel content although in a few locations, can be detected. Up to 

10 m depth, then, the mixture character without a clear sedimentary layering suggested using geostatistical tools 

to reconstruct the spatial variability structure of these sediments to be used for the bearing capacity calculation of 

shallow foundation design. 

The key goal in the structural designing process is to achieve a uniform level of reliability. In geotechnical 

engineering, the preceding goal is far more challenging than in structural engineering because the natural soils 
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are very variable media. For designing the bearing capacity of shallow foundations qult in fine soils, the most 

common equation is referred to the undrained conditions:  

 (1) 

  (2) 

where su is the undrained shear resistance; qc is the cone tip resistance measured at each depth; sv is the total 

stress at the qc depth; Nk is the cone factor that varies between 9 and 20 depending on the geometry of the tip of 

the penetration device. In this study, Nk is assumed to equal to 15.  

 

 

 

 
Figure 2.   a) Soil behavior type ISBT index calculated for all 182 CPTs up to 10 m depth; b) Best-fitted model variograms 

and their main features for both horizontal and vertical variability structures of 182CPTs used in the present study. 

 

a) b) 
 

Figure 3.  a) Histogram of the mean su results; b) Scatter plot among su mean values and their coefficient of variation CoV. 

 

Although the ISBT index is similar for most of CPT measurements the results of undrained shear resistance 

su mean values differ significantly each other. Figure 3a shows the histogram of su mean values. The histogram 

could be fitted through a lognormal distribution function. The authors considered helpful to plot the range of the 

design parameter mean values su and their coefficients of variation CoV based on the suggestions of the 

ISO 2394 (2015), as shown in Fig. 3b. This latter points out that the largest part of the su mean values vary from 

50 kPa and 300 kPa from 0 to 10 m depth and the CoV shows the major part under 1 but another part of the 

values get 2. This means that the su data are highly dispersed around its mean. 
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3 Statistical Methods Applied to the 182 CPTs  

 

The calculation of the scale of fluctuation of qc based on 182 readings can be accomplished essentially through 

two methods:  

1. Individually, analyzing CPTs through the random field theory by Vanmarcke (1983). It has been applied 

by several authors in the literature (Campanella et al. 1987; DeGroot and Baecher 1993; Baecher and 

Christian 2003; Wackernagel 2003; Uzielli et al. 2005; Vessia et al. 2011; Bagińska et al. 2016) for limited 

areas. However, this approach is inefficient when a large number of soil measurements must be processed, 

the size of the study area increases and a layered soil succession cannot be identified. 

2. Altogether, by means of the Kriging family of geostatistical techniques (Matheron 1973). These techniques 

enable to derive 2D or 3D models of continuous estimates of spatial parameters starting from a set of point 

measures. The stationary approaches that are implemented in the Ordinary Kriging technique calculate the 

interpolated values by functions named "semi-variograms" that are able to catch the variability structure of 

point data provided that the spatial variables are stationary even in a weak sense. For further details, 

Castrignanò (2011) can be read. In the present work the methodology used was the Ordinary Kriging 

(Matheron 1973) to draw the spatial variability 3-dimensional anisotropic model from the 182 qc and fs 

profiles of about 35 m depth (Vessia et al. 2019). The Ordinary Kriging uses semi-variogram functions that 

can be interpreted as the inverse of the autocorrelation functions. Thus, the range of these functions can be 

seen as the scale of fluctuation of the variability structure in each direction. The variograms used in this 

study and their main features are shown in (Fig. 2b): both horizontal and vertical variograms are nested 

functions, meaning that they show composed variability structures with multiple ranges. The vertical 

variability structure shows a trend at long range but the K-Bessel model assumes the stationary is got at a 

longer distance. Such evidence, has been discussed and solved in Vessia et al. (2019) but in this study, 

only the short range of 2 m was considered. The employed OK technique has been able to estimate two 

different sampling variograms: the horizontal (isotropic on the horizontal plane) and the vertical ones 

(Vessia et al. 2018, 2019) for qc. The sampling variograms fitted by variogram models enable to identify 

the scales of fluctuation d of qc measures on both vertical dv and horizontal dh direction. From this study, dv 

is at most equal to 2 m and dh is at most 1400 m. Then, hereinafter, two values of the dv have been 

considered: minimum value of 0.5 and a maximum one of 2 m. The value of dh was assumed infinite in the 

RFEM computations. In the next step, the calculations of the bearing capacity have been addressed by 

using the software-based RFEM method (Fenton and Griffiths 2008; Pieczyńska-Koz�owska et al. 2015). 

 

4 RFEM Analyses for Shallow Foundation Bearing Capacity Calculation 

 

To carry out the numerical analyses using the random finite element method it is needed to define the probability 

density function of the considered random variables. In the present study only the undrained shear strength su is 

considered as the model parameter for the bearing capacity calculation (see Eq. 2). The geometry of the 

numerical model, shown in Fig. 4, has been selected to minimize the boundary effects. The dimension of the 

shallow foundation is assumed B = 1 m. The size of the considered domain is equal to 5 m in horizontal and 2.5 

m in the vertical direction. The probability density function of su random variable has been derived by all the 

analyzed qc measurements within the first 10 m below the ground level: it is the lognormal distribution. The 

finite element numerical model uses a mesh size 5 x 2.5 m consisting of 8-node square finite element each of 0.1 

x 0.1 m. The foundation is buried into the soil at a depth D = 1 m. Other necessary mechanical parameters used 

in numerical analyses are the Young modulus E equal to 36 MPa and the Poisson ratio n equal to 0.3.  

Thus, the numerical analyses were carried out through a code implementing the RFEM method (Pieczyńska-

Koz�owska 2015). It calculates the mean and the standard deviation of the bearing capacity of a shallow 

foundation under undrained condition, to simulate the worst bearing capacity conditions in saturated case of fine 

soils.  

 

5 Results and Discussion 

 
The values of the bearing capacity qult calculated for all the 182 CPTs are shown in Figs. 5 and 6. Figs. 5 present 
the histograms of the bearing capacity mean values for dv equal to 0.5m (Fig. 5a) and 2m (Fig. 5b), respectively. 
The best fitting probability distribution model for the qult mean values in both cases of dv is the normal 
distribution function. Comparing the results from the two scales of fluctuation enables to observe that the 
variability of the bearing capacity values increases as the scale of fluctuation increases: in the case of  dv = 0.5 m, 
the mean value of qult is equal to 316 kPa, whereas when dv= 2 m, the mean value of qult is equal to 325 kPa. The 
mean standard deviations, in both cases dv= 0.5 and 2 m, are 52 kPa and 81 kPa, respectively. Then, the CoV 
shows a slight increase as dv increases according to the increase of both the mean and the standard deviation.  
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Figure 4. The sketch of the shallow foundation numerical model for the RFEM numerical simulations.  

 

a) b) 

 
Figure 5.  Histograms of the bearing capacity mean values for two scales of fluctuation d: a) 0.5 m; b) 2.0 m. 

 

 

a) b) 

 
Figure 6.  Histograms of the bearing capacity mean values calculated for two values of the dv: a) dv = 0,5 m; b) dv = 2,0 m. 

 

Figure 6 shows two collections of the bearing capacity values in the two cases of the dv. The bearing 

capacity means values fall in the range 155 - 575 kPa when dv is 0.5 m (Fig. 6a) and ranges from 175 to 575 kPa 

for the dv equal to 2 m (Fig. 6b). As a matter of fact, the mean values of both data are similar, as argued by Figs. 

5. Major differences can be observed in the coefficient of variation values: there is a marked increase in 

variability in the case of the larger scale of fluctuation dv = 2.0 m. The coefficient of variation of the bearing 

capacity ranges from 0.01 to 0.5 for dv = 0.5 m and from 0.03 to 0.7 for dv = 2.0 m. As pointed out for su, either 

the qult uncertainty gets higher when the dv increases: this can be easily understood when Eq. 2 is considered. 

The qult depends only on the su variability structure. 
 

6 Conclusions 

 

The RFEM has been used to estimate the reliability of shallow foundation qult under undrained conditions in 

highly variable alluvial deposits. By applying the Ordinary Kriging procedure, the vertical and horizontal scale 
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of fluctuation of qc profiles has been drawn from 182 CPTs performed in the Po plain alluvial deposits located in 

Bologna province (Italy). The following major results can be listed below: 

1. The undrained shear resistance calculated from the collection of CPTs appears to be lognormally distributed 

with an average value of about 100 kPa. The range of su means values increases as the coefficient of 

variation increases. The average value of the CoV has been estimated at about 0.5. 

2. The shallow foundation bearing capacity values calculated through the RFEM code shows to be normally 

distributed. 

3. The two sets of the qult values calculated in the case of dv =0.5 m and 2.0 m show similar mean values range 

whereas the CoVs increase according to the scale of fluctuation increasing. 
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