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Abstract: A new approach for 3-D random bearing capacity evaluation for rectangular footings is described. A crucial factor, 

the soil strength properties spatial variability, was considered in the analyses. The proposed method introduces the locations 

of CPT tests and considers their impact on foundation reliability. The undrained shear strength of the soil was modelled using 

a random field, which was discretized via Vanmarcke’s spatial averaging approach to single random variables. Those random 

variables correspond to particular slip surfaces or volumes in the failure mechanism. The Shield-Drucker 3-D failure 

mechanism was selected as a deterministic background; it was adapted to the probabilistic analyses. Simulated annealing was 

used to optimize the failure geometry. Numerical analyses were performed for a variety CPT locations and isotropic and 

anisotropic correlation structures for undrained shear strength. Soil strength properties spatial variability was considered in 

three directions. However, the same values for the horizontal fluctuation scales were assumed for both horizontal directions. 

The importance of proper evaluation of vertical and horizontal fluctuation scales and their impact on foundation reliability 

assessment are shown and discussed. 
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1 Introduction 

 

Probabilistic approaches are currently used extensively in a wide range of geotechnical applications. Random 

bearing capacity evaluations of shallow foundations have been important in recent studies pertaining to the 

influence of soil strength properites spatial variability (Fenton and Griffiths 2008; Huang et al. 2013; Simoes et 

al. 2014; Pu�a and Zaskórski 2015). However, most existing methods have been applied to two-dimensional 

issues (plane strain conditions), which are simplifications of three-dimensional problems. Those simplifications 

can significantly affect the results when the soil spatial variability is not considered in the third direction. The 

lack of three-dimensional probabilistic analyses of shallow foundation bearing capacity can be caused by 

insufficient computational efficiency. As a result, more efficient methods are necessary to estimate the 

foundation random bearing capacity for three-dimensional issues. One possibility is to utilize a kinematical 

approach in accordance with Vanmarcke spatial averaging, an algorithm dedicated to two-dimensional problems 

was proposed by Pu�a and Chwa�a (2018). The corresponding algorithm for three-dimensional issues was 

presented by Chwa�a (2019). It is widely accepted that one can obtain the characteristics of a random field that 

describe soil spatial variability from CPT soundings. Recent applications of conditional random fields in 

geotechnics are also based on Kriging (Lloret-Cabot et al. 2012; Li et al. 2015).  

The approach given by Chwa�a (2019) is extended in this study to allow the consideration of CPT locations. The 

presented approach is a new method for conditioning the random field by locations of CPT. As an numerical 

example, the rectangular footing for variety of CPT locations and variety of correlation structures in random 

fields (which describe soil strength spatial variability) were analyzed. The proposed method is found to be 

appropriate for efficient estimations of random bearing capacity characteristics for three-dimensional shallow 

foundation problems for the undrained conditions.  

 

2 Numerical algorithm 

 
2.1 Probabilistic three-dimensional failure mechanism 

The Shield-Drucker type of failure mechanism for rough footing was used as a deterministic background. 

The deterministic version of the failure mechanism was described by Gourvenec et al. (2006). In this study, 

its probabilistic equivalent described in Chwa�a (2019), was used. The geometry of the considered failure 

mechanism was modified to enable the bearing capacity calculation; different undrained shear strengths were 

applied for slip surfaces. According to the optimization procedure based on the simulated annealing method 

(Kirkpatrick et al. 1984), the optimal geometry of failure was determined (i.e., the geometry for which the 

lowest bearing capacity is obtained). These procedures are the starting point for this study, and they are 

described in detail in Chwa�a (2019). The geometry of the probabilistic version of the failure mechanism is 

shown in Fig. 1.  
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2.2 Extended covariance matrix  

The method developed by Pu�a and Chwa�a (2018) depends on discretization of a random field to single 

random variables according to the Vanmarcke (1977, 1983) approach. The resulting single random variables 

describe averaged soil strength parameters on specific slip surfaces. The correlation structure in the initial 

random field was replaced by a covariance matrix for those single random variables. Due to the assumption 

of a stationary random field, the mean values of the random variables are equal to the mean value of the 

initial random field; however, their variance is reduced. For the known covariance matrix, the algorithm 

based on Cholesky decomposition is used to generate correlated soil strength parameters on each slip surface 

(see Pu�a and Chwa�a (2018) or Chwa�a (2019)). For the three-dimensional failure mechanism, described in 

Section 2.1, the initial random field is discretized to surfaces and volumes. In such a case, the covariance 

matrix is 30×30 in size. However, in this study the author proposes an extension of the framework noted 

above to consider the CPT location in the bearing capacity evaluation. To make it possible within the 

framework of the developed approach, the following assumptions have to be made. The first is related to the 

characteristics of the random field that describe the undrained shear strength; namely, that the mean value, 

variance and fluctuation scales are known. The proposed method is not based on determining the fluctuation 

scales from the CPT soundings. The second assumption (which is not mandatory but is used in the numerical 

example in this study) is that the mean value of the undrained shear strength on the CPT profile is equal to 

the mean value of the initial random field. Therefore, the average undrained shear strength is known for the 

CPT profile direction and the formulas given in Eq. (1) and Eq. (3) for the covariance matrix components can 

be derived. Here, as an example, only derivation of two formulas and its graphical illustration are given. 

However, all of the necessary formulas were derived by the author for the purpose of the numerical 

algorithm. This study focuses on general situation shown in Fig. 2a; the location of one CPT can be selected 

to be arbitrary. However, in the numerical example only locations with  are considered. The cross-

section in the x-z plane is shown in Fig. 2b. According to the parameterization shown in Fig. 3a, the 

following formula for the covariance between the averaged undrained shear strength on the slip surface 

ABFG and the line of CPT can be derived by assuming a Gaussian covariance function and using the 

Vanmarcke averaging approach (Eq. 1).  

   ,            (1) 

Figure 1. Probabilistic version of the three-dimensional failure mechanism 

for rectangular footing (more details appear in Chwa�a (2019)). 
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where  is the area of the rectangular surface ABFG,  is the x-coordinate of point B and  and  

are equal to  and , respectively.  and  are the horizontal fluctuation scales in the x and y 

directions. It is assumed that . Note that parameter  varies from 0.0 to , and  varies from 

 to . The covariance between the considered CPT location and the volume ABC-EFG is derived. 

According to Fig. 3b, the following parameterization can be introduced:  

 

 

 

 

 

 

 

 

 

                                                         (2) 

 

By using Eq. (2), the following formula for the considered covariance can be derived:  

  ,        (3) 

where  is the volume of the region ABC-EFG;  and  are defined in Fig. 3b. The considered 

three-dimensional failure mechanism consists of 30 dissipation regions. Therefore, the addition of the one 

CPT to the covariance matrix boosts its dimension by one; therefore, after considering an additional CPT, the 

final size of the covariance matrix will be 31×31. The covariance matrix is symmetrical. Therefore, 30 new 

covariances between CPT and all dissipation regions have to be derived. Two examples of new covariances 

are given above. As a result, the covariance matrix can be represented as in Eq. (4). 

       (4) 

In Eq. (4), a shortened denoting convention was used. The covariance and variance were denoted by  and 

, respectively. All of the dissipation regions were denoted as given in Table 1.  

2.3 Numerical algorithm 

Figure 2. Rectangular footing and exemplary location of CPT (a); cross-section in the x-z plane (b). 

Figure 3. Parameterization of the ABFG slip surface (a); parameterization of the ABC-EFG region 

(b). 
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The algorithm proposed in this study is consistent with those proposed earlier (Pu�a & Chwa�a 2018; Chwa�a 

2019); however, it encompasses several important differences. The algorithm makes it possible to assume the 

variance of the mean value of the undrained shear strength resulting from the CPT sounding. In general, this 

variance is significantly lower than the variance of the initial random field. Basing on the information given 

in Section 2.2 and the method described in Pu�a and Chwa�a (2018) and Chwa�a (2019), the following five 

primary steps can be defined: 

Step 1. Generate, from a lognormal distribution, a mean value of the undrained shear strength on the 

considered CPT line based on  and . 

Step 2. Generate independent values of the undrained shear strength ( ) from a lognormal 

distribution for each dissipation region based on  and .  

Step 3. Determine an optimal failure geometry for undrained shear strengths from Step 2 (a detailed 

algorithm is provided in Chwa�a (2019). 

Step 4. Determine the extended covariance matrix (Eq. (4)). Calculate the new undrained shear strengths 

(averaged and conditioned by the location of CPT) according to the extended covariance matrix and values 

from Steps 1 and 2. 

Step 5. Determine the optimal failure geometry for the averaged undrained shear strengths from Step 4. The 

corresponding bearing capacity is the result of one realization. 

Step 6. Repeat steps 1�5 N times in a framework of the Monte Carlo method. 

 and  refer to the mean value and variance for a lognormal distribution, respectively;  is the variance 

of CPT mean value (related to CPT accuracy).  

Table 1. Conventions for naming the dissipation regions used in Eq. (4). 

Dissipation 

region 

Denoting 

convention 

Dissipation 

region 

Denoting 

convention 

Dissipation 

region 

Denoting 

convention 

ABFE  UEP  ABC-EFG  

DCHG  USR  AMN-EPR  

AMEP  IAJ  EFG-W  

NORS  TAJ  ABC-I  

ABI  IKL  EPR-U  

ICD  TKL  AMN-T  
EFW  WEZ  AKJ-I  

GWH  WXY  AKJ-T  

TAM  UEZ  EYZ-W  

TON  UXY  EYZ-U  

 

3 Numerical example 

 

A rectangular footing with  m and  m (Fig. 4) was examined. Six CPT locations were considered. 

For each one,  m, and  varies from  m to  m. The view from the top of the described locations 

is shown in Fig. 4. The vertical fluctuation scale is assumed to be equal  m; for each point , numerical 

analysis was performed for the following horizontal fluctuation scales:  m,  m,  m,  m, 

 m,  m,  m,  m,  m and  m. Due to the preliminary nature of the presented 

analysis, the same number of Monte Carlo realizations were assumed for each considered issue (i.e., ).  

 

 
Figure 4. CPT location considered in the numerical example. Note that point  is not drawn to scale. 
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4 Results 

 

As noted in Section 3, six series of analysis were performed involving 60 tasks. The results are shown in Fig. 5; 

panels a and b show the standard deviations and mean values of bearing capacity, respectively. Both the standard 

deviations and mean values are plotted versus a horizontal fluctuation scale. In Fig. 5a, a strong dependence of 

the bearing capacity standard deviation on horizontal fluctuation scale and CPT location can be seen. In most 

cases, for a constant horizontal fluctuation scale, the bearing capacity standard deviation decreases as the CPT 

location approaches the center of the footing. However, for the specified CPT location the bearing capacity 

standard deviation attains a maximum value. The location of the maximum depends on the distance of the CPT 

from the footing center and increases with increasing distance. Namely, for point  the maximum standard 

deviation is observed for ; however, for point  the maximum is observed for . This 

behaviour of the bearing capacity standard deviations is the result of two primary factors: the first one is related 

to the fact that for an unconditioned random field a larger horizontal fluctuation scale results in a larger bearing 

capacity standard deviation. However, for issues conditioned by the CPT location, a larger horizontal fluctuation 

scale yields a stronger correlation; therefore, the observed standard deviation of the bearing capacity is reduced. 

The variability of the bearing capacity mean values is much smaller; the mean values increase slowly with an 

increase in the horizontal fluctuation scale. However, the worst-case correlation length (Fenton and Griffiths 

2008) is observed for  (Fig. 5b). Slightly larger (by 1�3%) mean bearing capacity values are observed 

for points located closer to the center of the footing.  

 
Figure 5. Bearing capacity standard deviations (a); bearing capacity mean values (b). The results are for a rectangular 

footing measuring 2×1 m. 

 
Figure 6. Bearing capacity histograms obtained for ,  and CPT locations  

determined by points: ,  and . 
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A comparison of the three selected bearing capacity histograms is shown in Fig. 6. A decreasing trend in bearing 

capacity standard deviation is clearly observed for CPT locations closer to the footing center.  

 

5 Conclusions 

 

The author has proposed an efficient new algorithm to estimate the bearing capacity for rectangular footings that 

takes into account CPT location. The method presented in this study is an extension of the algorithm proposed 

for rectangular footings (Chwa�a 2019). The preliminary numerical analyses presented in this study indicate a 

strong dependence of CPT location on bearing capacity standard deviation. The proposed approach simplifies the 

problem because only the average value of the CPT profile line (or another testing method) is introduced. It is 

important to note that the approach is not dedicated to determining fluctuation scales from CPT tests (Lloret-

Cabot et al. 2014; Ching et al. 2018). However, the method is promising because it results in high efficiency and 

the ability to include a larger number of soil soundings; both aspects are crucial for practical applications. The 

presented approach can be inverted in a way that a CPT location can be determined to minimize the bearing 

capacity standard deviation. Thanks to the high efficiency of this method, which still can be improved, problems 

with complex foundation systems can be solved. Such work should be an objective for future studies.  
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