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Abstract: Spatial variability in geomaterials in three-dimensions affects the failure mechanism and reliability of geotechnical
structures, and can be modeled rigorously as a 3-D random field. To address the computational difficulties in simulating
large-scale 3-D random fields, an algorithmically simple and computationally economical 3-D random field simulation
approach, referred to as stepwise covariance matrix decomposition method, is proposed in this study. This method is
particularly designed for the separable correlation functions, and significantly improves the computational efficiency for
generating large-scale 3-D random fields. Two examples are worked out to illustrate the capability of the proposed method in
3-D spatial variability modeling in both probabilistic site characterization and geotechnical reliability analysis.
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1

Introduction

The 3-D spatial variability in geomaterials affects the failure mechanism and reliability of geotechnical
structures such as foundations (Fenton and Griffiths 2005; Jaksa et al. 2005; Ching et al. 2017) and slopes (Xiao
et al. 2016; Hick and Li 2018). In geotechnical reliability community, the 3-D spatial variability is often
characterized through probabilistic site characterization (Cao and Wang 2012; Xiao et al. 2018; Liu and Leung
2018) and modeled as a 3-D random field (Vanmarcke 2010). The simulation of random field is essential to
rigorously incorporate the spatial variability obtained by probabilistic site characterization into geotechnical
reliability analysis using the random finite element method (Fenton and Griffiths 2008) or other methods. An
excellent example linking the two parts together can be referred to Jaksa et al. (2005).
Various random field simulation techniques have been developed for 3-D random field simulation, such as
covariance matrix decomposition (CMD) (Fenton and Griffiths 2008), local average subdivision (Fenton and
Griffiths 2008), circulant embedding (Dietrich and Newsam 1997), and many variants of linear estimation (Liu
et al. 2014; Xiao et al. 2016). Particularly the CMD is the most widely-used technique for 1-D and 2-D problems
(Wang et al. 2011; Li et al. 2016; Xiao et al. 2017) due to its simplicity and accuracy. However, a 3-D random
field is usually associated with an extremely large spatial correlation matrix (e.g., 106×106 for a 100×100×100
random field). Direct decomposition of such a large matrix requires massive computational resources, so it is
rarely realized on a desktop computer. By contrast, the local average subdivision method is advocated for 3-D
geotechnical problems (Fenton and Griffiths 2005; Jaksa et al. 2005; Hicks and Li 2018), thanks to the
successful promotion of the random finite element method, even though it is relatively difficult to implement. In
general, the abovementioned random field generation approaches all face computational difficulties to different
degrees in simulating large-scale 3-D random fields. The demand of large-scale 3-D applications calls for a
practical 3-D random field simulation approach that is not only algorithmically simple but also computationally
economical.
This study presents an efficient 3-D random field simulation approach that is developed on the basis of
CMD and particularly for separable correlation functions. Herein, a separable correlation function means a
multi-dimensional function that can be written as the product of multiple directional 1-D correlation functions.
Such a simple but practical assumption is consistent with the conventional probabilistic site characterization that
individually identifies correlation functions in different directions (e.g., vertical direction). With the help of the
assumption of separable correlation functions, the 3-D random field simulation can be simplified in a stepwise
manner with minimal computational efforts. Two application examples on probabilistic site characterization and
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geotechnical reliability analysis will be carried out in this study to showcase the capacity of the proposed
approach in large-scale 3-D random field simulation.
2

Separable Correlation Function

In the context of random field theory (Vanmarcke 2010), a correlation function quantifies how the correlation
between two locations decays as the separation distance increases. Taking the 1-D form as an example, the most
widely-used correlation function type in geotechnical reliability community includes single exponential
correlation function ρ = exp(−2τ/δ), squared exponential correlation function ρ = exp(−πτ2/δ2), and so on, where
ρ = correlation coefficient, τ = separation distance, and δ = scale of fluctuation.
Mathematically, a 3-D separable correlation function has two forms: fully separable form (Xiao et al. 2016;
Ching et al. 2017) or partially separable form (Hicks and Li 2018; Xiao et al. 2018). A fully separable correlation
function reads as

r (t x ,t y ,t z ) = r (t x ) r (t y ) r (t z )

(1)

where τx, τy and τz = separation distances between two locations in the x-, y- and z-directions, respectively. By
contrast, a partially separable correlation function has many different variants, one of which may be written as

r (t x , t y ,t z ) = r

(t

2
x

)

+ t y2 r (t z )

(2)

Eq. (2), also known as the horizontally isotropic form, is usually used when the horizontal anisotropy is difficult
to identify through limited geotechnical data (Xiao et al. 2018).
3

Efficient 3-D Random Field Simulation

Recall first the CMD for random field simulation. Without loss of generality, a standard normal random field X
with n locations in space can be produced by (Fenton and Griffiths 2008)

X = LU

(3)
T

where U = n×1 independent standard normal random vector; L = n×n decomposition matrix satisfying LL = R,
typically obtained using Cholesky decomposition or eigen-decomposition; and R = [ρ] = n ×n correlation matrix
among all locations.
It can be seen that the CMD consists of two processes: (a) correlation matrix decomposition, LLT = R, and
(b) random field realization, X = LU. For a 3-D lattice with nx, ny and nz locations in the x-, y- and z-directions,
respectively (i.e., n = nx×ny×nz), if a standard Cholesky decomposition algorithm is employed, the two processes
require O[(nxnynz)3] and O[(nxnynz)2] floating point operations, respectively. At the meantime, the most important
component, correlation matrix R, takes O[(nxnynz)2] memory space, which is approximately 7.3 TB for nx = ny =
nz = 100. Undoubtedly, the excessive computational resource requirements limit the application of the CMD to
relatively small-scale 3-D random fields.
3.1 Fully separable case
With respect to the fully separable correlation function, if the 3-D lattice is organized in a particular sequence,
namely along the x-, y- and z-directions successively [see Fig. 1(a)], the global correlation matrix R can be
disassembled into three 1-D correlation matrices [see Fig. 1(b)] as

R = Rz Ä Ry Ä Rx

(4)

where Ä = Kronecker product; and Rx, Ry and Rz = 1-D correlation matrices in the x-, y- and z-directions,
respectively. Only O(nx2+ny2+nz2) memory space is in need to preserve all the three correlation matrices, which is
significantly reduced by 7 orders of magnitude to approximately 0.2 MB for nx = ny = nz = 100. Applying the
mixed-product property of the Kronecker product (Horn and Johnson 1991), it can be proved that L =
Lz Ä Ly Ä Lz, where Lx, Ly and Lz = decomposition matrices satisfying LxLxT = Rx, LyLyT = Ry and LzLzT = Rz,
respectively. By this means, the direct decomposition of a large global correlation matrix in the general CMD is
simplified and replaced by the decomposition of three small correlation matrices. The latter only needs
O(nx3+ny3+nz3) floating point operations.
However, the large matrix multiplication, X = LU, in the process of random field realization still demands a
large amount of computational resources. To overcome this computational difficulty, let us reshape the 1-D
vectors U and X (i.e., nxnynz×1 in size) as two 3-D arrays U and X (i.e., nx×ny×nz in size). Specifically, U = [uijk],
U = [up], and uijk = up for p = i+(j−1)nx+(k−1)nxny (i = 1, 2, …, nx; j = 1, 2, …, ny; k = 1, 2, …, nz). Through such
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a reshaping, Eq. (3) can be realized in a stepwise manner as

X = Lz ´3 éë Ly ´2 ( Lx ´1 U ) ùû

(5)

where “×i” = matrix-array multiplication operation over ith dimension of an array (Li et al. 2019).

(a) 3-D lattice I

(c) 3-D lattice II

(b) Fully separable correlation matrix

(d) Partially separable correlation matrix
Figure 1. Example of 3-D separable correlation matrix.

Figure 2. 3-D random field simulation using stepwise CMD (fully separable case).

In substance, the operation cuts an array into several pieces of matrices and performs matrix multiplication
piece by piece, as shown in Fig. 2. Eq. (5) generates the 3-D random field step-by-step and each step realizes the
spatial correlation in one single dimension, thus referred to as stepwise CMD. Compared with the general CMD,
the stepwise CMD only spends O[nxnynz(nx+ny+nz)] floating point operations on generating random fields. It not
only inherits the simplicity of the general CMD, but also significantly minimizes the computational complexity.
In addition, a rigorous proof of the equivalence between Eqs. (3) and (5) can be referred to Li et al. (2019),
which guarantees that the stepwise CMD generates strictly accurate random field as the general CMD does.
3.2 Partially separable case
Regarding the partially separable correlation function, e.g., Eq. (2), the global correlation matrix R can be
disassembled into two correlation matrices [see Fig. 1(d)] as

R = Rz Ä Rxy

(6)

where Rxy = correlation matrix in the x-y plane. Similarly, L = Lz Ä Lxy, where Lxy = decomposition matrices
satisfying LxyLxyT = Rxy. Eq. (3) can be written as

(

)

X = Lz ´2 Lxy ´1 U = Lxy ULTz

(7)
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where U and X (i.e., nxny×nz in size) are 2-D arrays (i.e., 2-D matrices) reshaped from 1-D vectors U and X (i.e.,
nxnynz×1 in size). The second equality holds according to the definition of the matrix-array multiplication
operation in 2-D array case, namely A×1B = AB and A×2B = BAT where A is a matrix and B is a 2-D array. More
details can be referred to Xiao et al. (2018) and Li et al. (2019).
Note that the proposed stepwise CMD has higher computational efficiency and smaller required
computational memory space in the fully separable case. It can be easily extended for higher dimensional
random field simulation [e.g., considering the soil property as the fourth dimension (Li et al. 2019)]. The 2-D
random field simulation is very similar to the abovementioned partially separable case.
4

Applications

This section applies the stepwise CMD to simulate large-scale 3-D random fields using two examples: (a) a
virtual site example for probabilistic site characterization, and (b) a random finite element example for
geotechnical reliability analysis.
4.1 Example I: Virtual site for probabilistic site characterization
In probabilistic site characterization, actual soil properties are hardly known at a particular site, leaving the
characterization results unverifiable. Virtual site analysis is an essential vehicle to validate the characterization
approach and to design a proper sampling strategy. Consider, for example, the 3-D spatial variability
characterization of normalized cone tip resistance (Qtn) obtained by multiple cone penetration tests (CPTs). The
virtual site is 50 m × 50 m × 10 m in space with grid intervals of 1 m, 1 m and 0.05 m in the x-, y- and zdirections, respectively, leading to a total of n = 50×50×200 = 5×105 nodes. A small vertical grid interval is
taken according to the typical range of the CPT penetration interval. The Qtn is assumed to be a Gaussian random
field with a mean = 100, a standard deviation σ = 30, and a partially separable, single exponential correlation

(

)

function r = exp - 2 t x2 + t y2 d h - 2t z d v , where δv and δh are vertical and horizontal scales of fluctuation and
taken as 1 m and 20 m, respectively. Fig. 3(a) gives an example of the 3-D virtual site using the proposed
stepwise CMD, which is generated within 0.1 s using a desktop computer.

(a) Virtual site and sampling plan

(b) Simulated CPT

Figure 3. Virtual site example of CPT.

Two sampling plans and eight CPTs [i.e., Fig. 3(b)] are adopted to characterize the 3-D spatial variability of
the virtual site. As shown in Fig. 3(a), the first plan contains four outer CPTs (i.e., CPT-1, 2, 3 and 4), while the
second plan consists of four inner CPTs (i.e., CPT-5, 6, 7 and 8). The major difference between the two sampling
plans lies in the sampling distance. A maximum likelihood estimation approach (Xiao et al. 2018) is used to
characterize the 3-D spatial variability, namely to infer the four random field parameters [ , σ, δv, δh]. As for the
first sampling plan, the four parameters are estimated as 99.1, 27.6, 0.77 m and 14.4 m, respectively, with
coefficients of variation as 0.04, 0.07, 0.15 and 0.57, respectively. Herein, the coefficient of variation represents
the statistical uncertainty associated with the maximum likelihood estimate. By contrast, the second sampling
plan estimates the random field parameters as 92.4, 27.4, 0.75 m and 20.6 m and the corresponding coefficients
of variation as 0.06, 0.07, 0.15 and 0.10.
In this example, the second sampling plan having closely located CPTs provides a much more accurate
estimate of the horizontal scale of fluctuation. This is a useful observation to design a proper sampling strategy
for probabilistic site characterization. It is necessary to perform more detailed virtual site analyses covering
various ranges of site domain and random field parameters and various sampling plans to further validate this
observation. From this perspective, the efficient 3-D random field simulation plays an important role and the
stepwise CMD is a good starting point.
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4.2 Example II: Random finite element for geotechnical reliability analysis
This section incorporates the 3-D random field simulation into random finite element analysis to account for the
impact of 3-D spatial variability of soils on the settlement of a shallow foundation. The shallow foundation is 20
m long, 4 m wide and 1 m deep, as shown in Fig. 4, and is subjected to a vertical applied pressure of 500 kPa.
The underlying soil is modeled using an elastic-perfectly plastic constitutive model with a Mohr-Coulomb
failure criterion. The soil Young’s modulus is assumed to be lognormally distributed with a mean of 60 MPa and
a standard deviation of 18 MPa. Its spatial variability is described by a fully separable, squared exponential
correlation function r = exp ( - pt x2 d x2 - pt y2 d y2 - pt z2 d z2 ) , where δx, δy and δz = scales of fluctuation in the x-,
y- and z-directions, respectively, and are taken as 20 m, 20 m and 2 m, respectively. The other soil properties, i.e.,
cohesion, friction angle, dilation angle, unit weight and Poisson’s ratio, are deterministic at 20 kPa, 30e, 20e,
18 kN/m3 and 0.3, respectively. The soil domain is 44 m × 60 m × 20 m in size and is discretized into 103,125
uniform hexahedral elements with an element size of 0.8 m.

Figure 4. Shallow foundation example (unit: m).

(a) 3-D spatial variability of soil

(b) Vertical settlement field

(c) x-profile

(d) y-profile

Figure 5. Results of random finite element analysis.

Figure 5(a) demonstrates a 3-D random field realization generated by the stepwise CMD, which is located
on the centroid of each element and ignores the spatial average effect. For the squared exponential correlation
function, the correlation matrix is often close to positive semi-definite, and the eigen-decomposition could be
used for the correlation matrix decomposition. In the context of stepwise CMD, three small 1-D correlation
matrices, namely Rx (55×55 in size), Ry (75×75 in size) and Rz (25×25 in size), substitute for the large global
correlation matrix R (103,125×103,125 in size). The 3-D random field simulation takes time less than 0.01 s,
which is negligible compared with the time taken by the random finite element analysis (i.e., about 20 minutes).
The general CMD, on the contrary, fails at the beginning of the construction of global correlation matrix.
Figure 5(b) presents the vertical settlement field of the soil calculated by ABAQUS. The location with the
maximum vertical settlement (i.e., about 0.066 m) is slightly deviated from the foundation center, as marked in
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Fig. 5(a) and shown in Fig. 5(c), because of the spatially varying soil properties. Non-uniform settlement
frequently occurs in reality but cannot be fully captured through 2-D analyses, even though the 2-D spatial
variability is considered. Therefore, the rigorous 3-D spatial variability modeling should be applied in the
random finite element analysis. Repeatedly performing the 3-D random field simulation and random finite
element analysis, one can eventually evaluate the reliability of the shallow foundation. The proposed stepwise
CMD facilitates the 3-D spatial variability modeling in routine geotechnical reliability analysis.
5

Summary and Conclusions

This study presents a stepwise covariance matrix decomposition method for efficient large-scale 3-D random
field simulation. The method is mathematically equivalent to the general covariance matrix decomposition
method and particularly designed for separable correlation functions in either fully separable or partially
separable form. It is both algorithmically simple and computationally economical.
Two application examples on probabilistic site characterization and geotechnical reliability analysis are used
to showcase the capacity of the proposed approach in large-scale 3-D random field simulation. With respect to
the probabilistic site characterization, the efficient 3-D random field simulation enhances the application of
virtual site analysis on validating the characterization approach and designing a proper sampling strategy.
Regarding the geotechnical reliability analysis, the 3-D failure mechanism cannot be fully captured through 2-D
analyses, and rigorous 3-D spatial variability modeling, with the help of efficient 3-D random field simulations,
should be incorporated into the random finite element analysis.
Acknowledgments
This work was supported by the Research Grants Council of the Hong Kong Special Administrative Region (Project Nos.
16202716 and C6012-15G), the National Natural Science Foundation of China (Project Nos. 51679174, and 51779189), and
the Open Fund of Key Laboratory of Rock Mechanics in Hydraulic Structural Engineering, Ministry of Education of China
(Project No. RMHSE1903). The financial support is gratefully acknowledged.
References
Cao, Z. and Wang, Y. (2012). Bayesian approach for probabilistic site characterization using cone penetration tests. Journal
of Geotechnical and Geoenvironmental Engineering, 139(2), 267-276.
Ching, J., Phoon, K.K., and Pan, Y.K. (2017). On characterizing spatially variable soil Young’s modulus using spatial
average. Structural Safety, 66, 106-117.
Dietrich, C.R. and Newsam, G.N. (1997). Fast and exact simulation of stationary Gaussian processes through circulant
embedding of the covariance matrix. SIAM Journal on Scientific Computing, 18(4), 1088-1107.
Fenton, G.A. and Griffiths, D.V. (2005). Three-dimensional probabilistic foundation settlement. Journal of Geotechnical and
Geoenvironmental Engineering, 131(2), 232-239.
Fenton, G.A. and Griffiths, D.V. (2008). Risk Assessment in Geotechnical Engineering, John Wiley & Sons, Hoboken.
Horn, R.A. and Johnson, C.R. (1991). Topics in Matrix Analysis, Cambridge University Press, Cambridge.
Hicks, M.A. and Li,Y. (2018). Influence of length effect on embankment slope reliability in 3D. International Journal for
Numerical and Analytical Methods in Geomechanics, 42(7), 891-915.
Jaksa, M.B., Goldsworthy, J.S., Fenton, G.A., Kaggwa, W.S., Griffiths, D.V., Kuo, Y.L., and Poulos, H.G. (2005). Towards
reliable and effective site investigations. Géotechnique, 55(2), 109-121.
Li, D.Q., Xiao, T., Cao, Z.J., Zhou, C.B., and Zhang, L.M. (2016). Enhancement of random finite element method in
reliability analysis and risk assessment of soil slopes using Subset Simulation. Landslides, 13(2), 293-303.
Li, D.Q., Xiao, T., Zhang, L.M., and Cao, Z.J. (2019). Stepwise covariance matrix decomposition for efficient simulation of
multivariate large-scale three-dimensional random fields. Applied Mathematical Modelling, 68, 169-181.
Liu, Y., Lee, F.H., Quek, S.T., and Beer, M. (2014). Modified linear estimation method for generating multi-dimensional
multi-variate Gaussian field in modelling material properties. Probabilistic Engineering Mechanics, 38, 42-53.
Liu, W.F. and Leung, Y.F. (2018). Characterising three-dimensional anisotropic spatial correlation of soil properties through
in situ test results. Géotechnique, 68(9), 805-819.
Xiao, T., Li, D.Q., Cao, Z.J., Au, S.K., and Phoon, K.K. (2016). Three-dimensional slope reliability and risk assessment
using auxiliary random finite element method. Computers and Geotechnics, 79, 146-158.
Xiao, T., Li, D.Q., Cao, Z.J., and Tang, X.S. (2017). Full probabilistic design of slopes in spatially variable soils using
simplified reliability analysis method. Georisk: Assessment and Management of Risk for Engineered Systems and
Geohazards, 11(1), 146-159.
Xiao, T., Li, D.Q., Cao, Z.J., and Zhang, L.M. (2018). CPT-based probabilistic characterization of three-dimensional spatial
variability using MLE. Journal of Geotechnical and Geoenvironmental Engineering, 144(5), 04018023.
Vanmarcke, E.H. (2010). Random Fields: Analysis and Synthesis (revised and expanded new edition), World Scientific
Publishing Co. Pte. Ltd., Singapore.
Wang, Y., Cao, Z., and Au, S.K. (2011). Practical reliability analysis of slope stability by advanced Monte Carlo simulations
in a spreadsheet. Canadian Geotechnical Journal, 48(1), 162-172.

