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Abstract: It is important to construct a site-specific multivariate probability density function (PDF) of the soil parameters 

based on limited and incomplete site-specific investigation data alone. A method for doing this was proposed recently, but the 

possible spatial correlation among depths was not addressed. The current study generalizes the existing method to handle 

spatially correlated data. The proposed new method is more �complete� in the sense that it makes predictions based on all 

available information, by conditioning on different test results at the same depth using parameter cross-correlation as well as 

by conditioning on the data measured at nearby depths through spatial correlation. The new method is also capable of 

simulating conditional random fields for all soil parameters within the depth range where the observations are made. 
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1    Introduction 

 

At each site, geotechnical data are typically Multivariate, Uncertain & Unique, Sparse, and InComplete. These 

characteristics can be abbreviated by MUSIC (Phoon 2018). Geotechnical site investigation data are 

�multivariate� because multiple tests (e.g., Atterberg�s limit test, oedometer test, shear strength test, etc.) are 

usually conducted at one site. They are �uncertain� because transformation models are inevitably associated with 

transformation uncertainties and �unique� because some aspects of the models (e.g. average trend) may vary 

from site to site. They are sparse because sampling is limited to certain depths and borehole locations. They are 

�incomplete� because only a subset of the multiple tests is conducted at a given location. MUSIC data poses 

significant challenges for statistical characterization. Ching and Phoon (2019a) recently proposed a Bayesian 

approach to address all aspects of MUSIC at the level of a single site. They adopted the Gibbs sampler in 

conjunction with a set of conjugate prior PDFs to construct the multivariate probability density function (PDF) 

based on MUSIC data. Based on this multivariate PDF, it is possible to construct the site-specific PDF model for 

a test parameter (e.g., undrained shear strength su) at any depth conditioning on other test results (e.g., liquid 

limit LL, plasticity index PI, cone tip resistance qt, etc.) at the same depth. However, possible spatial correlation 

among different depths is not considered in Ching and Phoon (2019a). The consequence is that it is only possible 

to estimate the test parameter at one particular depth. It is impossible to estimate the test parameters at two or 

more depths simultaneously, because this requires the knowledge of spatial correlation among the depths. It is 

also impossible to simulate the site-specific random field sample profiles of the test parameter (e.g., how su 

varies with depth). The ability to simulate random fields is a prerequisite for random finite element analyses. 

The purpose of the current study is to consider the spatial correlation among different depths. The current 

paper indicates that conjugate prior PDFs for the Gibbs sampler still exist when spatial correlation is present. A 

modified method is proposed in the current study to construct the site-specific multivariate PDF based on 

spatially correlated MUSIC data (abbreviated as MUSIC-X from hereon, with �X� denoting the spatial/temporal 

dimension explicitly). 

 

2    Gibbs Sampler Considering Spatial Correlation 

 

This section presents the new Gibbs sampler (GS) method that incorporates spatial correlation. Let us consider a 

MUSIC-X data from the site of interest for m soil parameters (Y1, Y2, � , Yn) at n different depths (z1, z2, �, zn). 

The data can be visualized an (n´m) Excel table. Note that it is possible to have blank cells because the data can 

be incomplete. The observed data are denoted by Yo and unobserved data denoted by Yu. Because soil 

parameters can be highly non-normal, Ching and Phoon (2019a) adopted a transformation based on the Johnson 

distribution to convert (Y1, �, Y10) to approximately normal data. The approximately normal data are denoted 

by x = (X1, �, X10)T, where �T� refers to vector/matrix transpose. A key assumption made in Ching and Phoon 

(2019) and the current paper is that x at a certain depth follows the multivariate normal PDF: 
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The multivariate normal PDF has mean vector = ms and covariance matrix = Cs; the subscript �s� is to highlight 

that ms and Cs are �site-specific�. The proposed method adopts a new model that incorporates spatial correlation. 

Let xj be the x vector for the j-th depth, and consider n different depths x1, x2, �, and xn. Let X be an (mn´1) 

column vector formed by stacking the column vectors x1, x2, �, and xn vertically (X encompasses Xo and Xu). 

The multivariate PDF model for X is the following multivariate normal PDF: 
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where N(m, C) denotes the multivariate normal PDF with mean vector = m and covariance matrix = C; 1n´1 

denotes an (n´1) vector containing ones; R is the auto-correlation matrix that prescribes the spatial correlation 

structure; AÄB denotes the Kronecker product between two matrices A and B: 
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where aij denotes the (i,j) entry in matrix A. Equation (2) is a multivariate PDF for X that contains x�s at multiple 

depths, not just a multivariate PDF for x at a single depth, because spatial correlation has been taken into 

consideration by incorporating the auto-correlation matrix R in Eq. (2). The proposed approach is founded on 

two assumptions: 

1. It is assumed that the data X at different depths follow the same site-specific transformation model. This is a 

standard assumption if the data X are from the same soil layer. 

2. It is assumed that all test parameters follow the same auto-correlation structure. In the current study, it is also 

assumed that the auto-correlation structure has been identified based on the site-specific data (e.g., cone 

penetration test data), i.e., R has been identified. 

The unknown parameters include (ms, Cs, a, Xu), where a denotes the vector of hyperparameters that 

parameterize the inverse-Gamma distributions (to be presented later). The new Gibbs sampler (GS) sequentially 

draws samples from the full conditional PDFs f(ms|X, Cs, a), f(Cs|X, ms, a), f(a|X, ms, Cs), and f(Xu|Xo, ms, Cs, a). 

Ching and Phoon (2019b) derive the analytical forms for these full conditional PDFs that incorporates spatial 

correlation. They show that conjugate prior PDFs still exist when spatial correlation among depths is 

incorporated. Moreover, f(ms|X, Cs, a) is multivariate normal, f(Cs|X, ms, a) is inverse-Wishart (IW), f(a|X, ms, Cs) 

is inverse-gamma (IG), and f(Xu|Xo, ms, Cs, a) is multivariate normal. As a result, exact Bayesian sampling of 

these full conditional PDFs are still possible. The steps for the new GS that incorporates spatial correlation are as 

follows: 

1. Initialize (ms, Cs, a, Xu) samples at arbitrary values.  

2. Draw ms ~ f(ms|X, Cs, a), the following multivariate normal PDF: 
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Note that X is complete (no missing entries) because Xu is simulated during the GS.  

3. Draw Cs sample from f(Cs|X, ms, a), the following IW PDF:  
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where S = diag(4/a1, 4/a2, �, 4/am); mat(X) is an (m´n) matrix formed by stacking the column vectors x1, x2, �, 

and xn horizontally.  

4. (For i = 1, �, m) Draw ai sample from f(ai|X, ms, Cs, a\i), the following IG PDF:  
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where a\i denotes (a1, �, ai-1, ai+1, �, am); C-1
s,ii denotes the (i,i) entry in the Cs

-1 matrix.  

5. Draw Xu sample from f(Xu|Xo, ms, Cs, a), also a multivariate normal PDF with the following mean vector and 

covariance matrix:  
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where (1n´1Äms)o and (RÄCs)o are the mean vector and covariance matrix for Xo; (1n´1Äms)u and (RÄCs)u are the 

mean vector and covariance matrix for Xu; (RÄCs)uo is the covariance matrix between Xu and Xo. The vectors 

(1n´1Äms)o and (1n´1Äms)u can be found by partitioning 1n´1Äms. The matrices (RÄCs)o, (RÄCs)u, and (RÄCs)uo 

can be also found by partitioning RÄCs.  

6. Cycle Steps 2-5 for T times to obtain T samples for (ms, Cs, a, Xu).  

The new GS starts with initial samples of (ms, Cs, a, Xu), then it sequentially draws samples from the full 

conditional PDFs based on the latest parameter values. The (ms, Cs, Xu) samples after the burn-in period 

(determined by visual inspection) are collected. Let us denote {ms,t, Cs,t, Xu
t: t = tb+1, �, T} be the GS samples 

after the burn-in period, denoted by tb. There are (T-tb) samples of (ms, Cs, Xu). These samples are distributed as 

the posterior PDFs f(ms, Cs, Xu|Xo). The new GS produces the �exact� solution for the Bayesian analysis in the 

sense that it draws samples from the full posterior PDFs f(ms, Cs, Xu|Xo). These (ms, Cs, Xu) samples have 

captured the information in the site-specific data Xo and can be used to �represent� the site. More importantly, 

these (ms, Cs, Xu) samples have incorporated the spatial correlation. According to the total probability theorem, 

the site-specific PDF for X that has captured the information in Xo can be approximated as the following mixture 

of multivariate PDFs:  

( ) ( ) ( ) ( )s s s , ,

1

1
| | , , , | , ,

b

T
o o o o

s s s s t s t

t tb

f f f d d f
T t = +

é ù
= × × » ê ú

- ë û
åòX X X C X C X C X | C Xm m m m  (8) 

Because Xo is already observed and Xo is a subset of X, it suffices to write down f(Xu|Xo): 
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where f(Xu|ms,t, Cs,t, Xo) is a multivariate normal PDF with mean vector and covariance matrix defined Eq. (7), 

but (ms, Cs) in this equation should be replaced by (ms,t, Cs,t). In fact, the Xu samples obtained in Step 5 during the 

GS are already distributed as f(Xu|Xo). Equation (9) is for the purpose of simulating extra f(Xu|Xo) samples. 

The Xu samples obtained in Step 5 during the GS are distributed as f(Xu|Xo) and can be adopted to estimate 

the site-specific statistics for un-observed soil parameters. The ability to characterize an unobserved parameter 

statistically is a significant contribution to practice. This is distinct from the more common characterization of an 

observed parameter at an unobserved depth as described below. The proposed new method can also be used to 

estimate the site-specific statistics for soil parameters at un-observed depths. The site-specific statistics for the 

soil parameters at un-observed depths can be estimated if data table is augmented by empty rows, each row 

represents one un-observed depth. If so, Xu also includes the soil parameters at these un-observed depths. Hence, 

the samples for the soil parameters at the un-observed depths are also sampled during the GS.  

 

3    Simulated Example 

 

To illustrate the proposed method, a simulated example is investigated in this section. The site-specific data Xo 

are bi-variate (X1, X2) data simulated using Eq. (2) with ms = [0 0]T and Cs = [1 -0.7; -0.7 1], and R is the auto-

correlation matrix among n depths (z1, z2, �, zn). Namely, X1 and X2 are both standard normal random fields. 

Note that the off-diagonal term -0.7 in Cs quantifies the correlation between X1 and X2 random fields. For the 

auto-correlation structure (e.g., the R matrix), the single exponential model with scale of fluctuation (SOF) = d is 

adopted. After Xo is simulated, ms and Cs are treated as unknown and to be sampled during the GS by 

conditioning on Xo. However, R is assumed known during the GS. The {ms,t, Cs,t: t = tb+1, �, T} samples 

obtained by the GS are used to construct the site-specific model f(Xu|Xo) using Eq. (9). The {Xu
t: t = tb+1, �, T} 

samples are used to estimate the site-specific statistics for the un-observed soil parameters. 
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3.1    Estimation of ms and Cs 

To demonstrate the consistency in estimating (ms, Cs), the site-specific PDF for the soil parameters xremote at a 

�remote� depth, denoted by f(xremote|Xo), is estimated. The remote depth is defined as a depth that is relatively 

remote from the observed depths so that xremote is independent of Xo. However, xremote still falls within the depth 

range where the observations are made. The notion of a remote depth is solely introduced to demonstrate 

convergence without the complicating presence of spatial correlation. It is a somewhat fictitious notion, because 

it cannot fall outside the depth range spanned by the observations. By replacing Xu = xremote in Eq. (9), f(xremote|Xo) 

becomes 
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where f(xremote|ms,t, Cs,t) is a multivariate normal PDF with mean = ms,t and covariance matrix = Cs,t. Note that Xo 

disappears in the condition of f(xremote|ms,t, Cs,t) because xremote is independent of Xo by hypothesis. The PDF 

f(xremote|Xo) should converge to the underlying bivariate normal PDF of ms = [0 0]T and Cs = [1 -0.7; -0.7 1] with 

increasing site-specific data. By examining the convergence of f(xremote|Xo) to the underlying bivariate normal 

PDF, the consistency of the proposed new method in estimating (ms, Cs) can be verified. 

Consider the following two scenarios with various amount of simulated data: (a) Xo is simulated at n = 6 

depths (z1, z2, �, z6) = (0 m, 2 m, �, 10 m) and (b) Xo is simulated at n = 101 depths (z1, z2, �, z101) = (0 m, 0.1 

m, �, 9.9 m, 10 m). Xo for scenario (a) is very sparse, whereas that for scenario (b) is abundant. For both 

scenarios, Xo is simulated based on d = 1 m, and (X1, X2) are observed for all simulation depths, i.e., no missing 

entries in the (n´2) data table. Figures 1a and 1b show the simulated Xo data that are projected onto the X1-X2 

plane. The Xo data for scenario (a) (Figure 1a) are roughly spatially uncorrelated because the depth interval (2 m) 

is significantly larger than d (1 m), whereas for scenario (b) (Figure 1b) exhibit significant spatial correlation 

because the depth interval (0.1 m) is finer than d (1 m). The spatial correlation cannot be seen in Figure 1b 

because Xo data that are projected onto the X1-X2 plane. Figure 1b shows that the estimated f(xremote|Xo) 

converges to the actual underlying bi-variate standard normal when Xo is abundant. When Xo is sparse, the 

estimated f(xremote|Xo) is diffuse (Figure 1a), which correctly reflects the large statistical uncertainty for sparse 

data. Figures 1c and 1d show the histograms for the correlation coefficient between (X1, X2), extracted from the 

{Cs,t: t = tb+1, �, T} samples. The same phenomenon is observed: the estimated correlation coefficient 

converges to -0.7 when Xo is abundant. 

 

3.2    Site-specific statistics 

The above simulations demonstrate the consistency of the proposed new method in estimating (ms, Cs) by 

comparing f(xremote|Xo) with the underlying bivariate normal PDF. The current section illustrates the consistency 

of the site-specific estimations for the un-observed soil parameters Xu (the missing entries in the data table). 

Recall that Xu samples distributed as f(Xu|Xo) are sampled in Step 5 during the GS. These samples can be 

adopted to estimate the site-specific statistics of un-observed soil parameters or even the statistics for un-

observed depths. Figure 2 illustrates a case with missing entries: X is simulated based on simulation depths (z1, 

z2, �, z101) = (0 m, 0.1 m, �, 9.9 m, 10 m), shown in Figure 2. The solid squares are observed (i.e., Xo), 

whereas the open circles are un-observed (i.e., Xu) and their values are to be estimated. Basically, X1 values are 

observed at all the 101 depths (0 m, 0.1 m, �, 9.9 m, 10 m), whereas X2 values are observed only at 11 depths (0 

m, 1 m, �, 9 m, 10 m). The purpose is to estimate the site-specific statistics for the un-observed X2 values based 

on Xo. One scenario is considered: d = 1 m. Each of the Xu samples {Xu
t: t = tb+1, �, T} contains the sample 

profile of the un-observed X2 values versus depth. The dark lines in Figures 2b show the X2 sample profiles (a 

single realization). This demonstrates one important benefit of the new method proposed in the current study 

compared to Ching and Phoon (2019a): it is possible to simulate X2 sample profiles using the new method. It is 

noteworthy that the X2 sample profile always passes through the 11 observed data points for X2. This is because 

the X2 sample profile is a conditional random field sample distributed as f(Xu|Xo), hence it is conditioned on the 

observed X2 data in Xo. The X2 sample profile shown in Figure 2b represents a single sample profile obtained at 

a single GS time step. X2 sample profiles obtained at other time steps are different. There are (T-tb) such X2 

sample profiles. These (T-tb) profiles can be used to further derive useful site-specific statistics, such as the 

median and 95% confidence interval (CI) profiles. Figure 2b shows the site-specific 95% CI profiles as the dark 

dashed lines. 
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Figure 1.  Estimated f(xremote|Xo) for scenarios (a) 6 depths and (b) 101 depths; histograms for correlation coefficient for 

scenarios (c) 6 depths and (d) 101 depths. 
 

 

 
Figure 2.  A case with missing entries: X2 observed only at 11 depths (0 m, 1 m, �, 10 m). 
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4    Conclusion 

 

The previous method proposed in Ching and Phoon (2019a) is extended in the current study by incorporating 

spatial correlation. In the previous study, each record in a MUSIC database is treated as independent. This 

assumption is reasonable if the depth interval between each record is larger than the scale of fluctuation. This 

study examines a more general MUSIC-X database, where some depth intervals between records are smaller 

than the scale of fluctuation. The spatial correlation between such records should be considered and exploited for 

estimation of soil parameters at unmeasured locations. The resulting new method not only can construct the site-

specific multivariate probability distribution model among soil parameters but also can simulate site-specific 

conditional random fields. Note that these conditional random fields are only correct within the depth range 

where the observations are made. The proposed new method is more �complete� in the following senses: 

1. The whole data can be used to train the site-specific model: there is no need to re-sample the data into 

independent depths. 

2. The new method makes predictions based on all available information, by conditioning on the other test 

results (e.g., LL, PI, qt, etc.) at the same depth using parameter cross-correlation as well as by conditioning 

on the data measured at nearby depths through spatial correlation. 

3. The new method can simulate the site-specific samples for the whole test parameter profiles. 
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