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Abstract: In probabilistic analysis and site characterization, the spatial variability of the subsurface is often characterized by 

using the scale of fluctuation, Θ, in the horizontal and vertical directions. These values are typically estimated from CPT data, 

by fitting the data to the intended autocorrelation model. These statistical techniques require significant amounts of data, and 

while in the vertical direction the amount of available data is abundant, in the horizontal direction, this is limited to the 

number of CPTs in a given site survey; therefore, while vertical scale, Θv, is estimated adequately, the horizontal scale, Θh, is 

difficult to obtain. This paper aims to further introduce a new neural network-based approach that detects features within the 

CPT data to estimate these spatial statistics from limited data. Nuttall (2018) illustrated the potential of the proposed 

Convoluted Neural Network approach for single CPTs, while this paper expands its implementation from 1D to 2D, 

providing a more practical estimate of the scales of fluctuation in both the horizontal and vertical directions, from site survey 

data. 
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1 Introduction 

 
The modelling of spatially varying soils is an important aspect of geotechnical engineering, as it is important to 

account for this variability in the response of a system. Two such methods, the Random Finite Element Method 

(RFEM) (Fenton and Vanmarcke 1999) and the Random Material Point Method (RMPM) (Wang et al. 2016), 

employ spatially correlated random fields to the Finite Element Method and Material Point Method respectively 

to model the system response under spatially varying conditions. It is therefore vital to the success of these 

modelling techniques that the spatially variability is modelled and measure in-situ accurately. 

One such measurement is the scale of fluctuation, Θ, which is the distance over which some selected 

material properties of a soil layer are significantly correlated (Vanmarcke 1984). This measure is typically taken 

in the vertical and horizontal directions, in both two and three dimensions and is typically taken from in-situ CPT 

data. Together with the mean and standard deviation, the scale of fluctuation is important in the generation of 

representative random fields, using such methods as Local Average Subdivision (LAS) (Vanmarcke 1977).  

In Nuttall (2018) a new methodology was developed to estimate the scale of fluctuation from CPT data. The 

method utilized Convolutional Neural Networks (CNN), trained with 1D LAS random fields, to predict the 

vertical scale of fluctuation Θv from a single CPT. The proposed method was shown to be more accurate than 

conventional fitting methods, particularly for larger scales of fluctuation.  

This paper is a continuation of this research, expanding the methodology into two dimensions by training a 

similar CNN using a series of simulated CPTs taken from realizations of 2D LAS random fields. This research, 

documented in this paper, attempts, with some success, to predict both the horizontal and vertical scales of 

fluctuation, and is compared with the traditional methodology, i.e. the fitting of an autocorrelation function. The 

prediction of horizontal scales of fluctuation is often considered difficult, due to the limited data available and 

the spacing of the CPT’s required to capture it.  

In this paper the fitting of an autocorrelation function to the CPT data is used as comparison, however it is 

noted that several recent papers have proposed improved methods (Ching et al. 2018; Lloret-Cabot et al. 2014), 

however these are yet to be commonly used. For this research the Author has chosen CPT Tip Resistance, to 

train the CNN, however it is important recognize that is method would work equally as well with any other, 

adjusting the random field generation accordingly.  

 
2 Autocorrelation Fitting 

 

Vanmarcke (1977) proposed a method of estimating the scale of fluctuation by fitting a suitable autocorrelation 

function to a measured experimental covariance function, evaluated from the CPT data, which considers the 

correlation, ρ, and a lag distance, τ. Table 1 shows typical correlation functions. 
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Table 1. A list of correlation functions. 

 

Correlation Model Function 

Gaussian 
 

Markov  

 

These correlation models are typical chosen to best suit the variation to be simulated and are also used in the 

generation of the random fields for use in methods such as RFEM and RMPM. In this research the Markov 

model was used when generating the simulated CPT data. 

The experimental covariance function is estimated from detrended data from a single layer identified in the 

CPT data. Firstly, the required layer is identified and extracted from the data, where the depth trend is removed, 

before a normalized covariance function, , is then estimated from the detrended data using:  

  (1) 

with, 

  (2) 

where, 

 is the experimental covariance function, 

is the value in the CPT data at obervation point, j, 

 is the mean of the CPT data, 

 is the lag distance, 

 is the number of observations, and 

 is the number of pairs of data at lag. 

 

The selected correlation function, , e.g., from Table 1, is then fitted to generated experimental function, 

, from Eq. (1), adjusting Θ, to minimize the fitting error and obtaining the estimate. In this work the fitting 

functionality of the python SciPy package is used to minimize the error using a non-linear least squares approach.  

Figure 1 shows the fitting of an autocorrelation function to a 1D random field (i.e. a simulated CPT). This 

procedure can be executed in both the horizontal and vertical directions, and over multiple CPTs in a site survey, 

by generating point pairs in the corresponding directions, and thus fitting and predicting both scales of 

fluctuation.  

 
 

Figure 1. The fitting of an autocorrelation function (Markov) to a simulated CPT. 
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Figure 2. A diagram of the Convolutional Neural Network (CNN) used in the proposed methodology. 

3 Convolutional Neural Network (CNN) Approach 

 

Figure 2 shows the structure of the proposed CNN. The network is a standard CNN used to identify images, with 

the final layer having a ‘ReLu’ activation function rather than the standard categorical function. The typical 

structure of a CNN contains filtering and convolutional layers, which give these types of network the ability to 

detect, distinguish and recognize features within an image; it is this functionality that the Author utilizes to 

detect features within the CPT field that correspond to the scale of fluctuation measurements. 

3.1    Training data and process 

As with all machine learning algorithms, the CNN requires training data. As previously stated this training data 

is taken from a 2D LAS generated random field. These stationary random fields are used to simulate a site with 

known spatial statistics; the stationary field implies that the field should have no depth trend. The fields are 

generated using a Markov correlation function and multiple realizations of the random fields are generated with 

random anisotropy, ξ, i.e. differing Θv and Θh. Anisotropy is given by: 

                                                                                                                                         (3) 

and in this research is taken between 1 – 150. 

From each random field, 1D columns are taken at regular intervals, thus simulating the CPTs taken in a site 

survey, as shown in Figure 3. These columns are then combined into a single 2D matrix as the input data (image) 

into the CNN.  
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Figure 3. The extraction of simulated CPTs from a 2D random field, simulating a full CPT site survey. 

In this research each training realization field was 512 × 512 cells (with cells 0.01 × 0.01m) using a lognormal 

distribution with a mean, µ = 0.0 and standard deviation, σ = 1.0, and known scales of fluctuation, Θ. While, it 

should be noted that each random field was rescaled to a range between 0 and 1. Therefore that CPTs with other 

point statistics and distributions can be rescaled to meet the same criteria, thus the method can be applied to CPT 

fields with alternative descriptive statistics. 

The output, or label, corresponding to the generated input is the scale of fluctuation in the direction trained, 

scaled between 0 – 1; thus, values outside the training ranges will not be reliably predicted.  

Each CNN was then trained using 200 epochs, each with a different set of 100,000 simulated CPT fields, i.e. 

20,000,000 random fields, with the best epoch result saved.  

 

4  Results and Comparison 

 

The following sections will present the results of the proposed methodology using simulated data, as used in the 

training. Ideally real CPT data would be used, but it would not be possible to ascertain the correct scales of 

fluctuation from the real data.  

Note that the ranges shown within the results are the mean ± one standard deviation.  

 

4.1    Vertical scale of fluctuation Θv 

In the vertical direction the CNN was trained with random fields with 0.1m ≤ Θv ≤ 3.1m, to train the network 

over the range of expected values from literature, 0.1m ≤ Θv ≤ 2.8m (Phoon 1999); the Θh value was then 

calculated by randomly selecting an anisotropy value in the range 1 ≤ ξ ≤ 150, as previously stated. 

As in Nuttall (2018), the results shown in Figure 4, from predicting the vertical scale of fluctuation, Θv, 

clearly show that the proposed methodology is generally more accurate over the full range of expected 

fluctuation values, however both approaches provide good estimates at lower scales. The Author suspects that 

the tailing off in predictions at the higher end of the range, would be significantly reduced by increasing of the 

range over which the network is trained. While with the fitting method this would be expected as the amount of 

fluctuations about the mean decreases with increased scales.  

 

 

 

 

 

 

 

Figure 4. A comparison of predicted results from 100 simulated CPT fields and the expected vertical scale of fluctuation Θv.   
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4.2    Horizontal scale of fluctuation Θh 

The CNN was trained with random fields with 0.1m ≤ Θh ≤ 5.1m as to cover the horizontal size of the random 

field, i.e. 5.12m, with Θv calculated using a randomly taken ξ in accordance with Eq. (1), as before.   

From the trained network it possible to predict the scale of fluctuation from CPTs with various spacings, and 

horizontal scales of fluctuation, Θh, by scaling the predicted values against the trained CPT spacing of 0.56m, i.e. 

a spacing of 10m would require the prediction to be multiplied by 10/0.56 = 17.86, and could make predictions 

upto Θh ≈ 91.1m. Therefore, the results presented in Figure 5 show a range of scale predictions over varying 

CPT spacings. The results show that the proposed methodology is very poor at predicting Θh < CPT spacing, as 

would be expected since features associated with small scales of fluctuations cannot be capture in the CPT 

readings. However, at higher scales where the expected Θh > CPT spacing, the new methodology performs much 

better, providing a more accurate and less varying predictions, again tailing off towards the upper end of the 

prediction. The Author once again concludes that the training data should be expanded as to provide more data at 

the upper range of values.  

However, the traditional fitting approach is more applicable when Θh is smaller, as the amount of data 

available is high and the statistical fitting method is improving with the number of observed fluctuations and 

amount of data.  

 

5  Conclusions 

 

This research has expanded on Nuttall (2018) and has proposed a machine learning approach to estimate both 

horizontal and vertical scales of fluctuation.  

Figure 5. A comparison of the predicted results from 100 simulated CPT fields and the expected horizontal scale of 

fluctuation Θh, with CPTs taken at varying intervals. 

The results have shown that the proposed approach has some benefits when there is a limited number of 

CPTs and the horizontal scale of fluctuation is high, and is superior, or equal, to the conventional fitting method 

in the vertical direction. The range of predictions is narrower in the proposed method indicating that the results 

are more accurate and that potentially less data, and thus CPTs, would be required to make accurate prediction 

with the proposed approach. However, it should be recognized that the conventional approach remains a more 

accurate estimate for small scales of fluctuation in the horizontal direction and when Θh < CPT spacing, where 

visual features cannot be captured.  
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