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Abstract: This study aims to investigate the impact of copula selection on reliability-based design of shallow foundations 

under incomplete probability information. Cohesion (c) and friction angle ( ) of soil below the base of foundation are treated 

as random variables First, the copula theory for constructing the joint probability model of cohesion and friction angle of 

soils with given marginal distributions and correlation coefficient is introduced briefly. Second, the procedure of design of 

shallow foundation width based on reliability estimated with copula-based probability model is developed. Then an example 

of reliability-based design for shallow foundation width is presented to demonstrate the impact of copula selection on the 

design of width. The results indicate that the design plan of shallow foundations can not be uniquely determined with given 

marginal distributions and correlation coefficient of shear strength parameters. The shallow foundation widths produced with 

different copulas differ considerably. Gaussian copula, which is often used to characterize the related structures of c and  , 

produces relatively small foundation width. 
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1 Introduction 

 

In the design of geotechnical structures such as foundations, parameters such as cohesion (c) and friction angle 

( ) have some degree of uncertainty and, thus, are often treated as random variables (Low et al. 2002; Ang and 

Tang 2007; Youssef Abdel Massih and Soubra 2008; Soubra and Youssef Abdel Massih 2010). When the 

reliability-based design of foundations, which takes into account the inherent uncertainties of these variables and 

is based on the reliability analysis of foundations, is performed, the joint probability distribution must be known 

to achieve exact design results (Orr and Breysse 2008; Wang 2011).  

Recently, copula theory (Nelsen 2006) has been used in geotechnical reliability analysis for constructing 

joint probability distribution of bivariate data with related structures including, but not limited to, two-

dimensional normal structure. This is achieved by copulas associated with different dependence structure such as 

Gaussian, t, Frank, No.16, Gumbel and Plackett copulas in the literature (Uzielli and Mayne 2011, 2012; Tang et 

al. 2013, 2015; Li and Tang 2014; Li et al. 2015). For example, Uzielli and Mayne (2011, 2012) used the Frank 

copula to assess the dependence of load displacement model parameters and employed this model to calculate 

the reliability indices for SLS of shallow footings on sand. Tang et al. (2013) investigated the impact of copula 

selection on geotechnical reliability under incomplete probability information. Li et al. (2015) investigated the 

effect of copulas for constructing the bivariate distribution of shear strength parameters on system reliability of 

geotechnical structures.  

Usually, the best-fit copula probability model for the site-specific samples can be determined by AIC or BIC 

criteria (Tang et al. 2013). When the number of samples is large enough, the best-fit probability model can be 

correctly identified by AIC or BIC. However, only limited information is available to design geotechnical 

engineering in most cases (Phoon and Kulhawy 1999; Wang et al. 2010, 2016; Ching et al. 2016). In such a case 

that the number of site-specific samples is limited, the AIC value calculated by these samples has great 

uncertainty, which may leads to the inaccurate determination of the best-fit copula probability model based on 

the limited samples. That is to say, the joint distribution of c and   cannot be uniquely determined, at least so far, 

even if the marginal distributions can be confirmed (Tang et al. 2013). Therefore, it is necessary to study the 

influence of different copula probability models on shallow foundation design. 

It is also mentioned in some of the above literature (Uzielli and Mayne 2011, 2012; Tang et al. 2013; Li et al. 

2015) that different types of copula have a great influence on the reliability of geotechnical structures. Different 

dependence structures may lead to magnitude difference in failure probability. However, little research has been 

performed on the impact of copula on the reliability-based design of shallow foundation which is an important 
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follow-up work of reliability analysis. Hence, it is of practical importance to find out under what circumstances 

the copula structure would affect the design results of shallow foundations significantly. This paper aims to 

investigate the effect of copula selection on reliability-based design of shallow foundations under incomplete 

probability information where only the marginal distributions and correlation coefficient of shear strength 

parameters are known.  

 

2 Bivariate Probability Distribution Function Using Copulas 

 

This study concerns an issue involving two-dimensional random variables, which are donated as X1 and X2. The 

marginal cumulative distribution functions (CDFs) of X1 and X2 are F1(x1) and F2(x2), while the corresponding 

probability density functions (PDFs) are denoted by f1(x1) and f2(x2), respectively. F(x1, x2) is a joint distribution 

function with marginal CDFs F1(x1) and F2(x2). According to the Sklar’s theorem (e.g., Nelsen 2006), F(x1, x2) 

can be given by 

( ) ( ) ( )( )1 2 1 1 2 2, , ;F x x C F x F x q=                                                                                                                                      (1) 

where C is a copula; θ is a copula parameter describing the dependency between X1 and X2. Let u1 = F1(x1) and u2 

= F2(x2), then C(F1(x1), F2(x2); θ) = C(u1, u2; θ). Let c(F1(x1), F2(x2); θ) donates the copula density, c(F1(x1), 

F2(x2); θ) is given by 
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With Eqs. (1) and (2), the bivariate joint PDF f (x1, x2) of X1 and X2 can be derived by taking derivatives 
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In the copula theory, the copula parameter θ can be calculated from the Kendall rank correlation coefficient 

τ which is expressed in form of an integral equation, i.e., Eq. (4) 

( ) ( )
1 1

1 2 1 2
0 0

4 , ; d , ; 1C u u C u ut q q= -ò ò                                                                                                                              (4) 

Theoretically, the joint CDF and PDF of X1 and X2, namely, the probabilistic model of X1 and X2 can be 

determined by Eqs. (1) and (3) if the marginal distributions of X1 and X2, and the copula function are known. The 

marginal distributions of Xi (i = 1, 2) depends on the sample mean   and sample SD σ, and the distribution type 

used to fit the marginal data Xi. 

In order to study the influence of copula on reliability design, four common copula functions (i.e., Gaussian, 

Plackett, Frank, and No.16 copula) (Tang et al. 2013, 2015; Li et al. 2015) are selected and the marginal 

distribution is fixed as Truncated Normal distribution. The probability density functions of these four copula 

functions, the formulas and ranges of their parameters are shown in Table 1. 

 
Table 1.  Copula density functions and domains of copula parameters associated with the selected four copulas. 
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Note: Φ-1 denotes the inverse of the standard normal distribution function; c (u1, u2; θ) is the copula function  
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Applying Eqs. (1) and (3) with c and � standing for variables X1 and X2 respectively, copula theory can be 

applied to model the joint distribution of (c, �). In order to show the different structures of the four copulas, 

Figure 2 shows the scatter plots of (c, �) data (composed of 100, 000 data points) simulated by different copulas. 

The corresponding parameters are set as follows: the Kendall correlation coefficient between c and � is set as τ = 

−0.5. c and � have the same marginal distribution type (Truncated Normal Distribution). The sample mean and 

COV of c are "c = 15 kPa and COVc = 0.2, respectively. The sample mean and COV of � are "� = 25° and COV� 

= 0.1, respectively. The values of these parameters are set according to example 2.2 in Tomlinson (1995), which 

will be applied again in Section 3. Procedures for copula samples simulating can be found in Li and Tang (2014). 

It can be seen from Fig. 1 that although the marginal distribution are the same, the four groups of scatter 

plots with different correlation structures (i.e., Gaussian, Plackett, Frank, and No.16) are obviously different. 

Therefore, it is of great significance to study the reliability design results under the conditions of random 

variables with different correlated structures. 

 

    
(a) Gaussian                                                                     (b) Plackett 

    
(c) Frank                                                                           (d) No.16 

 

Figure 1.  Scatter plot and one-dimensional probability density of the simulated c and � data with different copulas. 

 

3 Impact of Copula Selection on the Design of Shallow Foundation Width 

 

3.1    Reliability-based design of width of a shallow foundation 

An example determining the factor of safety against bearing capacity failure of a foundation (Fig. 2) was 

presented by Tomlinson (1995)’s example 2.2. In this example, the foundation is built with its base (B×L = 5 

m×25 m) at a depth of 1.8 m in a silty sand with friction angle   = 25°, cohesion c = 15 kPa, and unit weight γ = 

21 kN/m3. A horizontal load (Hp) of 300 kN/m at 2.5 m above the base and a centrally applied vertical load (Vp) 

of 1100 kN/m are acted on the foundation. 

With respect to bearing capacity failure, the performance function is: 

ug q q= -                                                                                                                                                                 (5) 

where qu denotes the ultimate bearing capacity and q denotes the applied bearing pressure. qu and q are 

calculated by: 

0.5u c c c c c c q q q q q qq cN s d i g b pN s d i g b B N s d i g bg g g g g gg ¢= + +                                                                                      (6) 

P /q V B¢=                                                                                                                                                                 (7) 



468 Proceedings of the 7th International Symposium on Geotechnical Safety and Risk (ISGSR)

VP (kN/m)

HP (kN/m)

2.5m

D = 1.8m

B
c, φ, γ

 
 

Figure 2.  Determining foundation width B, for a target reliability index β0. 

 

In Eq. (6), c is the cohesion of soil, p the effective overburden pressure at foundation level, B' the effective 

width of foundation, γ the unit weight of soil below the base of foundation, and Nc, Nq, and Nγ are bearing 

capacity factors, which are functions of the friction angle of soil, and are attributed to Vesic equations on Tables 

4.1 of Bowles (1996). The fifteen factors s, d, i, g and b in Eq.(6) represent the shape and depth effects of 

foundation, the inclination effect of the applied load, the ground factors, and the base factors, respectively. In Eq. 

(7), Vp is the vertical load acted on the foundation. The formulas for these factors are based on Tables 4.5a and 

4.5c of Bowles (1996). 

To implement reliability-based design, the parameters c and # will be assumed to be one dimensional 

truncated normal random variables with mean values consistent with Tomlinson's example, and with coefficient 

of variation equal to 0.2 and 0.1, respectively. The cohesion c and friction angle # are negatively correlated, with 

a Kendall correlation coefficient equal to -0.5. The joint distribution of c and # is estimated by copula theory 

presented in Section 2. 

The probability of exceedance of ultimate bearing capacity pf = P [g < 0] can be substituted with the 

reliability index β = -Φ-1(pf), in which Φ-1(·) is the inverse standard normal cumulative function and pf can be 

estimated by Monte Carlo simulations. The reliability-based design of the shallow foundation using copulas 

consists in the calculation of B for a target reliability index β0 with a joint probability model of (c, #) being 

constructed by copula function. For illustration, a target reliability index of β0 = 3.2 is adopted as a baseline in 

this study. 

 

3.2    Comparison of design results of shallow foundation width produced by different copulas 

The foundation widths required to achieve a reliability index β0 of 3.2 corresponding to Gaussian, Plackett, 

Frank, and No.16 copula are B =3.37 m, 3.60 m, 3.55 m, and 4.60 m respectively. It can be seen that the 

foundation width is not invariant when different copulas are used to characterize the correlation between c and !. 

In order to systematically studied the effect of copulas on the probabilistic foundation width B, three factors 

are considered: (1) the target reliability of shallow foundations, β0; (2) COV scaling factor, λ, defined as: COVc = 

0.2/λ and COV! = 0.1/λ, and (3) The Kendall correlation coefficient between c and !, τ. In the parametric studies 

shown in Figs. 3(a), (b), and (c), each factor is varied within a range shown in the oordinate labels while the 

other parameters remain unchanged. 

 

3.2.1.    Effect of the target reliability β0 of shallow foundations on the foundation width B 

Figure 3(a) shows the foundation widths B produced by different copulas for various values of target reliability 

β0. Note that the designed values of B can differ considerably. The Gaussian copula results in the smallest B 

among the selected four copulas. On the other hand, the No.16 copula leads to the largest B. Therefore, the 

Gaussian copula with a Gaussian correlation structure often used for modeling the dependence structure of 

correlated shear strength parameters is significantly not conservative for shallow foundation design. Thus, 

misuse of copula may result in failure to achieve the goal of taking full advantage of uncertainty analysis to 

reduce engineering risks in reliability-based design. 

In addition, the differences in foundation widths B by a specified copula increase with rising target 

reliability β0, especially for the No.16 copula. For example, the value of B associated with the No.16 copula 

increases from 4.64m to 6.11m when β0 increases from 3.2 to 4.3. Note that target reliability 3.3 and 4.3 

corresponding to low and high consequences classes of engineering respectively are suggested in EN 1990: 

2002-Eurocode: Basis of Structural Design which is the basis of Eurocode 7 and the other Eurocodes (Orr and 

Breysse 2008). 

 

3.2.2.    Effect of COV of shear strength parameters on the foundation width B 

Figure 3(b) shows the foundation widths B by different copulas for various COV scaling factor, λ. Again, the 

Gaussian copula produces the smallest B among the selected four copulas. Like the results shown in Fig. 3(a), 

there is a big difference between values of B produced by different copulas. When the same λ is adopted, the 

differences in values of B associated with different copulas are significant, especially when the value of λ is 
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small resulting in large COV of c and �. For the Plackett, Frank, and No.16 copulas, the ratios B/BGaussian 

associated with λ = 0.5 (i.e., COVc = 0.4 and COV� = 0.2) are 1.19, 1.13, and 2.34, respectively. However, the 

ratios B/BGaussian associated with λ = 2 (i.e., COVc = 0.1 and COV� = 0.05) are 1.03, 1.02, and 1.14, respectively. 

Note that the COV of cohesion as proposed by Cherubini (2000) is essentially between 10% and 70% and for the 

friction angle, it is between 5% and 15% (Phoon and Kulhawy 1999). 

As the COVc and COV� reduce, foundation width B decreases. However, the designed B is more sensitive to 

λ than to the target reliability index shown in Fig. 3(a). For instance, when the λ ranges from 0.5 to 2, the 

foundation widths B for the Gaussian copula are within the range of [2.97m, 4.45m] as shown in Fig. 3(b), which 

is significantly wider than [3.39m, 3.74m] when β0 varies from 3.2 to 4.3 as shown in Fig. 3(a). 

 

3.2.3.    Effect of correlation between cohesion and friction angle on the foundation width B 

Figure 3(c) shows the foundation widths B produced by different copulas for varying Kendall correlation 

coefficients τ. The results show that the foundation widths B associated with the Gaussian copula are smaller 

than those associated with the other three copulas, especially smaller than results with No.16 copula. 

Furthermore, the values of foundation widths B associated with the Gaussian, Plackett and Frank copula are very 

sensitive to the change of τ, while the results associated with the No.16 copula almost remain unchanged with 

various τ except for a strong negative correlation between cohesion and friction angle. 

 

         
 (a) β0                                                                                           (b) λ  

 

 
(c) τ 

 
Figure 3.  Reliability-based designs of the shallow foundation width B with different copulas. 

 

4 Conclusions 

 

This paper investigates the impact of copula selection on reliability-based design of shallow foundations under 

incomplete probability information. Several conclusions can be drawn from this study: 

1. The designed foundation width associated with different copulas can differ considerably. The difference in 

foundation width increases with rising target reliability of shallow foundations and COVs of shear strength 

parameters. Significant differences in probabilities of failure associated with different copulas could be 

observed for relatively large COVs of shear strength parameters or almost all values of Kendall correlation 

coefficients between cohesion and friction angle. 

2. For the four copulas considered, the Gaussian copula will result in a significant underestimation of the 
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foundation width, which is not conservative for the design of shallow foundation. Thus, it is of practical 

importance to select the most appropriate copula to characterize the dependence structure of shear strength 

parameters in the shallow foundation design since the irrational use of copula types would bring undesirable 

design deviation. 
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