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Abstract: This paper constructs a multivariate distribution for eleven clay parameters based on the database 

ShanghaiCLAY/11/4051 which covers data from 50 sites in Shanghai. The parameters consist of the physical properties (i.e. 

liquid limit, plasticity index, liquidity index and void ratio) and the mechanical properties (i.e. lateral pressure coefficient, 

vertical effective stress, undrained shear strength and sensitivity from two different test procedures and specific penetration 

resistance). The data points fall within the range of global database with a smaller COV. The application of the constructed 

multivariate distribution- updating the distributions of design parameters given information from other parameters verifies the 

performance of it. Furthermore, a preliminary study is conducted to investigate the effect of the distance between different 

types of boreholes on the estimation of the design parameters. It indicates that 35m may be a suitable distance limit for the 

selection of pairwise data for ShanghaiCLAY/11/4051 database. 

 

Keywords: Shanghai clay database; correlations; multivariate distribution; distance limit. 

 

1 Introduction 

 

The design of geotechnical engineering relies on the soil parameters which obtained from the site investigations 

conducted before. A typical site investigation usually contains laboratory tests and in-situ tests so as to obtain 

different soil parameters to understand the behavior of soil. It is generally known that there are some correlations 

between different soil parameters if they are measured in close proximity. For example, when a soil sample is 

extracted for the laboratory test to determine the physical properties such as liquidity index (LI), and a vane 

shear test (VST) is conducted nearby to determine the undrained shear strength (Su), then there may be 

correlations between the measured data of these two soil parameters. Various empirical correlations have been 

obtained over the past few decades and are well used to estimate the design parameters when limited data is 

collected. It is also known that design parameters such as Su are usually correlated to other soil parameters 

simultaneously, so it is straightforward to predict or reduce the uncertainties of the design parameters by 

combining the multivariate information. 

Constructing the multivariate distribution of these soil parameters is a good option to capture the 

multivariate correlations between any two or more soil parameters. So far, there have been some multivariate 

distributions constructed based on different regional or global databases (Ching and Phoon 2012; Ching et al. 

2014; Ching and Phoon 2014; Liu et al. 2016; Ching et al. 2017).  

This paper aims to construct a multivariate normal distribution for clay parameters based on the database 

ShanghaiCLAY/11/4051. The multivariate normal distribution is widely used in constructing the multivariate 

distribution for multiple soil parameters. The constructed multivariate distribution can serve as a prior model for 

a new site in Shanghai to construct its own model using Bayesian updating technique to further estimate the 

site-specific design parameters. 

The rest of this paper is organized as follows. Firstly, the database ShanghaiCLAY/11/4051 is introduced. 

Secondly, the multivariate distribution for the clay parameters based on the Shanghai database is constructed and 

a simple case is presented to illustrate the application of the constructed multivariate distribution. Finally, the 

effect of the distance between different types of boreholes on the estimation of the design parameters is investigated 

trying to find out the specific �close proximity� so as the multivariate distribution can be better constructed. 

 

2 Shanghai Clay Database - ShanghaiCLAY/11/4051 
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The database consists of data points from 50 sites in Shanghai. The collected data points are extracted from the 

site investigation report, choosing the geological layers covering grey muddy silty gray, grey muddy clay, grey 

clay and grey silty clay of which the depth range is 2.1 to 30m.  

There are nine test indices collected, four of which are physical properties, namely liquid limit (LL), plastic 

index (PI), liquid index (LI) and void ratio (e), five of which are mechanical properties, namely lateral pressure 

coefficient (K0), vertical effective stress (s�v), undrained shear strength (Su), sensitivity (St) and specific 

penetration resistance (ps). Note that there are two sources of Su and St, i.e., the unconfined compression soil tests 

(UCST) which is a laboratory tests and the vane shear test (VST) which is an in-situ test, so they are labeled as 

Su(UCST), St(UCST), Su(VST), St(VST) respectively. 

Existing databases are labeled in the format of (soil type)/(number of parameters of interest)/(number of 

data points). Thus the current Shanghai database can be labeled as ShanghaiCLAY/11/4051.  

Some processing has been made to make the parameters dimensionless. They are expressed in the form of LL, PI, 

LI, e, K0, s�v/Pa (Pa is one atmosphere pressure equals to 101.3 kPa), Su(UCST)/ s�v, Su(VST) / s�v, St(UCST), St(VST) 

and ps/ s�v. Note that although ps is continuous with depths, only data points appearing at the depths where other 

clay parameters (such as PI) are also known are selected. Table 1 provides the basic statistics of the eleven 

dimensionless parameters including the data number, mean, coefficient of variation (COV), maximum value 

(Max) and minimum value (Min). The statistics of the same parameters existing in global database 

CLAY/10/7490 obtained by Ching and Phoon (2014) are also shown in the table. It indicates that 

ShanghaiCLAY/11/4051 is composed of soft clays with a high liquid index, a low undrained shear strength and a 

high sensitivity. Also, data of this database falls within the range of global database CLAY/10/7490 but has a 

smaller COV.  

To avoid negative values for the eleven parameters which is not phsically possible, the logarithm transform is applied to these 

parameters and are denoted by (Y1, Y2 � and Y11), e.g., Y1 denotes ln(LL). 
 

Table 1.  Basic statistics of the eleven parameters  

 

Parameters n Mean COV Max Min 

LL 2229 40.3 (67.7) 0.22 (0.8) 52.6 (515) 26.9 (18.1) 

PI 4039 18.2 (39.7) 0.18 (1.08) 26.5 (363) 10.4 (1.9) 

LI 2069 1.15 (1.01) 0.12 (0.78  2.19 (6.45) 0.49 (-0.75) 

e 3874 1.24 0.14 1.71 0.75 

K0 263 0.51 0.09 0.64 0.43 

s'v/Pa 2658 1.30 (1.80) 0.35 (1.47) 2.71 (38.74) 0.28 (4.13E-3) 

Su/s'v(UCST) 155 0.21 (0.6) 0.43 (2.63) 0.69 (27.8) 0.10 (0.04) 

St(UCST) 179 5.2 (48.5) 0.28 (2.35) 7.6 (970) 2.7 (1.25) 

Su/s'v(VST) 333 0.34(0.57) 0.36(1.39) 1.02(9.77) 0.22(0.02) 

St(VST) 360 3.94 (48.8) 0.17(1.90) 7.8(1790) 2.7 (1.25) 

ps/s'v 1248 6.3 0.58 46.05 2.55 

Note: shown in parentheses are the statistics of global database CLAY/10/7490. 
 

3 The Construction of the Multivariate Normal Distribution 

 

3.1    Bivariate information of the database 

In principle, the construction of a multivariate distribution requires that every single set of (Y1, Y2 � and Y11) be 

multivariate data points. To be more specific, it demands all the parameters be measured in close proximity to 

ensure that all parameters are correlated in the spatial sense. However, it is not common to obtain such 

multivariate data points in geotechnical engineering considering the distributions of the boreholes which has 

something to do with the cost. Nevertheless, pairwise data which can meet above requirement are relatively 

abundant. Ching and Phoon (2014) claimed that it is practical to build multivariate probability models by 

combining bivariate information. The distance between the two pairwise boreholes is limited to 35m considering 

the horizontal correlation distance of Shanghai soils. Xiao (2018) obtained the horizontal correlation distances 

for different geological layers of Shanghai and 35m is the average value of the correlation distances for different 

geological layers which are contained in the ShanghaiCLAY/11/4051 database. Meanwhile, whether 35m is 

suitable will be discussed below.  

  

3.2    Data transformation 

The multivariate normal distribution model assumes that each single variable is normally distributed. The 

normality of these variables can be checked using the Kolmogorov�Smirnov (K-S) test. The p-values of the 

eleven variables (Y1, Y2 � and Y11) which evaluates the probability that the null hypothesis of the normal 

distribution is true are 0, 0, 1.54E-228, 0, 2.07E-106, 3.16E-152, 8.45E-89, 1.13E-112, 3.51E-136, 2.87E-223 

and 0 respectively. The results indicate that the marginal distribution of the variables in the database is 
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non-normal. As a result, the non-normal variables (Y1, Y2 � and Y11) should be converted to normal variables (X1, 

X2 � and X11) individually using the following translation approach: 

[ ( )]-1

i i iX = F Yf                                                                            (1)      

where Fi is the cumulative density function (CDF) for the non-normal variable Yi and F is the CDF for the 

standard normal variable Xi. 

In this study, the Johnson system of distribution is adopted to model the marginal PDFs of (Y1, Y2 � and 

Y11). Phoon and Ching (2013) pointed out that the Johnson system of distribution is attractive because Eq. (1) 

can be expressed in closed form and it is invariant under conditioning. The Johnson system of distributions 

consists of three members (Johnson 1949): unbounded distribution (SU), bounded distribution (SB) and 

lognormal distribution (SL). Eq. (1) can be expressed in the following analytical form: 
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where (aX, bX, aY, bY) are the four parameters for the Johnson distributions which can be estimated after 

identifying the distribution type (SU, SB or SL). Slifker and Shapiro (1980) proposed an elegant selection and 

parameter estimation approach which uses a function of four percentiles of Y data. The distribution type and its 

corresponding parameters for (Y1, Y2 � and Y11) are summarized in Table 2 along with the Kolmogorov�

Smirnov test results (p-value) computed for X1, X2 � and X11.  

 
Table 2.  Distribution type and distribution parameters for (Y1, Y2 � and Y11). 

 

   Distribution parameters  

Random variable Soil parameters Distribution type aX bX aY bY p-value 

Y1 ln(LL) SB 1.11 -0.31 0.68 3.29 3.82E-26 

Y2 ln(PI) SB 1.06 -0.32 0.96 2.32 5.01E-23 

Y3 ln(LI) SB 2.39 -0.53 2.26 -1.15 3.11E-15 

Y4 lne SB 1.19 -0.41 0.83 -0.29 7.85E-24 

Y5 ln(K0) SU 3.57 -2.76 0.26 -0.90 0.02 

Y6 ln(s'v/Pa) SB 1.63 -1.81 3.48 -2.37 2.33E-04 

Y7 ln(Su/s'v(UCST)) SU 1.72 -1.01 0.45 -1.97 0.77 

Y8 ln(St(UCST)) SB 0.64 -0.36 1.04 0.99 0.10 

Y9 ln(Su/s'v(VST)) SU 0.84 -0.86 0.08 -1.31 0.48 

Y10 ln(St(VST)) SU 2.49 -0.25 0.39 1.31 0.02 

Y11 ln(ps/s'v) SU 0.83 -0.67 0.11 1.56 0.18 

 

As can be seen from Table 2, there are seven p-values less than 0.05 which indicates that there is sufficient 

evidence to reject the null hypothesis that Xi is a standard normal random variable at a level of significance of 5%. 

However, the Johnson distribution is still adopted because of its analytical elegance. Note that collectively (X1, 

X2 � and X11) does not necessarily follow a multivariate normal distribution even if each Xi is normally 

distributed. Nevertheless, past studies (Ching and Phoon 2012; Ching et al. 2014) revealed that physically 

meaningful results can still be obtained even if the data do not strictly follow a multivariate normal distribution. 

 

3.3    Correlation matrix of the multivariate distribution 

The multivariate standard normal probability density function is solely defined by a correlation matrix C 

1/ 2 / 2 T 11
f ( ) (2 ) exp( )

2

np- - -= -x C x C x                                                         

(3)                                                                                             

in which x= (x1, x2 � and xn)T is a standard normal random vector, the notion �T� refers to the vector-matrix 

transpose, n is the number of variables and C is correlation matrix composed of dij, which is the Pearson 

product-moment correlation coefficient between Xi and Xj.  

Therefore, the construction of the multivariate normal distribution merely relies on the pairwise correlation 

between Xi and Xj. There are n(n-1)/2 pairs for the database containing n variables. Fig. 1 presents the scatter 
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plots between all possible pairs. As can be seen from the picture, (X1, X2, X4), which is transformed from the 

index property LL, PI and e respectively have noticeable positive relations with X5 (the transformed form of 

parameter K0), but have fairly weak relations with X6 (transformed from s�v). However, the correlation between 

X6 and X3 (transformed from LI) is stronger than that between X5 and X3. Moreover, compared to X7 (tansformed 

from Su(UCST)/s�v), X9 (tansformed from Su(VST) /s�v) seems to have stronger relations with X3 (transformed from 

LI) and X11 (transformed from ps/s�v), while they are not noticeably related to other parameters. Both X8 

(transformed from St(UCST)) and X10 (transformed from St(UCST)) have fairly weak relations with other parameters.  

The Pearson correlation coefficients dij is adopted to compute the linear correlation between Xi and Xj since 

Xi is standard normal. Besides, the bootstrapping technique (Ching and Phoon 2014) is applied to obtain 1000 

samples of the dij to address the degree of statistical uncertainty which associated with the finite sample size. 

Based on the results, the narrowest 90% confidence interval (range bounded by the 5% and 95% percentiles) is 

d24 which is estimated to be [0.70, 0.71] with the pairwise data number equals to 3869. While for the small 

pairwise data number, the confidence interval is quite large which indicates big uncertainties of the estimated 

correlation efficients. (e.g. d57 being [-0.62, 0.43] with the pairwise data number equals to 15).  

 

  
 

Figure 1.  Scatter plots between Xi and Xj.                    Figure 2.  The PDFs of Y5. 

 

Correlation matrix C can be composed of the dij from the range of its 90% confidence interval. However, 

the positive definite of the matrix must be guaranteed to meet the multivariate normal assumption. There is a 

great possibility that correlation matrix C is not positive definite because each dij is estimated independently and 

the data points do not come from the same source. Ching and Phoon (2014) proposed a rejection sampling 

method by randomly choosing a bootstrap dij sample for each pairwise correlation to form the matrix until it 

becomes positive definite. After 1000 positive definite C matrixes are obtained, using the average of the 

accepted dij to form the final C matrix. By using this method, the final C matrix is presented in Table 3. 
 

Table 3.  C matrix composed by the accepted dij. 

 

X X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 X11 

X1 1.00 0.92 -0.05 0.75 0.72 0.13 -0.43 0.09 -0.44 0.10 -0.30 

X2 1.00 -0.08 0.71 0.67 0.22 -0.37 0.11 -0.37 0.19 -0.24 

X3 1.00 0.55 0.20 -0.67 0.22 0.21 0.51 -0.06 0.31 

X4 1.00 0.69 -0.20 -0.25 0.18 -0.07 0.14 -0.04 

X5 1.00 -0.02 -0.28 0.31 -0.21 -0.17 -0.35 

X6 1.00 -0.49 -0.28 -0.65 0.14 -0.59 

X7 Symmetry 1.00 0.21 0.65 0.02 0.51 

X8 1.00 0.25 -0.02 -0.02 

X9 1.00 -0.02 0.58 

X10 1.00 0.08 

X11 1.00 

 

3.4    Bayesian updating- the application of the multivariate distribution 

With the multivariate normal distribution constructed above, it is possible to update the distribution of the 

site-specific design parameters given the information of other site-specific parameters. Consider a new set of 
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data which extracts from a new site investigation report in Shanghai (shown in Table 4). In this sample, the 

parameter K0 is assumed unknown and will be updated based on different information. 

Eq. (2) is firstly used to convert the information into Xi, then X5 (transformed from K0) which follows the 

standard normal distribution can be updated to X�5 which follows the normal distribution with a mean of m�x and 

a standard deviation of s�x based on the constructed C matrix and other known information. The form of Eq. (2) 

remains unchanged after updating and only the parameters (aX, bX) need to be updated. The updated parameters 

(a�X, b�X) can be calculated using Eq. (5). After updating parameters (aX, bX), the variable Y5 can be back 

transformed from X�5 which follows the standard normal distribution using Eq. (2) with parameter (a�X, b�X, aY, 

bY).  

X

' / '

' ( ' ) / '

X X X

X X X

a a

b b
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m s

=

= -
                                                                      (4) 

The unconditioned and conditioned probability density distributions of Y5 are presented in Fig. 2. As shown in 

the picture, the mean of Y5 is getting closer to its actual value after conditioning and its standard deviation 

becomes smaller with increasing information. Besides, though it is not presented in the picture, the actual value 

is within the 95% confidence intervals of all the conditioned distributions. 

However, note that the constructed multivariate distribution is not perfectly right considering the neglect of 

the rejected Johnson distribution and the assumption of multivariable normal distribution. Furthermore, 

determination of the C matrix is not unique and may have large uncertainty caused by some sparse pairwise data. 

So it is important to validate the rationality of the constructed model. The conditioning exercise is conducted for 

all the data points in ShanghaiCLAY/11/4051. It turns out that there are 96% chances for actual values being 

included in the 95% confidence intervals for the conditioned distributions. Nevertheless, it is not a genuine 

validation. More information which shares similar soil properties but is independent to this database should be 

collected to do the validation exercise. 

 
Table 4.  The information of a new data set. 

 

Soil 

type 

Depth 

(m) 
LL(%) PI LI e K0 s'v(kPa) 

Su(VST) 

(kPa) 
St(VST) ps(Mpa) 

grey muddy 

silty gray 
8 36.9 15.1 1.01 1.023 0.46 80.29 34.9 3.7 0.53 

 

4 The Effect of the Distance between Different Types of Boreholes 

 
As it is mentioned before, when it comes to the pairwise data that measured in close proximity, the distance 

between the two pairwise boreholes is limited to 35m considering the approximate correlation distance. But how 

well does the distance between different types of boreholes affect the multivariate distribution for the soil 

parameters? To be more specific, how well does it affect the estimation of the design parameters? 

The combination of pairwise boreholes can be drilling holes and cone penetration holes, drilling holes and 

vane shear holes and cone penetration holes and vane shear holes. Only the first type is studied here. Hence the 

parameters (Su(VST) and St(VST)) which come from vane shear holes are not involved in this section. 

To learn the distance effect, new multivariate distributions are firstly constructed through the same process 

illustrated in Section 3 but based on different sets of data which are extracted from ShanghaiCLAY/11/4051 

considering different distance limit between pairwise boreholes (drilling holes and cone penetration holes) which 

equals to 20m, 25m, 30m, 35m, 45m and 55m respectively. Then, the conditioning exercise is conducted for the 

data points in ShanghaiCLAY/11/4051. Y5 and Y7 (ln(K0) and ln(Su/s'v(UCST))) are the variables of interest and are 

conditioned on other information. The actual values of Y5 and Y7 are used to validate the updating results.  

Shown in Fig. 3 are the COV reduction values of Y5 and Y7 after conditioning based on different multivariate 

distributions which are presented by their corresponding distance limits mentioned above. It can be seen that as 

the distance of pairwise boreholes increases, the COV reduction value roughly decreases except for the value of 

Y5 (ln(K0)) when the distance limit equals to 20m. The reason may be that when the distance limit is small, the 

pairwise data number is too small to present distinct correlations between X5 and X11 (ln(K0) and ln(ln(ps/s'v))). 

The corresponding scatter plot is prensented in Fig. 4a. Meanwhile, the scatter plot between X7 and X11 

(ln(Su/s'v(UCST))) and ln(ln(ps/s'v))) is prensented in Fig. 4b to make a comparison. Different to X5 and X11, X7 and 

X11 shows fairly positive correlation when the distance limit equals to 20m. It is consistent with the result that the 

COV reduction values of Y7 are larger than those of Y5.  

The chances for the 95% confidence intervals to include the actual values are also obtained. For Y5 (ln(K0)), 

the chances are 87%, 91%, 90%, 96%, 94% and 88% when the distance limit equals to 20m, 25m, 30m, 35m, 

45m and 55m, respectively. While for Y7 (ln(Su/s'v(UCST))), the chances are 91%, 97%, 98%, 99%, 97% and 96%, 
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respectively. From this point of view, multivariate distribution constructed based on pairwise data whose 

distance limit equals to 35m is the most robust. 

To sum up, based on this preliminary study, the most suitable distance limit between pairwise boreholes 

cannot be obtained since the high COV reduction value may be accompanied by a relatively higher chance to 

miss the actual value. But in general, the multivariate distribution constructed based on pairwise data whose 

distance limit equals to 35m performs moderately and may be a good option for ShanghaiCLAY/11/4051 database. 
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Figure 3.  COV reduction values of Y5 and Y7.   Figure 4.  Scatter plots (a) between X5 and X11; (b) between X7 and 

X11. 

 

5 Conclusion 

  

This paper collects data of eleven clay parameters from site investigation reports covering 50 sites in Shanghai. 

The basic statistics of these parameters are given along with the ones of the global database, indicating that data 

of this database falls within the range of global database but has a smaller COV. Furthermore, a multivariate 

distribution for the eleven parameters is constructed based on the database. A simple case is presented to 

illustrate the application of the constructed multivariate distribution and to verify the performance of it. In 

addition, the effect of the distance between different types of boreholes (drilling holes and cone penetration holes) 

on the estimation of the design parameters is preliminarily studied. It indicates that the multivariate distribution 

constructed based on pairwise data whose distance limit equals to 35m performed moderately and may be a good 

option for ShanghaiCLAY/11/4051 database. 
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