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Abstract: Precise statistics of the geotechnical parameters would put heavy weight into scientific calculation. However, 

shield excavation will change inevitably the mechanical properties of the surrounding soil mass. These influences would 

induce a series of risks such as ground surface settlement, and tunnel face collapse, etc. Engineers should have a qualitative 

and quantitative understanding of the key geotechnical parameters, then anticipate the possible disasters during the 

construction and take measures in advance. Following research introduces a Bayesian-spatial random field theory which 

integrates reconnaissance data, field monitoring data and prior knowledge to dynamically update the statistical characteristics 

of the key geotechnical parameters. Updated statistical characteristics and calibrated model factor will be applied into the 

reliability analysis of ground surface settlement. Reliability index is calculated stochastically by subset Monte-Carlo 

simulation. Above approaches are applied into the four shield tunnel paralleling zones of the 5th and 6th metro lines between 

Huanhu W Rd Station and W Binguan Rd station, Tianjin China. Results prove that updated key geotechnical parameters 

could predict accurately the maximal surface settlement of shield tunneling. It provides a theoretical basis for the construction 

control and design optimization of complex shield tunnels. 
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1    Introduction  
 

For purpose of predicting accurately the elastic-plastic deformation of a shallow-buried shield excavation, which 

needs to quantify the key geotechnical parameters of the surrounding soil mass, various forward and back 

analyses, deterministic and probabilistic approaches were studied (Sakurai et al. 2003; Sharifzadeh Tarifard and 

Moridi 2013). It is well known that the intrinsic uncertainty (i. e., spatial variability) of soil mass, always limited 

by the site investigation, which cannot describe completely the mechanical properties (Wang et al. 2017). To that 

end, it is essential to assimilate multi-source information into geotechnical parameter calibration. Following 

study will develop a methodology into site characterization of multivariate e.g., cohesion c , internal friction 

angle j  and Young�s modulus E

2    Bayesian Method 

 

Multi-source investigation such as geotechnical test and monitoring measurement is acquired in the different 

phases of a shield tunneling project. And a Bayesian method would analyze dynamically the statistical 

characteristics of the key geotechnical parameters, with which to take reliability analysis as shown in Fig.1. 
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Figure.1 Bayesian-spatial random field of statistical calibration and reliability analysis. 
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2.1    Data classification 

Data classification is based on the relationship between on-site data and the target geotechnical parameters. 

There are two data categories used commonly in the Bayesian framework: direct data are measured straight for 

the soil properties, such as laboratory and in-situ observation; otherwise, indirect data are denoted as field 

measurements, such as displacement and stress. They are denoted as az  
(e.g., internal friction angle j  ) and 

bz (e.g., ground surface settlement), respectively. az  
relates to the spatial random field (SRF) by, 

( )a az f x e= +
                                                                                                                                                    

(1) 

where, ( )f × is a mathematical operator based on the spatial position ax , and ae  denotes the test error with zero 

mean value. bz  
is related to the SRF through a physical process, 

( )b bz M Zc e= × +
                                                                 

                                                                            (2) 

where ( )M Z  is forward analysis, and be  is the test error of zero mean value. Model factor c  is the deviation 

ratio of true value divided by the theoretical prediction. 

 

2.2    Spatial random field 

Except for the mean value m , geostatistics uses auto-variogram to depict spatial variability of a geotechnical 

parameter, Spherical model is applied widely into theoretical variogram ( )hg , 
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where 0C  
defines the nugget, 0 1+C C  equals the variance 

2s  , and a  denotes the range. 

Three-dimensional heterogeneity of a geotechnical parameter would be taken into account by the weighted 

lag distance h  (Matheron and Armstrong 1963), 

2 2 21 2 2

1 2 3

( ) ( ) ( )
h h h

h
h h h

= + + ,                                                          (4) 

where 1h  equals to 1.0 constantly (i.e., horizontal coordinate 
1
x ); 2 3,  h h  are the ratios of the second (i.e., 

horizontal coordinate 
2
x ), third (i.e., vertical coordinate 

3
x ) ranges 2 3,a a  divided by the first range 1a . 

 Cross-variogram 12( )hg
 
between two geotechnical parameters 1Z  

and 2Z  
is, 

12 1 2 12 1 1 2 2

1
( ) {[ ( ) ( )][ ( ) ( )]}

2
h C E z x h z x z x h z xg s s= - = + - + - ,                                                                           (5) 

where, 1 2,s s  is the standard deviation of 1Z  
and 2Z  respectively. 12C  is the covariance between 1Z  

and 2Z , 

which could be derived by the correlation coefficient 12r .  

 

2.3    Inversion framework 

Bayesian method uses both direct and indirect data to inferring the unknown statistical characteristics, such that 

the posterior distribution ( | , )a bp Θ z z . [ , ]c=Θ θ
 
include the statistical characteristics θ (e.g., mean value m , 

standard deviation s , correlation coefficient 12r  and range ratio 
3

h ) of the key geotechnical parameters (e.g., 

c , j ,and E ) and the model factor c
 
of forward analysis, 
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                                          (6) 

Above equation represents a Bayesian framework that assimilates on-site investigations and off-site knowledge 

to calibrate prior assumption into posterior distribution. ( )p Θ
 
is a joint distribution of unknown variables. 
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Likelihood function value ( | , )b aL z Θ z  plays a key role to derive posterior distribution ( | , )a bp Θ z z , which 

would be constructed by repeating the forward analysis of SRF. Posterior distribution ( | , )a bp Θ z z  of the 

statistical characteristics would be utilized into new round update or applied into reliability analysis. 

 

3 Algorithm Implementation 

 

Bayesian method is hard to obtain analytical distribution. Therefore, sampling based algorithm is used 

commonly for numerical solutions. It consists of forward analysis, pre-processing, inter-processing, and post-

processing modules. Fig.2 shows that how to coordinate them together. 
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Figure 2. Data flow and algorithm schema of Bayesian spatial framework. 

 

Statistical characteristics are calibrated by the outer loop. Inner loop would calculate the reliability index 

given above calibrated statistical characteristics. Limit state function G  of maximal settlement of the ground 

surface due to shield tunneling is denoted as,  

max
G v v= -

        
                                                                                                                                                    (7) 

( )v c d= × ξ                                                                                                                                                             (8) 

where maxv  denotes the actual threshold. v = the corrected maximum of the ground surface settlement; model 

factor c  is the deviation ratio of true value divided by the theoretical prediction; ξ = the input variables (e.g., 

,c j  and E ); ( )d ξ = maximal settlement of the ground surface evaluated by forward analysis. 

Subset Monte-Carlo simulation belongs to acceleration sampling algorithm based on Markov chain theory 

(Papaioannou and Straub, 2012). The initial failure probability is calculated directly by the classical Monte-Carlo 

simulation as shown in Fig. 3
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Figure 3.  Reliability analysis of spatial random field using Monte-Carlo simulation. 
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4 Case Studies 

 

The 5th and 6th metro lines are intersected to Huanhu W Rd Station with four shield tunnels in Tianjin, China. 

Central lines twist and overlap with each other in a narrow underground space as shown in Fig.4. 

 

 
Figure 4.  Paralleling zone of four shield tunnels of the 5th and 6th metro lines intersecting to Huanhu W Rd station, 

Tianjin China. 

 

Figure 5(a) lists out the direct observations and indirect measurements. Figure 5(b) uses a two-dimensional plane 

strain model to resolve the excavation problems given initial and boundary conditions as same as the three-

dimensional one. Total 5926 nodes and 2880 hexahedral elements are generated. 

 

  
                                           (a)                                                                                      (b) 
 

Figure 5.  Cross-section I-I.  (a) Direct observations and indirect measurements of the tunneling process; and (b) Two-

dimensional planar strain model. 

 

Standard deviation s
 
of the three geotechnical parameters is assumed as constant value, which comes 

directly from the reconnaissance report. Horizontal ranges adopt a bigger value, such as 20m. Unknown 

statistical parameters include mean values 
c
m , 

jm  
and 

E
m , which are assumed to be uniformly in one-time 

standard deviation through vertical detrending drift ( )m x . Correlation coefficient 
,c jr , 

,c Er and 
,E jr is 

limited between [-1.0,1.0],  vertical range ratio 
,3ch , 

,3jh  
and 

,3Eh  is located in [0.0,1.0],  as well as the Prior 

normal distribution of model factor c  relating to Mohr-Coulomb failure criterion
 
is provided by Qi and Zhou 

(2017). Ten unknown variables are summarized in Table 1. 

 
Table.1 Known and unknown variables of the Bayesian framework. 

 

 Variable 

First-moment 

2
s  1 2a a= (m) 3h  

Correlation coefficient 

( )m x  m  c (kPa) j (o) E (MPa) 

c /(kPa) 3( )
c
m x  U[-1.3, 1.3] 1.32 20 U[0.0, 1.0] 1 U[-1.0, 1.0] U[-1.0,1.0] 

j /(o) 3( )m xj  U[-2.0, 2.0] 2.02 20 U[0.0, 1.0] U[-1.0, 1.0] 1 U[-1.0,1.0] 

E /(MPa) 3( )
E
m x  U[-6.0, 6.0] 6.02 20 U[0.0, 1.0] U[-2.5, 2.5] U[-1.0,1.0] 1 

c  0.905 0.3032      
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4.1    Posteriors of the unknown variables  

The Bayesian method is conducted in a step-by-step sequence. Posterior of the unknown variables 

=( , )cΘ θ will be calibrated by the total nine reconnaissance observations az (i.e., direct data), eleven ground 

surface settlements bz (i.e., indirect data), and prior knowledge. 

Figure 6(a) gives out the marginal posterior distribution ( )cp m  of cohesion assimilating reconnaissance 

observations (i.e., direct data az ) and all the field measurements (i.e., indirect data bz ). It indicates that the 

mean value converges subtly to -0.082kPa after the local detrending calculation, and the uncertainty decreases 

gradually following the new tunneling excavations, the final Standard Deviation (SD) equals to 0.420kPa. In a 

comparison of Fig6(b), posterior has bigger uncertainties even the mean values located in the same amplitude 

when the only maximal ground surface settlement 
max

bz  is taken into account. Fig.6(c) and Fig.6(d) give out the 

marginal posterior distribution ( )p c  of model factor. 
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Figure 6. Prior and posterior distributions for the mean value of the key statistical parameters θ . (a) Mean value cm  of 

cohesion (kPa)c calibrated by all the indirect measurements bz ; (b) Mean value cm  of cohesion (kPa)c  calibrated by the 

maximal indirect measurements 
max

b
z . (c) Distribution ( )p c  calibrated by all the indirect measurements bz ; and (d) 

Distribution ( )p c  calibrated by the maximal indirect measurements 
max

b
z . 

 

4.2    Reliability of maximum ground surface settlement 

According to the local experience of shield tunneling control in Tianjin, China, upper limit of ground surface 

settlement adopts the value (1)

max =10mmv in terms of the first excavation, and it increases 5mm each time to 

(4)

max =25mmv of the fourth tunneling excavation. 

General Bayesian framework could recognize uncertainty propagation; another advantage is the dynamic 

reliability index prediction of the shield tunneling process. To clarify the effectiveness of the probabilistic 
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method, the predicted reliability index varies dynamically in Fig.8. For example, if the unknown statistical 

characteristics of the key geotechnical parameters and model factor:
 , , , 3, 3, 3,[ , , , , , , , , , ]c E c E E c c Ej j j jm m m r r r h h h c  

adopt the updated values of the first tunneling excavation.The predicted reliability index of the maximal 

settlement of the ground surface for the third tunneling excavation (i. e., left-upper tunnel of Metro 6th line, 
(3)

max =20mmv ) is 2.44b = , Which is less than the specific value 
min

2.70b = . The prediction is obviously 

unsatisfactory, but the final value of the fourth calibration converges to 
max

4.27b = (i.e., the failure ratio is less 

than 1e-5). Hence, it avoids the unnecessary construction expenditure. 
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Figure 7. Reliability index prediction of maximal settlement of the ground surface given the updated variables (i.e., c , j , 

E  and c ) step by step. 

 

5 Conclusions 

 
Present study applied a Bayesian method for site characterization and prediction in soil-tunneling mechanics, 

using the data obtained from the direct reconnaissance report, indirect monitoring measurements, and prior 

knowledge of the geotechnical parameters themselves.  

Cohesion c , internal friction angle j , and Young�s modulus E  and mechanical model factor c  are 

denoted as spatial random field variables. Their values are updated following the shield tunneling process. Hence 

reliability index updates dynamically to maximal settlement of the ground surface. Its value will increase 

dramatically according to the geostatistics than the classical statistics. These probabilistic results are evaluated 

between min 2.70b =  to max 4.27b = , which supported successfully for the final tunnel breakthroughs. 
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