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Abstract: Obtaining reliable estimates of the in situ stress state is crucial for much rock mechanics analysis and rock 

engineering design. However, in the usual case of limited stress data, the variability inherent in stress measurements means 

that point estimates of the mean stress state obtained using the customary frequentist approach are unreliable. In this paper, 

we present a Bayesian approach to stress data analysis, and demonstrate how stress estimates can be improved by 

incorporating extra relevant information through the use of informative priors. We end with discussions on possible sources 

in practice that could contribute to construction of informative priors. 
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1 Introduction 

The in situ stress state is a fundamental parameter for much rock mechanics analysis and rock engineering design, 

and it is therefore crucial to obtain reliable estimates of it. Customarily, the in situ stress state within a rock mass 

volume of interest is estimated as the mean of a number of measured stresses. However, because of varying rock 

properties and the presence of discontinuities, localized measurements of stress in fractured rock masses often 

display significant variability (Martin 1990; Obara and Sugawara 2003; Harrison et al. 2010; Hudson and Feng 

2010). As a result, the mean may be unreliable, particularly when�as is often the case in rock engineering�

only a small number of measured stresses are available (Feng et al. 2018). 

In this paper, we present a Bayesian approach that overcomes the limitations of small data sets. We use a 

rare large dataset comprising 101 stress measurements obtained within a relatively small volume of rock (Martin 

and Christiansson 1991) to support our analyses. Fig. 1 shows that significant variability is present in these data, 

but their large number allows us to consider them as representative of the population in this locality. 

We begin by showing that the frequentist estimation based on small sample sizes may lead to erroneous 

stress estimates. First, we transform the data into tensors referred to the Cartesian coordinate system of x East, y 

North and z vertically upwards. A large number (100) of samples of small sizes (n=5, 10, 20)�representative of 

the sizes often encountered in practice�were randomly drawn from the dataset and used to generate point 

estimates of the mean in situ stress state. Fig. 2 shows the boxplots of these point estimates, together with the 

assumed population mean values and the associated 95% confidence intervals (CIs) obtained from the full stress 

dataset. As expected, the variation in estimates decreases with increasing sample size, but for the smaller sample 

sizes (e.g., size 5 and 10 in this example) large variations about the population mean value are observed for all 

six mean stress components. It is noteworthy that fewer than 50% of these estimates fall within the 95% CIs 

obtained from the full dataset, confirming that estimates based on small sample sizes are likely to be unreliable. 

The inadequacy of frequentist estimations when applied to limited geotechnical data is becoming widely 

recognised, and novel applications of Bayesian data analysis to overcome this are being reported. For example, 

Bozorgzadeh et al. (2018) recently showed how Bayesian approaches lead to improved strength criterion 

parameter estimation and uncertainty quantification when applied to intact rock strength data. As with many 

other geotechnical applications (e.g. Tonon et al. 2001; Feng and Jimenez 2015; Contreras et al. 2018; Zhao et al. 

2018), this work applied to univariate data. As stress is a second-order tensor whose components are correlated, 

a Bayesian model that is faithful to this tensorial nature is required. Thus, in this work we introduce a Bayesian 

model for stress data and demonstrate how, when used in conjunction with informative priors, it can improve 

stress estimation. To this end, in Section 2 we briefly review the basics of Bayesian statistics, then introduce a 

Bayesian model for stress data in Section 3, and finally present the results of the Bayesian analysis and 

discussion in Sections 4 and 5. 

2 Basics of Bayesian Statistics 

Similar to frequentist methods, Bayesian methods are used to make statistical inference based on observed data. 

A fundamental theoretical difference between the two approaches is that frequentist methods treat observations 

(data) as random variables, and the unobservable quantities we wish to learn about (i.e., statistical parameters 
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such as mean, standard deviation and covariance) as fixed unknowns, while in the Bayesian framework both the 

data and statistical parameters are treated as random variables (Gelman et al. 2013). 

     

(a) Principal stress magnitude                (b) Principal stress orientation 

Figure 1.  Distribution of the full stress dataset (Martin and Christiansson 1991). 

 

Figure 2.  Variation of frequentist estimates of the mean stress based on small stress datasets. 

Assume we obtain some data y  in order to learn about a set of unobservable statistical parameters q  (e.g. 

the mean and variance of a population distribution) in terms of a probability model. A Bayesian model starts by 

defining a full joint probability model for all observable quantities y  and unobservable quantities q , 

( ) ( ) ( ),f y f f yq = q × q , (1) 

where the prior distribution ( )f q  is known and expresses our uncertainty about the values of parameter q  in 

the form of a probability density function that summarises all the information available about q  before 

observing the data y . The term ( )f y q  is the known as the sampling distribution or likelihood function, and 

expresses the probability of obtaining the data with the parameter q . 

Normalising by ( )f y , a constant that depends only on the values of the data y , leads to Bayes� rule 
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where the posterior distribution ( )|f yq  reflects the updated state of knowledge about q  after observing y . 

An advantage of the Bayesian approach is that it allows a common-sense interpretation of statistical 

conclusions. For instance, a Bayesian �credible interval� of an unknown quantity of interest (e.g., population 

mean or variance) can be directly interpreted as an interval that contains the unknown quantity with a specified 

probability, in contrast to a frequentist �confidence interval� that must be interpreted relative to a sequence of 

similar inferences that might be made in repeated practice (Gelman et al. 2013). Additionally, the Bayesian 

approach provides a straightforward framework to logically incorporate available information from other sources 

(e.g. relevant historical data or engineering judgment) through the specification of prior distributions for 

unknown parameters of interest (Lunn et al. 2012). For example, the posterior results of one relevant Bayesian 

analysis can be used as a prior for a subsequent one (Lunn et al. 2012; Gelman et al. 2013). This feature of the 

Bayesian framework has been used in the analysis of rock strength data to logically augment limited data with 

other relevant information (Bozorgzadeh et al. 2015). Prior distributions that are based on information other than 

the data to hand are known as informative priors, and strongly influence the posterior distribution through Eq. (2). 

On the other hand, those priors that have minimal influence on the posteriors are uninformative or vague priors, 

and adopting these generates statistical results that are similar to those obtained with the frequentist approach. 

In this paper, we present a Bayesian model to statistically analyze stress data, and demonstrate how the use 

of informative priors can lead to improved stress estimation. Hence, the Bayesian model is introduced below. 

3 Bayesian Model for Stress Data 

Any statistical model for stress measurements within a rock mass volume must be faithful to the tensorial nature 

of stress. The customary frequentist model assumes that the six distinct stress tensor components arise from 

independent normal distributions (Martin 1990; Walker et al. 1990; Martin and Christiansson, 1991), but this 

disregards the correlations (i.e., covariance) between the stress tensor components; it is now known that this is a 

significant shortcoming, and so a multivariate normal distribution model for the six distinct stress tensor 

components is recommended (Gao and Harrison 2018). 

Applying the multivariate frequentist model for stress data, and using the notation Y  for the stress data 

vector that comprises the six distinct stress tensor components referred to a global x-y-z Cartesian coordinate 

system, we formulate the Bayesian model as 

( )~ MVN ,x xy xz y yz z
é ù= s t t s t së ûY � Σ , (3) 

where MVN  denotes the multivariate normal distribution, and �  and Σ  are the mean vector and covariance 

matrices, respectively. In the Bayesian context, Eq. (3) essentially expresses the sampling distribution of the 

stress data, i.e. the likelihood function ( )f y q . The most commonly used priors for �  and Σ  of a MVN  model 

are their respective conjugate priors, i.e., the multivariate normal (with mean 0�  and covariance matrix 0Σ ) 

( )0 0~ MVN ,� � Σ , (4) 

and the Inverse Wishart (IW) distribution (with scale matrix S  and degree of freedom n ) (Lunn et al. 2012; 

Gelman et al. 2013; Hurtado Rúa et al. 2015; Schuurman et al. 2016) 

( )~ Inverse Wishart ,nΣ S . (5) 

To facilitate implementation of the Wishart distribution in Bayesian modelling, the inverse of Eq. (5), 

( )1 ~ Wishart ,- nΣ S , (6) 

is used. Here, 1-
Σ  is the inverse of the covariance matrix, i.e. the precision matrix. The Wishart distribution is 

the multivariate generalization of the gamma distribution, which is the conjugate prior for the precision (i.e., the 

reciprocal of variance) of the univariate normal model. 

The amount of prior information is determined by the values of the parameters of the prior distributions (i.e. 

0� , 0Σ , S  and n , the so-called hyper-parameters). The uninformative MVN prior for the mean �  in Eq. (4) is 

typically obtained by setting 0 0=� , with a large variance (i.e. small precision) for each component of 0�  and 

zero covariance between its components. For the Wishart prior in Eq. (6), the least informative prior is obtained 

by setting the scale matrix S  to the identity matrix and the degree of freedom n  to the dimension of the 
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multivariate data (i.e. 6 for stress data) (Lunn et al. 2012; Gelman et al. 2013; Schuurman et al. 2016). The 

uninformative hyper-parameter values are shown in Table 1, in which 6I  denotes the identity matrix of size 6. 

4 Bayesian Analysis of Stress Data 

We begin by informally verifying that a Bayesian analysis using the model of Eqs. (3)�(6) and uninformative 

priors (see Table 1) replicates a classical frequentist analysis. Fig. 3 shows the point estimates and the associated 

95% intervals of the mean stress vector �  obtained from analyses of the complete stress dataset; visually, no 

appreciable difference is discerned between the two set of results. 

Table 1.  Values of hyper-parameters of priors. 

Model parameter Hyper-parameter Uninformative Informative 

�  (MPa) 
0�  (MPa) [ ]0 0 0 0 0 0  [ ]27.16 2.74 3.57 19.92 2.82 16.24  

0Σ  4

6 10´I  ( )diag 2.35 5.24 11.04 7.07 8.65 5.89  

1-
Σ  

S  6I   

n  6  

 

Figure 3.  Frequentist and Bayesian estimates of the mean stress m  based on the full stress dataset. 

4.1    Informative priors 

As noted in Section 2, posteriors resulting from a Bayesian analysis can be used as priors for further analyses. 

Here, we use the analysis using uninformative priors to generate informative priors (see Table 1). This, of course, 

is a hypothetical situation, but is one that allows us to explore the efficacy of the Bayesian approach. We only 

provide an informative prior for the population mean � , since it is not yet known how to elicit the informative 

Wishart prior for the covariance Σ ; this is a subject for further research. 

4.2    Bayesian estimation 

Figure 2 demonstrated that frequentist analysis of small samples of stress data is liable to yield unreliable 

estimates. To demonstrate how informative priors may overcome this unreliability, we reanalyse the 100 stress 

samples of size 10 that were used for frequentist estimation in Section 1. 

For each of these samples, we use the model of Eq. (3)�(6) with the informative prior for �  and the 

uninformative prior for Σ  (see Table 1) to estimate the mean stress � ; thus, 100 Bayesian point estimates 

(posterior mean) of the mean stress state are obtained. 

4.3    Results 

Figure 4 illustrates the distribution of the 100 Bayesian point estimates of the magnitudes of the six mean stress 

components, together with the corresponding frequentist estimates. Additionally, Fig. 5(a) presents a comparison 

of the principal stress magnitudes, and Fig. 5(b) the principal stress orientations. These figures clearly show that 

the Bayesian estimates show decreased variation around the assumed population mean (the mean of the full 

stress dataset) than do the frequentist estimates, suggesting that the Bayesian model with informative priors 

generates stress estimates of improved reliability. 
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Figure 4.  Point estimates of the mean stress based on stress samples of size 10 using Bayesian and frequentist approaches. 

 

(a) principal stress magnitudes 

 

(b) principal stress orientations 

Figure 5.  Frequentist and Bayesian point estimates of principal mean stresses using samples of n=10 

5 Discussion 

Our results show that applying the Bayesian model with informative priors to small samples of stress data yields 

more reliable stress estimates than does the frequentist approach. In this study, for the purpose of demonstration, 

we constructed the informative priors from a Bayesian analysis of the full stress dataset available to us. This is a 
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hypothetical situation, because in practice such data would not be available. Nevertheless, suitable information to 

assist in constructing informative priors could be obtained from many other sources, such as the 

commonly-assumed linear relation between burial depth and vertical stress, as well as stress data from nearby 

locations, expert judgment, numerical modelling, borehole breakouts, core disking and the like. The ability of the 

Bayesian framework to rationally incorporate such supplementary no or low cost information will be extremely 

valuable, given that performing stress measurements using common methods such as overcoring and hydraulic 

fracturing is both costly and time-consuming. However, further research is required to determine how available 

stress information can be summarised into appropriate prior distributions. 

6 Conclusions 

In this paper we showed that for small samples of stress data, the customary frequentist approach is liable to 

yield unreliable stress estimates. We presented a Bayesian approach to stress data analysis, and demonstrated 

how stress estimates using limited data can be improved by incorporating extra relevant information through the 

use of informative priors. Finally, we discussed the multiple sources of stress information in practice that could 

contribute to constructing informative priors and emphasized the potential difficulties in summarising the 

information in the form of a probability distribution appropriate to Bayesian analysis. 
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