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Abstract: This paper considers the use of a probabilistic approach to incorporate variability into the Hoek-Brown criterion 
for fractured rock masses so that it may be applied within the framework of Reliability Based Design. The approach has been 
motivated by the increasing use of probabilistic modelling to characterise uncertainty in the peak strength of intact rock using 
the Hoek-Brown strength criterion. Here, a recently proposed approach for quantitatively incorporating variability of rock 
mass conditions in assessments of Geological Strength Index is used to extend probabilistic modelling to assessments of 
variability in the peak strength of fractured rock masses. 
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1 Introduction 
 
The generalised Hoek-Brown strength criterion (Hoek et al. 2002) is widely used to predict the peak strength of 
fractured rock masses. In order to characterise the strength of the rock mass, first the empirical Hoek-Brown 
strength criterion for the intact rock ñ which defines triaxial strength as a nonlinear function of confining 
pressure ñ is derived. The intact strength envelope is then reduced through factors which account for the 
blockiness of the rock mass and the surface condition of its discontinuities; in particular, the Geological Strength 
Index (GSI) parameter is used for this. 

Until recently, estimates of rock mass strength obtained from the Hoek-Brown criterion have been 
deterministic in nature, and based on subjective estimates of the criterion parameters. However, this approach 
does not account for the inherent variability of natural geomaterials, and to overcome this quantitative methods 
and statistical techniques are needed to characterise uncertainty in the Hoek-Brown parameters. Statistically 
incorporating the variability of the rock mass into the design process allows for the probability of failure to be 
determined, which then allows for a Reliability Based Design (RBD) approach to be utilised when dealing with 
fractured rock masses (Bedi and Orr 2014). RBD is one of the central pillars of Limit State Design, and as such 
there has been a recent drive towards moving rock engineering from the existing deterministic, qualitative 
approach to a probabilistic one, which can be utilised within an RBD framework.  

Given the widespread use of the Hoek-Brown criterion and a drive towards RBD in rock engineering, 
statistical analysis of intact rock strength (Hoek et al. 2002; Langford and Diederichs 2015; Bozorgzadeh et al. 
2018) and advances in quantification of GSI (Hoek et al. 2013; Morelli 2015; Bedi et al. 2018), have been 
proposed. This paper presents a probabilistic method to quantifying uncertainty in rock mass strength by using 
the generalised HoekñBrown criterion. The paper combines previous methods of probabilistic modelling of both 
the intact strength envelope and the Geological Strength Index (GSI) in order to determine variability in rock 
mass strength. The paper uses exemplar actual project data to present results showing the utility of our approach. 
The paper concludes with recommendations regarding the use of probabilistic methods to characterise 
uncertainty in the peak strength of fractured rock masses when using the Hoek-Brown criterion and GSI, and 
ramifications this may have for achieving consistent designs in rock engineering. 
 
2 Quantifying Uncertainty in Rock Mass Strength 
 
As mentioned above, to utilise RBD in the assessment of the peak strength of fractured rock masses, one must be 
able to quantify both the variability in the peak strength of the intact rock and GSI statistically. Here we adopt 
the Bayesian regression approach proposed by Bozorgzadeh et al. (2018) to derive statistical moments to 
characterise variability in the Hoek-Brown envelope fitted to intact rock strength, which can be obtained from 
triaxial and uniaxial compression, as well as direct or indirect tensile strength tests. Variability in GSI is 
quantified through the approach proposed by Bedi et al. (2018), in which the rock mass condition is assessed 
through simple index tests on recovered core samples. Using this approach, uncertainty resulting from inherent 
variability of all the parameters that define the Hoek-Brown criterion for fractured rock masses fit an aleatory 
model with which probabilistic indices such as reliability index or probability of failure can be computed. 
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2.1    Intact rock strength 

The generalised Hoek-Brown strength criterion for intact rock can be written as 

( )( ) 5.0

331 1+ss¢s+s¢=s¢ ciici m               (1) 

where   is the major principal effective stress at peak strength for a given minor principal effective stress ; 

 is the uniaxial compressive strength of the intact rock (UCS);  is a material constant. The uncertainty in 

the intact rock strength parameters,  and , can be characterised through laboratory measurements of rock 

strength.  

One approach to fitting the Hoek-Brown criterion to triaxial strength data is the use of least-squares 

regression optimisation, which minimises the sum of the squared errors defined with respect to  in the tensile 

region and  in the compressive region (Langford and Diederichs 2015). However, this method produces 

potentially erroneous statistical fits of confidence intervals to the data, as depicted by Figure 1a. To overcome 

this, Bozorgzadeh et al. (2018) presented a Bayesian regression model that rigorously fits the Hoek-Brown 

strength criterion to tensile and compressive data (Figure 1b). Separately, the Bayesian regression can also 

overcome the issue of limited data by using informative prior distributions. Using this approach, Hoek-Brown 

peak strength envelopes for the intact rock can be statistically derived for given levels of confidence for use with 

RBD (Figure 1a).  

 

  
a) Comparison of least-squares optimisation and Bayesian regression    

model 
b) Illustration of variability in tensile and 

compressive regions  

Figure 1.  Statistical models to characterise variability in Hoek-Brown criterion for intact rock (from Bozorgzadeh et al. 2018) 

 

2.2    GSI and rock mass parameters 

The peak strength of jointed rock masses can be evaluated by reducing the properties of the intact rock through 

introduction of GSI (Hoek 1994; Hoek et al. 1995), using the following relations:  

( )( )acibci sm +ss¢s+s¢=s¢ 331
              (2) 

where , ;  when ;  with  when 

. It should be recognised that whilst model uncertainty in the above relations exists, in the absence of 

any results quantifying this uncertainty, the following discussion assumes that these relations are precise. 

Recently, Bedi et al. (2018) proposed a fully quantitative approach for evaluation of GSI through two sets of 

parameters on two scales (Figure 2). The parameters on the horizontal axis (scale A) characterise structure and 

conditions of discontinuity surfaces in the rock mass, while those on the vertical axis, i.e. Rock Quality 

Designation (RQD on scale B) define the lithology and blockiness (Carter and Marinos 2014). The relationship 

proposed by Bedi et al. (2018) is 

2tan1

tan52 RQD
GSI

a

a +
+

=
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      (3) 

Equation (3) expresses scale A using [52tanfa/(1+tanfa)] and scale B using [ ], with fa being the apparent 

friction angle of the joints. 

Bedi et al. (2018) showed that all the parameters in Eq. (3) can be entirely defined in terms of quantitative 

measures that can be objectively determined using simple index tests. When a sufficient number of tests are 

performed to quantify the parameters on Scales A and B, an aleatory model may be fitted to quantify the 

uncertainty in each of these parameters. As all the parameters that define GSI can be objectively measured, 
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epistemic uncertainty is removed and using Eq. (3), GSI can be calculated and an aleatory model fitted to 

characterise the uncertainty resulting from inherent variation. 

 

3 Quantitative Assessment of Hoek-Brown Strength Criterion; An Exemplar from Avro Granite  

 

Bedi et al. (2018) demonstrated the applicability of Eq. 3 through assessment of borehole logging and tilt tests 

using data from the nuclear waste repository site at Oskarshamn, Sweden. All data were obtained from open 

reports available at http://www.skb.se. The approach involved assessment of RQD (scale B) measured directly 

from the core, with joint condition parameters (scale A) being measured using 47 no. tilt tests. These allowed 

development of the probability density distributions shown in Figure 2. Subsequently, Monte-Carlo simulation 

(MCS) using Eq. (3) was performed to determine the probability distribution of GSI; this was found to be a Beta 

distribution, as noted in Figure 2.  
 

 
Figure 2.  Probability distribution of GSI resulting from aleatory models fitted to GSI Scale A and Scale B 

(from Bedi et al. 2018). 

 
Here we extend the analysis to determine the Hoek-Brown intact rock strength to characterise variability in 

the Avro granite using both triaxial compression and indirect tensile strength test data from the same dataset used 

in the GSI assessment from the Oskarshamn site. The test data have been plotted in principal stress space (

) and the Bayesian regression method of Bozorgzadeh et al. (2018) applied to determine distributions of the 

Hoek-Brown intact strength parameters,  and . The statistical moments obtained are given in Table 1; on 

the basis of visual assessment, both distributions were found to be normal. The intact Hoek-Brown strength 

envelopes at the mean and the 95% credible interval for the mean fitted Bayesian regression parameters are 

plotted alongside the test data in Figure 3. For comparison, the mean intact strength envelope fitted to the data 

using non-linear least-squares regression is also plotted, and is seen to be incorrect, erroneously significantly 

underestimating the strength of the intact rock. 

 

3.1    Quantifying uncertainty in rock mass strength 

To obtain a distribution of the Hoek-Brown strength envelope for the fractured rock mass, the probability 

distribution functions for the intact rock parameters and GSI were combined through MCS. In this simulation, 

variability in GSI is characterised as a Beta distribution (Figure 2) to obtain distributions for the Hoek-Brown 

rock mass parameters  and  defined in Eq. (2). Table 2 summarises the moments of the distributions of the 

rock mass parameters obtained from the MCS, which are then used to produce distributions of the major 

principal stress   at each value of minor principal stress   used in the intact rock testing regime (i.e. 0, 2, 5, 7, 

10, 15, 20 & 50MPa). Figure 4a shows the output distribution of each MCS obtained using 5000 iterations (the 

filled histogram is for ; the subsequent histograms are as labelled). As this figure shows, the variability in 
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the distribution of the Hoek-Brown strength envelope increases with increasing confining stress, but at all values 

of  is well characterised by a Beta distribution. Figure 4b, c and d show the Beta distributions fitted to the 

MCS for the rock mass tensile strength, uniaxial compressive strength at the maximum confining pressure of 

. 

 
Table 1.  Fitted distribution of Hoek-Brown peak strength parameters for intact rock using Bayesian regression. 

Hoek-Brown intact strength 

parameter 
Fitted distribution Mean Standard deviation 

mi Normal 22.21 0.35 

sci (MPa) Normal 184.2 2.29 

 

 
Figure 3.  Fitted mean Hoek-Brown strength criterion to tensile and compressive strength test data.  

 

The Hoek-Brown rock mass strength envelopes representing the mean, lower and upper 5% confidence 

values obtained from the distributions generated by MCS are plotted in Figure 5.  

 
Table 2.   Statistical parameters for Hoek-Brown peak strength parameters for fractured rock.  

Hoek-Brown rock mass 

strength parameter 
Mean Standard deviation 

Lower 5% confidence 

level 

Upper 95% confidence 

level 

GSI 77 7.76 63 88 

mb 9.65 2.65 5.75 15.00 

s 0.075 0.084 0.016 0.272 

a 0.5 - 0.5 0.5 

stm -1.43 0.91 -0.51 -3.40 

scm 50.37 22.36 22.97 97.62 

  

As a means of simplifying the procedure for generating Hoek-Brown strength envelopes, point estimates 

using ,  and GSI values at the same confidence levels as the curves generated from the MCS were 

calculated and are also plotted on Figure 5 for comparison. As this figure shows, the estimates generated using 

the point estimates are very similar to those generated using MCS, and the differences are considered 

insignificant for engineering purposes.  

Of note, Figure 5 suggests heteroscedasticity in the MCS output of the Hoek-Brown peak strength envelope, 

and Figure 6 confirms that standard deviation in strength is not constant with respect to . A corollary of this is 

that the upper 95% and lower 5% confidence curves should be used with caution for engineering design, until it 

can be demonstrated whether the heteroscedasticity is it an artefact of the analysis or inherent in the Hoek-Brown 

strength criterion.  
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 a) Simulated distribution of peak strength  at each 

tested level of confining stress; 

 b) Simulated distribution of rock mass tensile strength 

( ); 

  
c) Simulated distribution of rock mass compressive 

strength ( ); 

d) Simulated distribution of rock mass peak strength at 

(  ). 

Figure 4.  Simulated distributions of rock mass peak strength at various levels of confining pressure. 

 

 
Figure 5.  Simulated Hoek-Brown rock mass strength envelopes and point estimates at various confidence levels. 
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Figure 6.  Heteroscedasticity of rock mass strength. 

 

4 Conclusions 
 

A new method for calculating the peak strength of rock mass using the Hoek-Brown strength criterion has been 

presented. The method uses Bayesian regression to characterise variability in the peak strength of intact rock and 

GSI to characterise variability in rock mass structure and joint shear strength parameters that define discontinuity 

surface condition. All the parameters required to characterise uncertainty in the rock mass strength may be 

objectively measured using simple index tests, and so uncertainty in their characterisation is aleatory and thus 

accords with Limit State Design principles. The procedure proposed is simply as follows:  

1. Undertake tensile, UCS and triaxial strength tests on intact rock specimens, fit the intact strength envelope 

and determine uncertainty using the Bayesian regression described in Bozorgzadeh et al. (2018);  

2. Quantify GSI through index tests and logging of RQD on core using the method of Bedi et al. (2018);  

3. Use MCS with the statistical moments obtained in (a) and (b) to determine distributions of peak strength at 

desired values of minor principal stress;  

4. Determine appropriate fractile curves for the rock mass peak strength criterion. Alternatively, using the 

Hoek-Brown strength parameters at the appropriate confidence level will give practically accurate estimates 

of the Hoek-Brown strength of the fractured rock mass at the required confidence level.   

A key finding of the paper is that there is now potentially a means to quantify uncertainty in estimation of 

peak strength of rock masses using the Hoek-Brown criterion through calculation of mean and fractile curves for 

the peak strength of the fractured rock mass. Adopting this method can lead to consistency in engineering design 

in fractured rock.  
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