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Abstract: Due to the randomness in the natural deposit history, soil properties are spatially variable even within the same 

stratum. This paper suggests a method of evaluating the value of reducing uncertainty associated with the friction angle of the 

sand through a site investigation program for design of shallow foundations considering the spatial variability of the soil. For 

the example studied, there seems to exist an optimal number of samples for a given sampling range. However, the optimal 

number of samples for different sampling ranges are not the same. There also seems to exist an optimal sampling range for a 

given number of samples. The effectiveness of a site investigation program will increase as the soil become spatially more 

correlated. When the site investigation program is the same, the value of information of a site investigation program 

decreases as the measurement error increases. 
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1 Introduction 

 

Due to the randomness in the natural deposit histories, soil properties are inherently spatially variable even 

within the same stratum (e.g., Lacasse and Nadim 1996; Phoon and Kulhawy 1999). The performance of shallow 

foundations may be tremendously affected by the spatial variability of the underlying soil (e.g., Fenton et al. 

2008; Kasama et al. 2012). In the design of shallow foundations, the spatial variability may be taken into 

consideration (e.g., Cherubini 2000; Fenton and Griffiths 2003). 

The spatial variability of the soil can often be modeled through the random field theory (Vanmarcke 1983). 

In practice, the data obtained from a geotechnical site investigation program can be used to reduce the 

uncertainty associated with the soil, and hence improve the design of shallow foundations. It can be expected 

that, as the amount of site investigation data increases, the uncertainty associated with the soil properties can be 

more reduced. It is thus interesting to study the relationship between the level of site investigation and its 

potential benefits on the design of shallow foundations. Previously, several studies have been performed in 

geotechnical engineering to study the value of the uncertainty reduction based on the concept of value of 

information (VOI) analysis (e.g., Angulo and Tang 1999; Yokota and Thompson 2004; Gilbert and Habibi 2014; 

Najjar et al. 2017; Yoshida et al. 2018; Juang et al. 2019). The selection of site investigation program is found to 

have a significant effect on the serviceability design of shallow foundations on spatially variable soil (e.g., Hu et 

al. 2018). However, the value of site investigation for the ultimate limit state design of shallow foundations has 

seldom been studied. 

The objective of this paper is to suggest a method of analyzing the VOI of site investigation in the ultimate 

design of strip footings on sand. This paper is organized as follows. First, the problem is briefly described, 

followed by how to assess the reliability of the strip footing considering the uncertainty in the friction angle of 

the sand. Then, how to reduce the uncertainty associated with the friction angle of the sand based on the site 

investigation data is described. Thereafter, how to evaluate the VOI of a site investigation program is outlined. 

Finally, an example is studied to illustrate the proposed method and to investigate the impact of different 

parameters on the VOI of a site investigation program for the design of shallow foundations.  

 

2 Problem Description 

 

As an illustration, consider a strip foundation on sand as shown in Fig. 1. The spatial variability of the 

underlying soil can often be modeled as a random field (e.g., Vanmarcke 1983). In this example, the horizontal 

variability is neglected and the spatial variability is modeled as a one-dimensional lognormal random field, φ(z), 

where z is the depth below the foundation base. Based on the above assumption, the logarithm of friction angle, 

i.e. ln φ(z), is a Gaussian random field.  

Before the site investigation is conducted, there is little knowledge about the spatial distribution of soil 

properties. Thus assume that φ(z) is a stationary random field before the site investigation, i.e. the distribution of 
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φ(z) for arbitrary z are the same. This distribution describes the epistemic uncertainty and natural variability of 

φ(z). Let �φ and δφ denote the mean and coefficient of variation (CV) of friction angle φ, respectively. Let λφ and 

ξφ denote the mean and the standard deviation of ln φ, respectively. λφ and ξφ can be calculated based on �φ and δφ 

through the following equations 

( )2 2ln 1j jx d= +  (1) 

2ln 0.5j j jl m x= -  (2) 

Assume that the auto correlation function of ln φ is the single exponential correlation function as follows 

(e.g., Fenton and Griffiths 2003; Huang et al. 2010) 

( ) ( )1 2 1 2, exp 2 /z z z z lr = - -  (3) 

where |z1-z2| is the distance between the two points; l is the scale of fluctuation (SOF); ρ is the correlation 

coefficient between the soil properties of two points.  

Assume that before the site investigation, the values of δφ and l are known based on experience from similar 

projects. The value of �φ, however, is uncertain. Assume that �φ is lognormally distributed with a mean of �� and 

a CV of δ . (e.g., Papaioannou and Straub 2017). Let λ  and ξ  denote the mean and the standard deviation of ln 

�φ, respectively, which can be calculated based on �� and δ based on the property of a lognormal random 

variable. Based on the above assumptions, φ still follows lognormal distribution. The mean of ln φ(z), denoted as 

�ln φ (z), can be calculated as follows 

( ) ( ) ( ) ( ) ( )2 2 2

ln ln ln 0.5 ln 0.5 0.5j j j j j jj mm lj l m x m x x= = - == =-é ùë û -E z E E Ez  (4) 

The covariance of ln φ at two points z1 and z2, denoted as Cln φ (z1, z2), can be calculated as follows 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )2 2 2 2

ln 1 2 1 2 11 22Cov ln , ln Cov ,, , va ,ln 0r .5C z z z zz z z zj j j j jj m m mj j l l l m x x xrx r += + = += -  (5) 

With the actual measurements of the friction angle from a site investigation program, the epistemic 

uncertainty associated with φ can be reduced. In the following, the value of reducing the uncertainty associated 

with φ for design of shallow foundation will be investigated. 
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Figure 1. Site investigation for design of shallow foundation 

 

3 Reliability Analysis of the Shallow Foundation 

 

In Fig. 1, the ultimate bearing capacity of the shallow foundation on sand can be evaluated with the following 

equation 

1 20.5u f qq BN D Ngg g= +  (6) 

where qu is the ultimate bearing capacity; B is the width of the foundation; P is the applied load; γ1 is the unit 

weight of the soil under the foundation base; γ2 is the unit weight of the soil over the foundation base; Df is the 

depth of the foundation base; Nq = tan2(π/4+φL/2)×exp[πtan(φL)]; Nγ = 1.8×(Nq 1)×tan(φL) are the bearing-

capacity factors; φL is the spatial average of the effective friction angle along the failure surface of the foundation 

(e.g., Cherubini 2000). 

Due to the spatial variability of the underlying soil (e.g., Lacasse and Nadim 1996; Phoon and Kulhawy 

1999), the value of the property at each point in the soil domain cannot be completely known. As such, φL may 

be uncertain and can be modeled as a random variable. As suggested by Fenton and Griffiths (2003), for shallow 

foundation problems φL can be defined as the geometric average of φ(z), which can be calculated as follows 
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where L is the length of the failure surface where the spatial averaging is performed. As φ(z) is a lognormal 

random field, lnφ is a normal random field. For ease of mathematical manipulation, the mean and the variance of 

ln φL will be calculated first, which can be obtained based on the following equations: 

( ) ( )ln

1
ln d

L
LE z z

L
jmj = ò  (8) 

( ) ( )ln 1 2 1 22

1
Var ln , d d

L L
L C z z z z

L
jj = ò ò  (9) 

where �ln φ(z) is the mean of ln φ(z); Cln φ(z1, z2) is the covariance of ln φ(z1) and ln φ(z2).  

In practice, the failure surface may be uncertain because it is affected by the spatial distribution of soil 

properties (e.g., Ching et al. 2016). In this study, L is calculated approximately based on the following equation 

(Cherubini 2000) 

fL D B= +  (10) 

After the statistics of φL are determined, the reliability of the shallow foundation can then be assessed based 

on the first order reliability method (FORM) (e.g., Cherubini 2000). The width of the shallow foundation can be 

adjusted to satisfy a target failure probability.  

 

4 Reducing Uncertainty with Site Investigation Data 

 

As shown in Fig. 1, suppose the data from site investigation (e.g. SPT test) can be modeled as samples uniformly 

distributed along the vertical bored hole, then the site investigation program can be parameterized with the 

number of samples N and the sampling range S or equivalently, the sampling spacing d = S / (N-1). If N = 1 the 

only sample is at z = 0. The site investigation data may be expressed as a vector, i.e. D = (ln φobs1, ln φobs2, �, ln 

φobsN)T, where φobsi is the observed friction angle at the ith depth Zi (i = 1, 2,�, N).  The friction angle is 

estimated based on results from in-situ tests, which is also subject to the uncertainty associated with the 

transformation model (e.g., Kulhawy and Phoon 2002; Ching and Phoon 2012) and test error. Here the 

uncertainty of observed data may be called the measurement error of φ. The measurement error is modelled as a 

random variable as follows 

obs /i i iM j j=  (11) 

where Mi is a factor representing the effect of the measurement error of the ith sample; φobsi and φi are the 

observed and the actual friction angle of the ith sample, respectively. Assume that each Mi is statistically 

independent and lognormally distributed with a median of unit and a CV of δm. Then the mean and the variance 

of ln M are zero and ξ2
m = ln(1+δm

2), respectively. Based on the above assumptions of measurement error, D is 

still multivariate normal. The mean vector of D can be calculated as follows 

( )( ) ( ) ( ) ( ) ( ) ( )2 2

obs  ln ln ln ln ln 0.5 0= .5E E E E m j m jl x l x= = + - -= + = +
D
� φ φ 1M M φ 0 1  (12) 

where φobs = (φobs1, φobs2,�, φobsN)T = (M1φ1, M2φ2,�, MNφN)T is the vector of observed friction angle; M = (M1, 

M2,�, MN) is the vector of independent measurement error factors; φ = (φ1, φ2,�, φN)T is the vector of actual 

friction angle; 0 = (0,0,�,0)T is an N × 1 vector ; 1 = (1,1,�,1)T is an N × 1 vector. Its covariance matrix can be 

calculated as follows 

( )2 2 2

ln ln= T

m m jx x x+ = + +
D M φ
Σ Σ Σ I 11 ρ  (13) 

where Σln M = ξ2
mI is the covariance matrix of ln M; Σln φ = ξ2

�11T+ξ2
φρ is the covariance matrix of ln φ with 

elements calculated via Eq. (5); ρ is an N × N autocorrelation coefficient matrix with ρij = ρ(zi, zj) as shown in Eq. 

(3); I = diag(1,1,�,1) is an N × N identity matrix. 

Let z1 and z2 denote two arbitrary depths beneath the foundation. Based on the above analysis, it can be 

proved that the joint distribution of x = (ln φ(z1), ln φ(z2), DT)T is also multivariate normal distribution. Thanks to 

the convenience of multivariate normal distribution, the updated distribution when the value of D is known f (ln 

φ(z)| D) can be solved analytically (e.g., Eaton 1983). The updated mean value function and covariance function 

can be calculated as follows 
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( ) ( ) ( )2 1

ln 0.5 zz zj m j lm l x l-= - + -
D D

D Σ Σ D 1  (14) 

( ) ( ) ( ) ( )2 2 1

ln 1 2 1 2 1 2, , T

z zC z z z z z zj m jx x r -= + -
D D D

D Σ Σ Σ  (15) 

where ΣzD (z) = (ξ 2+ξφ2ρ(Z1, z), ξ 2+ξφ2ρ(Z2, z),�, ξ 2+ξφ2ρ(ZN, z) )T. Then, the statistics of φL can be through Eqs. 

(8) and (9). It can be inferred via Eq. (7) that the posterior distribution of φL is still lognormal. Then the width of 

shallow foundation can be modified with the updated distribution of φL. 
 

5 Value of Information Analysis 

 

For the shallow foundation, its cost will increase with its width B. As mentioned previously, given the target 

reliability index, the value of B depends on the distribution of the friction angle. When a site investigation 

program is conducted, the distribution of the friction angle is updated, and hence the value of B can also be 

updated. The resultant change in B thus measures the effect of the site investigation. Let B[φ(z)] denote the width 

of the shallow foundation before the site investigation program is conducted. Let B[φ(z|D)] denote the width of 

the shallow foundation after considering the information obtained from the site investigation program. Before the 

site investigation program is conducted, the outcome from the site investigation program is uncertain. To 

consider the uncertainty in the test outcome, the value of information (VOI) of the site investigation program can 

be calculated as follows (e.g., Ang and Tang 1984; Yokota and Thompson 2004) 

( ) ( ) ( )| d
D

D D Dj j= -é ù é ùë û ë ûòVOI B z B z f  (16) 

where f (D) is probability density function of D. As mentioned previously, D follows a multivariate normal 

distribution with a mean and a covariance matrix given by Eqs. (12) and (13), respectively. In this study, the 

integral in Eq. (16) is evaluated using Monte Carlo simulation.  

 

6 Illustrative Example 

 

Consider the strip footing as shown in Fig. 1. Suppose the applied load is P = 1000kN and the unit weight of the 

soil is γ1 = γ2 = 19.8kN/m3. The depth of the foundation base is Df = 1.0m. Suppose the default SOF is l = 2m, 

and that the CV of φ is δφ = 0.15 (Phoon and Kulhawy 1999; Zhu et al. 2017; Papaioannou and Straub 2017).  

The mean and CV of �φ are assumed to be �� = 27.94° and δ  = 0.084, respectively. Suppose the target reliability 

index is βT = 3.0, which implies the allowable failure probability is 0.0013. In the following, we are going to 

assess the value of different site investigation programs using the method described above. 
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Figure 2. Results from a hypothesized site investigation example: (a) mean of friction angle; (b) CV of friction angle; (c) 

realizations of prior random field; (d) realizations of updated random field 

 

6.1    Assessment of value of information 

As an illustration, consider first the case where D = (27.9°, 28.1°, 27.6°, 27.2°, 27.7°, 27.6°), N = 6, d = 1 m, S = 

5 m, and δm = 5%. Figs. 2(a) and 2(b) compare the prior and updated distributions of the mean and the CV of the 

friction angle along the depth. As can be seen from Figs. 2(a) and 2(b), at locations with measured data the mean 

of the friction angle is around the measured friction angle but not exactly equal, and the CV of the friction angle 

at these locations is the minimum but not zero. This is because the measurement error is assumed to be non-zero 

(i.e., δm = 5%). Fig. 2(c) shows 100 realizations of the random field of the friction angle before the site 

investigation is conducted. For comparison, Fig. 2(d) shows 100 realizations of the random field of the friction 

angle after the site investigation is conducted. Comparing Figs. 2(c) and 2(d), it shows that uncertainty 

associated with friction angle is significantly reduced. Based on the distribution of the friction angle before the 

site investigation is conducted, the designed width is B = 4.1 m. With the updated distribution of the friction 

angle, B = 2.6 m. The width is reduced by 1.5 m after considering the information from the site investigation.  
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Note that the width B is not only related to the CV of φL but also the mean. If the mean of φL is small, the width 

may be not reduced despite that the CV can be reduced. In the above analysis, the values of D are assumed 

exactly known and just one possible outcome. Eq. (16) can be used to consider the uncertainty in D. If the 

uncertainty in D is considered, the VOI of this site investigation program is 1.46 m.  The VOI here implies the 

expected reduce width. 

 

6.2    Impact of site investigation program 

Fig. 3 shows the value of different site investigation programs as the number of samples N varies for the case 

that S = 2 m and δm = 0. As can be seen from this figure, when the number of samples is less than 5, the VOI 

increases with the number of samples. When the number of samples is greater than 5, the VOI is not sensitive to 

further increase of the number of samples. This is because the values of the friction angles at different locations 

are spatially correlated. The correlation among soils samples will increase as those samples are more closely 

spaced. When the spacing among soils samples is reduced to a certain value, further increase in the number of 

samples cannot provide as much information about the spatial variability of the friction angle.   

In the above analysis, S = 2 m. To study the effect of sampling range, the VOI of different site investigation 

programs with different sampling range is also calculated, and the results are also presented in Fig. 3. As can be 

seen from this figure, when the sampling range is the same, the VOI first increases with the number of samples, 

and then becomes less sensitive to further increase of the number of samples when the value if N is large, i.e., 

there exists an optimal number of samples for a given sampling range. However, the optimal number of samples 

for different sampling ranges are not the same.  

Fig. 3 also shows that the maximum VOI with N varies from 0 to 20 for different sampling ranges are not 

the same. For example, the maximum VOI for the cases that S = 2 m, S = 3 m, S = 5 m and S = 10 m are 1.44 m, 

1.89 m, 1.97 m and 1.76m, respectively. It can be seen that the maximum VOI does not increase with the 

sampling range. This is because the performance of the shallow foundation is mainly affected by the average 

friction angle within a depth of z = L. When the sampling range is too small, it may not provide enough 

information about the soil within the influence zone of the shallow foundation. When the sampling range is too 

large, there will be too many samples which are beyond the influence zone of the shallow foundation, and the 

soil properties of such samples may provide little information to the performance of the shallow foundation. 

Therefore, there also seems to exist an optimal sampling range for a given number of samples.  
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6.3    Impact of scale of fluctuation and measurement error 

In the previous analyses, l = 2 m is adopted. To investigate the effect of the SOF, Fig. 4 shows how the VOI 

changes with the number of samples as l varies from 2 m to 10 m for the case that S = 10 m and δm = 0. As can 

be seen from this figure, when the number of samples is the same, the VOI increases with the SOF, i.e., the value 

of a site investigation program will increase as the soil properties are spatially more correlated. The SOF 

measures the correlation between soil properties at different points, which reflects the ability of soil samples to 

provide the information that covers the nearby soil. The greater the SOF is, the more the soil properties at 

different points are correlated, and in such a case a measured soil sample can provide more information about the 

properties of the neighboring soil that have not been directly measured.  

In the above analyses, the measurement error is not considered, i.e., δm = 0. To study the effect of the 

measurement error, Fig. 5 shows how the VOI changes with the number of samples N as measurement error δm 

varies from 0 to 20% for the case that S = 10 m. As expected, when the measurement error is the same, the VOI 

first increases with the number of samples and then becomes less sensitive to N as it further increases. When the 

number of samples is the same, the VOI decreases as the measurement error increases. This is reasonable, since 

the quality of measured data with more measurement error can provide less information about the actual value of 

the friction angle.  
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7 Conclusions 

 
This paper suggests a method to analyze the value of information of site investigation for design of shallow 

foundations on sand. Based on the example studied in this paper, there seems to exist an optimal number of 

samples for a given sampling range. However, the optimal number of samples for different sampling ranges are 

not the same. There also seems to exist an optimal sampling range for a given number of samples. The 

effectiveness of a site investigation program will increase as the soil become spatially more correlated. When the 

number of samples is the same, the value of information of a site investigation program decreases as the 

measurement error increases. 
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