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Abstract: Bayesian analysis can be used to learn the mechanical properties of the soil through combining field data with 

other sources of information. Soil properties are inherently variable in space and, hence, are ideally modeled by random 

fields. For the purpose of reliability assessment, the soil resistance is often expressed through the spatial average of the 

random field over a failure surface, in which case the spatial average is modeled by a single random variable. In this 

contribution, we develop an approach that applies spatial averaging to the updated random field conditional on field 

measurements. The method employs the posterior auto-covariance function of the random field (obtained from a Bayesian 

analysis) and in this way accounts for the location of the measurements in estimating the statistics of the spatial average. We 

demonstrate the performance of the proposed approach in the reliability assessment of a shallow foundation resting on 

spatially variable soil.   
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1 Introduction 

 

In geotechnical engineering, field data is often used to determine the mechanical parameters of the soil. Bayesian 

analysis offers a consistent means to learn the probability distribution of soil properties through combining field 

data with other sources of information (e.g. expert knowledge or information from literature) (Straub and 

Papaioannou 2015b). The derived distribution can be further used for reliability and risk assessment. Bayesian 

analysis is particularly effective in geotechnical applications as it facilitates spatial modelling and hence enables 

accounting for the inherent spatial variability of soil properties (Papaioannou and Straub 2017).  

Spatially variable properties are modeled by random fields (Vanmarcke 2010). Random fields are random 

functions indexed by a spatial coordinate and hence consist of an infinite number of random variables. This 

implies that their computational treatment in the context of a reliability assessment is often cumbersome. In 

many cases, the soil resistance can be expressed through the spatial average of the random field over a failure 

surface. In such case, it is often possible to determine the distribution of a single random variable that models the 

spatial average of the random field, thus alleviating computationally demanding assessments involving the full 

random field model (e.g. Rackwitz 2000; Honjo and Otake 2013). For the case where the random field is 

statistically homogeneous, it is possible to determine the distribution of the spatial average through employing 

the well-known variance reduction function (Vanmarcke 2010). However, in the presence of spatially variable 

field measurements, the random field is not homogeneous; in such case, employing the variance reduction 

function related to a homogeneous covariance function (e.g. the one describing the random field before the 

measurements become available) can lead to strongly biased reliability estimates (Papaioannou and Straub 2017).  

In this contribution, we develop an approach that applies spatial averaging to the updated random field 

conditional on field measurements. The method employs the posterior auto-covariance function of the random 

field and hence accounts for the location of the measurements in estimating the statistics of the spatial average. 

We demonstrate the performance of the proposed approach in the reliability assessment of a shallow foundation 

resting on spatially variable soil. 

 

2 Modeling Spatial Variability in Geotechnical Reliability Assessment 

 

Reliability assessment of geotechnical structures and systems involves identifying the probability distribution of 

soil and loading parameters and estimating the probability of failure. The accurate assessment of soil properties 

requires the consideration of their inherent spatial variability (Baecher and Christian 2008). The latter can be 

effectively addressed in a Bayesian analysis. In this context, spatial variability can be modeled through two 

fundamentally different approaches (Straub and Papaioannou 2015b; Papaioannou and Straub 2017). The first 

approach models the soil property through a single random variable; this approach follows from classical 

statistics and can be used to learn the point statistics of the soil property but not its spatial dependence structure 

(Ditlevsen et al. 2000; Cao and Wang 2014; Papaioannou and Straub 2017). The second approach models the 
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soil property at each spatial location explicitly through a random field and allows to learn its full spatial 

distribution given spatial data (Straub and Papaioannou 2015a; Papaioannou and Straub 2017). 

Having identified the distribution of soil and other model parameters, the probability of failure is obtained as: 

 (1) 

where  is the joint probability density function (PDF) of the model parameters ,  is the 

failure event and  is the limit-state function (LSF). The corresponding reliability index is , 

where  is the inverse of the standard normal cumulative distribution function (CDF). 

The LSF  is defined in terms of an engineering model of the geotechnical system. Engineering models 

range from simple analytical expressions to advanced numerical models, e.g. nonlinear finite element models. 

Although advanced models allow for an explicit modeling of the spatial variability of soil properties, it is often 

convenient to model the spatial average of the soil properties over a failure surface instead. This is the case when 

the engineering model is available as a �black box�, e.g. through a commercial software package. Evaluating the 

statistics of the spatial average requires knowledge of the spatial dependence structure of the soil property. If the 

Bayesian learning of the property is performed with the random variable approach, the spatial dependence 

structure cannot be deduced from spatially distributed measurements, which can lead to inaccurate estimates of 

the probability of failure (Papaioannou and Straub 2017). In contrast, the random field approach enables learning 

the full spatial distribution of the soil property and, hence, leads to an accurate estimation of the statistics of 

spatial averages. Here, we employ the latter approach to model the spatial average of the random field 

conditional on spatially distributed measurements. 

 

2.1    Random fields and spatial averages 

A random field  represents a random variable at each location , with  denoting the domain of 

definition of the field (Rackwitz 2000; Baecher & Christian 2008). The random field is usually modeled by the 

marginal distribution at each location  and the auto-correlation coefficient function . Usually, the marginal 

distribution of soil parameters is modeled by a non-Gaussian distribution model, often the lognormal distribution. 

The random field can then be expressed as a function of an underlying Gaussian field  with zero mean and 

unit standard deviation, through application of the following marginal transformation: 

 (2) 

where  is the inverse of the marginal CDF of  and  is the standard normal CDF. Uncertainty in the 

parameters  of the marginal distribution  and/or correlation structure  can be included through introducing 

additional random variables, which leads to a two-level hierarchical model of the random field. The 

transformation of Eq. (2) implies that the joint distribution of the random variables corresponding to any 

collection of points in the spatial domain is described by a Gaussian copula, also known as the Nataf distribution 

(Der Kiureghian & Liu 1986). For the case where the lognormal distribution is employed, the marginal 

transformation reads 

 (3) 

where  and  are the mean and standard deviation of  at location . 

It is often possible to express the soil resistance in terms of the spatial average of the soil property over a 

failure surface. For strength properties, the geometric average is often preferred as it is dominated more by lower 

values compared to the arithmetic average (Fenton and Griffiths 2003). The geometric average of a random field 

over a surface  is given as (Papaioannou and Straub 2017): 

 (4) 

where  denotes the volume of  and  denotes the arithmetic average of the logarithm of . The mean 

and variance of  are obtained as 

 (5) 

and 

 (6) 

with  being the auto-covariance function of . We note that for 

homogeneous random fields Eq. (6) leads to the variance reduction function (Vanmarcke 2010). If the marginal 

distribution of  is modeled by the lognormal distribution, then  will be normal and can be completely 



Proceedings of the 7th International Symposium on Geotechnical Safety and Risk (ISGSR) 621

defined by its mean and variance, given in Eqs. (5) and (6).  will then be lognormal, with mean and variance 

given by  

 (7) 

and 

 (8) 

 

2.2    Bayesian learning of random fields 

Bayesian analysis can be used to learn the distribution of a random field through combining measurements with 

prior knowledge. Consider a set of measurement data . The data can be used to update the knowledge on the 

random field  through application of Bayes� rule 

 (9) 

Here  denotes the -th order prior PDF of , i.e. the joint PDF of the random vector  corresponding to any 

selection of  points in the spatial domain of definition of ,  is the -th order posterior PDF of the field 

given data  and  is the likelihood function describing the data. The mathematical form of 

the likelihood function depends on the distribution of the data . In the general case, Eq. (9) needs to be solved 

numerically, e.g. through sampling-based approaches (e.g. Jiang et al. 2018). In some situations, it is possible to 

obtain an analytical expression for  in terms of a known distribution model. This occurs when the prior and 

likelihood are described by so-called conjugate distributions (e.g. Gelman et al. 2013). 

Consider the case where the prior distribution of the random field is modeled by the lognormal model of Eq. 

(3) and the data describe direct measurements  of the random field at locations . 

Furthermore, assume that each measurement  is related to the true value  by a multiplicative 

measurement error , i.e. 

 (10) 

where the �s follows the lognormal distribution with parameters  (i.e. median equal to one) and ,   

and are statistically independent. Then the likelihood function takes the following form:  

 (11) 

The Gaussian prior distribution of  is the conjugate of the lognormal likelihood of Eq. (11). In such case, 

the posterior random field  is again Gaussian, with mean function  and auto-covariance function 

 as follows (e.g. Stein 1999) 

 (12) 

 (13) 

Here  is an  row vector function with element  equal to ,  is an  matrix with 

element  equal to ,  being the Kronecker symbol, and  is an  vector with 

element  equal to . The posterior marginal distribution of  is then lognormal with posterior 

statistics evaluated in similar fashion as Eqs. (7) and (8). The statistics of the spatial average of the random field 

conditional on the data  can be evaluated through Eqs. (5) and (6) with the posterior mean and auto-covariance 

function of . 

 

3 Estimation of Foundation Reliability 

 

We illustrate the concept of spatial averaging in the reliability analysis of a shallow foundation in silty soil. We 

consider a concentrically loaded rigid strip footing with dimension  and , as shown in Fig. 1. 

The LSF describing failure of the foundation is: 

 (14) 

where  is the ultimate bearing capacity and  is the applied load. Because we are interested in studying the 

uncertainty modeling of the soil conditions, we assume a deterministic load . The cohesion of 

the soil is assumed to be close to zero and is therefore neglected. The specific weight of the soil is taken as 

. The only uncertain parameter that defines the bearing capacity of the soil is the friction angle . 
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Direct shear tests of soil probes, taken at different depths in the area of the foundation, resulted in the following 

values of the friction angle: , , . These values are taken exemplarily from 

(Oberguggenberger and Fellin 2002). We assume that these measurements are taken at depths , 

,  below the ground level. The measurements are used to learn the distribution of  and evaluate the 

reliability of the foundation. We assume that the measurements are exact, i.e. we neglect the uncertainty of the 

measurements. In other words,  in Eq. (10) is assumed deterministic and equal to . 

 

 
 

Figure 1.  Rigid strip footing. 

 

We model the prior distribution of the friction angle with a homogeneous lognormal random field with 

uncertain mean value  and fixed coefficient of variation (CV) . The uncertainty in the mean models 

the inter-site variability: similar sites have indicated that  is commonly between  and . We take these 

values as the  and  quantiles of  and use them to fit a prior lognormal distribution for . The intra-

site variability is the spatial variation of  conditional on  For simplicity, we neglect variability in the 

horizontal direction, i.e.  is assumed to vary only in vertical direction. The spatial fluctuation along the vertical 

direction is modeled by an exponential auto-correlation coefficient function with scale of fluctuation . More 

details on this random field model can be found in (Papaioannou and Straub 2017). The random field model 

combining inter- and intra-site variability is a lognormal random field defined by the mean and auto-covariance 

function of the underlying Gaussian field ,  and  

 (15) 

with  and . The corresponding mean of  is  and its CV is . The 

posterior statistics of  are obtained following Eqs. (12) and (13) with  set to zero, as we neglect the 

measurement uncertainty. 

The bearing capacity is evaluated with nonlinear plain strain finite element analysis, following Smith and 

Griffiths (2004). The material model is based on an elastic-perfectly plastic stress-strain law with Mohr-

Coulomb yield surface and non-associated plastic flow rule with zero dilatancy. Since we account for the 

variability only in the vertical direction, we can take advantage of the symmetry and model only one half of the 

soil profile. The finite element mesh, consisting of eight-node quadrilateral elements, is shown in Fig. 2. We 

compare the results obtained with the full random field model to the ones obtained with a single random variable 

whose statistics are calculated based on spatial averaging. For the random field model, we discretize the random 

field with the Karhunen-Loève expansion (Betz et al. 2014) and evaluate the reliability by application of the line 

sampling method (Koutsourelakis et al. 2004). For the spatial averaging approach, we estimate the statistics of 

the spatial average of  conditional on the measurements in terms of its posterior mean and auto-covariance 

functions through Eqs. (5) and (6). As we neglect the spatial variability in horizontal direction, spatial average is 

performed only along the depth  of the failure surface. The averaging volume  is taken as the wedge zone 

depth of the slip surface of the foundation at the mean value of the friction angle, following Fenton and Griffiths 

(2003): 

 (16) 

where  is the mean of the spatial average of the friction angle . Eq. (16) is an approximation of the depth of 

Terzaghi�s log-spiral failure surface. 

For homogeneous random fields, the value of  in Eq. (16) is not influenced by spatial averaging, i.e. it is 

equal to the mean of  independent of the size of the averaging volume  (Vanmarcke 2010). However, the 

posterior random field given the spatially varying measurements is not homogeneous, as evident from Eqs. (12) 

and (13). In such case, the value of  depends on the size of  and, hence, the averaging volume cannot be 

evaluated explicitly. To circumvent this difficulty, we propose to evaluate the averaging volume through the 

following iterative procedure: 

 

1. Choose  as the posterior mean of the random field at a location away from the measurements.  

Set . 
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2. Compute the averaging volume  in terms of  through Eq. (16). . 

3. Compute the mean  of the spatial average in terms of averaging volume  through Eqs. (5), (6) and (7). . 

4. If , set  and exit. Else, set  and return to step 2. . 

 

The error tolerance in step 4 is chosen here as . After determining the distribution of , the 

probability of failure is evaluated as , where  is the CDF of  and  is the value of the 

friction angle for which . The latter value is computed numerically as .  

 

 
 

Figure 2.  Finite element mesh used for evaluation of the bearing capacity. 

 
Figure 3 shows the reliability index computed with the random field (RF) and spatial averaging (SA) 

approaches for different values of the prior scale of fluctuation  of . The reliability with the RF approach is 

evaluated by the line sampling method with a target CV of the probability estimate of . Spatial averaging is 

performed with the posterior auto-covariance function obtained with the RF approach (SA-RF), as described 

herein, as well as with the prior correlation structure following the RV approach (SA-RV), as described in 

(Papaioannou and Straub 2017). It is shown that the reliability estimates obtained by the RF and SA-RF 

approaches agree well, with the SA-RF approach underestimating the reliability at large values of . In contrast, 

the SA-RV approach leads to significant underestimation of the reliability, as it is based on the prior correlation 

structure of the random field and thus does not account for the location of the measurements. The influence of 

the measurement locations becomes significant for larger scale of fluctuation ; in fact, as  the uncertainty 

in the posterior random field will vanish (as the measurement uncertainty is neglected) and the probability of 

failure will tend to zero. This behavior is captured well by the SA-RF approach, as it is based on the posterior 

auto-covariance function. We note that in practice a measurement uncertainty is always present; that is, even for 

large  the posterior point variance of the random field will not tend to zero.  

 

 
 

Figure 3.  Reliability index vs. prior scale of fluctuation evaluated with the full random field (RF) model and with spatial 

averaging according to the posterior auto-covariance function (SA-RF) and according to the prior correlation structure of the 

random field (SA-RV). 

 

4 Conclusions 

 

This paper presents a spatial averaging approach for modeling the spatial variability of soil parameters in 

geotechnical reliability assessments. The proposed method accounts for the influence of spatially distributed 
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measurements through employing Bayesian analysis to determine the posterior mean and auto-covariance 

functions of the random field model of the soil property. The statistics of the spatial average are then computed 

by averaging the posterior random field. We demonstrate through a simple example of a shallow foundation that 

the proposed approach gives comparable reliability estimates to a full random field approach.  

The spatial averaging approach is considerably less demanding than the random field approach both in terms 

of modeling and computation, as it reduces the influence of each random field to that of a single random variable. 

This leads to a reduction of the total number of random variables, which implies a reduction of required model 

evaluations for most reliability algorithms. Therefore, the proposed spatial averaging approach has potential to 

be applied in problems with “black box” geotechnical models, e.g. based on commercial software packages, 

where a detailed random field modeling is cumbersome and where a single evaluation of the model is often time 

consuming. In addition, it can be used in conjunction with analytical geotechnical models that do not allow for 

explicit modeling of spatial variability.  
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