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Abstract: Random fields are needed to describe spatial variability of soil properties in a realistic way. In practice, however, 

there is a tendency to adopt a homogenization approach in which random fields are replaced by an equivalent random 

variable. This homogenization is of great interest for engineers because it may admit closed-form solution methods that 

engineers are familiar with. The present paper investigates the performance of two homogenization approaches, spatial 

average and the weakest-path model, on estimating the probability of failure. In the first approach, a spatial average over 

some prescribed region is adopted. In the second approach, a model is employed to approximate spatial average along the 

weakest failure path. Two numerical problems are considered: a soil column and a retaining wall with spatially variable 

undrained shear strength. It is observed that the probability of failure may be well-estimated by the spatial average approach 

only for situations where the critical slip curve is constrained and/or the scale of fluctuation is sufficiently large. In contrast, 

the weakest-path model works well for a wide range of situations. 
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1    Introduction 

 

There are generally two different approaches to account for spatial variability in a geotechnical analysis. The 

first approach is to explicitly incorporate spatial variability into the analysis using sophisticated methods such as 

Random Finite Element Method (e.g., Griffiths and Fenton 2004). The second approach is to implicitly consider 

spatial variability by replacing the spatially heterogeneous soil medium with a homogeneous one such that both 

reproduce comparable responses. While the first approach is more rigorous, engineers tend to use the second 

approach due to its simplicity. For geotechnical problems that their behavior is not governed by the extreme 

values of the shear strength (e.g., local failure), it is the spatial average of the shear strength over the “failure 

region” that plays the key role. Hence, estimating the statistics/probability distribution of this spatial average is 

desirable to homogenize a random field into a random variable. A challenge here is that the “failure region” is 

not a prescribed region but an emergent region that is the outcome of the RFEM for a given realization. It is 

therefore natural to ask if this fundamental difference would significantly influence the estimation of the 

probability of failure. The present paper aims to address this question by adopting two homogenization 

approaches: spatial average and the weakest-path model. In the first approach, a spatial average over some 

prescribed region is adopted. In the second approach, a model is employed to approximate spatial average along 

the weakest failure path. The probabilities of failure obtained from these two approaches are then compared with 

the RFEM for a soil column and a retaining wall problem. 

 

2    Random Field and Spatial Average  

 

Spatial variability of soil properties are usually modeled as random fields. In most applications, the random field 

is assumed to be second-order stationary. This assumption allows characterizing the random field model based 

on limited data, which is usually the case in geotechnical site investigations. A two dimensional stationary 

random field for shear strength τf(x,z) can be characterized by its point mean value = �, point variance = σ2, and 

auto-correlation function. One of the common autocorrelation functions used in the geotechnical engineering 

literature is the single exponential model. In two dimensions, it defines the correlation between two points with 

separation distance of Dx and Dz as follows: 

( ) ( )x zx, z exp 2 x 2 zr D D = - D d - D d  (1) 

where δx and δz are respectively the scales of fluctuation (SOF) in the x and z directions. Loosely speaking, SOF 

is the distance within which two locations are significantly correlated. Mathematically, SOF equals the area 

under the correlation function (Vanmarcke 1983). Although the horizontal SOF is usually greater than the 

vertical, the present paper only considers δx = δz = δ for simplicity and lack of space. 

Vanmarcke (1983) pointed out that the spatial average of soil properties over a region D, τf
D, has a mean 

value identical to the point mean � but has a variance smaller than the point variance σ2 due to the cancellation 

of variability through spatial averaging. To quantify the spatial averaging effect, Vanmarcke (1983) further 
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defined a variance reduction factor, G2
D, which is equal to the variance of τfD divided by the point variance. The 

expression for G2
D can be obtained analytically for different autocorrelation functions. 

 

3    Description of Two Geotechnical Problems 

 

The present paper considers two geotechnical problems to investigate the performance of spatial average and 

weakest-path model homogenization approaches: (1) a soil column, and (2) a retaining wall. 

 

3.1    Soil column 

The soil column is a rectangular area of size Lx ´ Lz = 12.8 m ´ 25.6 m with the boundary conditions shown in 

Figure 1a. The top nodes are subjected to a monotonically increasing vertical displacement. Following the 

convergence of stress redistribution at each increment, the sum of the nodal reaction forces is calculated. The 

maximum value of the sum of the nodal reaction forces is found. The compressive strength, qu, is then calculated 

by dividing the maximum value by the column width Lx. The spatial variability of undrained shear strength τf(x,z) 

of the soil column is assumed to be characterized by a lognormal distribution with a mean value m = 40 kN/m2, 

coefficient of variation COV = σ/m = {0.1, 0.3, 0.5}, and δ/Lx = {0.05, 0.1, 0.5, 2, 10, 50, 300}. The soil unit 

weight is zero, the Young’s modulus is 100 MN/m2, and the Poisson ratio is 0.49. 

For the soil column problem, three types of analyses are performed: 

1. RFEM: The spatial variability of τf(x,z) is explicitly modeled using random fields. The obtained qu samples 

are treated as reference solutions, and are used as comparison baseline. 

2. Spatial average homogenization approach: The spatial variability of τf(x,z) is implicitly modeled by 

performing the spatial averaging over the entire rectangular area of size Lx ´ Lz. The mean and variance of 

these τf
D samples follow the Vanmarcke’s theory. These τfD are then fed into a homogeneous finite element 

model to obtain qu samples. 

3. Weakest-path model homogenization approach: The spatial variability of τf(x,z) is implicitly modeled by 

simulating mobilized shear strength tf
m samples according to the procedure that will be explained in Section 

4.3. These tf
m are then fed into a homogeneous finite element model to obtain qu samples. 

 

                    
                                (a)                                                                                                                         (b) 

 

Figure 1. FEM model for (a) soil column problem. (b) retaining wall problem. 

 

3.2    Retaining wall 

The backfill for the retaining wall is a rectangular area of size Lx ´ Lz = 16 m ´ 8 m, restrained by a wall of 

height H = 5 m (Figure 1b). The active lateral force, Pa, is calculated according to Fenton et al. (2005) where 

the wall nodes are incrementally displaced in the horizontal direction until the mobilized reaction force on 

the wall reaches a minimum value, and Pa is taken to be the minimum value. Note that for cohesive soil, there 

is a tension zone behind the wall. However, taking tension cracks into account was deemed to be beyond the 

scope of the present paper. The spatial variability of τf(x,z) of the retaining wall problem is assumed to be 

characterized by a lognormal distribution with a mean value m = 20 kN/m2, COV = {0.1, 0.3, 0.5}, and δ/H = 

{0.05, 0.1, 0.5, 2, 10, 50, 300}. The soil unit weight is 20 kN/m3, the Young’s modulus is 100 MN/m2, and 

the Poisson ratio is 0.3. Similar to the soil column problem, three types of analyses are performed. Note that 

for the spatial average homogenization approach, the average along the 45º line in Figure 1b is considered. 
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4    Weakest-Path Model for Mobilized Shear Strength 

 

4.1    Concepts 

The weakest-path model (e.g., Ching and Phoon 2013; Ching et al. 2017) is a probabilistic model for the 

mobilized shear strength, tf
m. It is based on the observation that tf

m is very close to the spatial average along the 

critical slip curve. By definition, the critical slip curve is the weakest path among all potential slip curves (PSC). 

The weakest-path model assumes that the trajectories of all PSCs roughly follow the trajectory for the classical 

slip curve. This assumption is close to the observation that the trajectory of the critical slip curve typically does 

not deviate significantly from the classical slip curve (Ching and Phoon 2013). For the undrained soil column in 

Figure 1a, all PSCs are assumed to incline at β » 45o degree. One can imagine that there are numerous PSCs, all 

inclining at β » 45o degree. Each PSC has a line average strength tf
LA, and the PSC with the lowest tf

LA is the 

critical slip curve. 

The notion of “weak path” is related to two competing factors: 1) the variability in the tf
LA values, and 2) the 

independency in the tf
LA values. When SOF is very large, the tf

LA values for PSCs are highly variable. However, 

they are highly dependent too. Hence, there will be no weak path. On the other extreme, when SOF is very small, 

the tf
LA values for PSCs are highly independent. However, there is almost zero variability in the tf

LA values. It is 

then clear that there will be no weak path. Finally, when SOF is intermediate, the tf
LA values are variable and 

independent. Hence, there will be a significant weak path. 

The weakest-path model asserts that the critical slip curve finds the weakest path among n mutually 

independent PSCs. This suggests that the mobilized shear strength (tf
m) is the smallest among the tf

LA values for 

the n independent PSCs: 

( )m LA,1 LA,2 LA,n

f f f fmin , ,...,t = t t t  (2) 

where (tf
LA,1, tf

LA,2, …, tf
LA,n) are the line average strengths along the n independent PSCs. These n line averages 

(tf
LA,1, tf

LA,2, …, tf
LA,n) are independent. They share the same mean value that is equal to the point mean m. They 

also share the same variance, because the trajectories of all PSCs are assumed to roughly follow the trajectory for 

the classical slip curve. The variance for tf
LA can be expressed as 

( )LA 2 2

f LAVar t » G ´s  (3) 

where G2
LA is the variance reduction factor for the spatial averaging effect along the classical slip curve, and s2 

is the point variance. If the point process tf(x,z) is a stationary lognormal random field, Ching et al. (2016) 

showed that the probability density function (PDF) for tf
m has the following expression: 

( ) ( ) ( )
n 1

m m

f fm

f m

f

ln lnn
f 1

-
é ùæ ö æ öt -l t -l
ê úç ÷ ç ÷t = ´ -F ´j

ç ÷ ç ÷x xt ´x ê úè ø è øë û
 (4) 

where F is the cumulative density function (CDF) of the standard normal random variable, j is the PDF of the 

standard normal random variable, and λ and ξ are as follows: 

( ) ( )2 2 2 2

LA LAln 1 COV ln 1 COVl = m +G ´ x = +G ´  (5) 

 

4.2    Estimating n and Γ
2

LA using the principle of maximum likelihood 

There are two unknown parameters in the PDF of tf
m (Eq. 4):  number of independent PSCs, n, and the variance 

reduction factor, G2
LA. To estimate these parameters, it is necessary to have tf

m data, which can be simulated by a 

procedure that matches the responses between a RFEM and a homogeneous finite element analysis. Let us 

consider the soil column problem shown in Figure 1a. For each random field realization, the reference response 

qu
m can be simulated using RFEM. Another finite element simulation with deterministic and homogeneous tf is 

conducted. The constant tf value is adjusted until the deterministic qu matches qu
m. The adjusted tf value is 

therefore the mobilized shear strength tf
m for the random field realization. Given the tf

m data, the maximum 

likelihood method can be adopted to estimate n and G2
LA. Figure 2 shows the histogram of 1000 tf

m samples for 

the case with δ/Lx = 0.5 and COV = 0.3. The dashed line plots the PDF of tf
m (Eq. 4) with n = 7.296 and G2

LA = 

0.327. Note that the tf
m histogram and the fitted PDF center at a value that is less than the point mean � = 40 

kN/m2. This is because there are about 7.296 independent PSCs, and the critical slip curve seeks for the weakest 

one among them. Therefore, the mean of tf
m is less than the point mean 40 kN/m2. 
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Figure 2. Histogram of the τf
m samples for the soil column problem with δ/Lx = 0.5 and COV = 0.3. 

 

Figure 3 shows the estimated n and G2
LA for the soil column and retaining wall problems for different SOFs 

and COVs. It is clear that G2
LA is an increasing function of d/Lx or d/H, which is consistent with Vanmarcke’s 

variance reduction. On the other hand, n is a decreasing function of d/Lx or d/H. This makes sense because when 

SOF is small, the PSCs are more independent. Remind that the estimated n and G2
LA in Figure 3 is not generic. In 

principle, it is only applicable to the specific soil column and retaining wall problems with geometries shown in 

Figure 1. This hinders the practical application of the weakest-path model. However, the estimation process 

explained in this section can be performed behind the scene by developers for a large number of 

problems/geometries, and the resulting comprehensive charts and tables for n and Γ2
LA can be used by engineers 

in their routine designs. In this way, the weakest-path model can be useful in practice. 

 

 
 

Figure 3. Estimated n and Γ2
LA for the soil column and retaining wall problems. 

 

4.3    Simulating τf
m samples 

For a given �, COV, and δ/Lx (or δ/H for the retaining wall), tf
m samples can be simulated as follows: 

1. Estimate n and G2
LA based on Figure 3. Compute λ and ξ using Eq. (5). 

2. Simulate a random sample U from a uniform distribution with the range of [0, 1]. 

3. A sample of tf
m can be obtained using: 

( )( )1 nm 1

f exp 1 1 U- é ùt = l+x´F - -ë û  (6) 
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Repeat the above steps 2 and 3 N times to simulate N samples of tf
m. The performance of this procedure is 

investigated in the next section. 

 

5    Comparison of Spatial Average and Weakest-Path Model for Estimating Probability of Failure 

 

5.1    Soil column 

For the soil column problem, a probability of failure Pf
SC (SC stands for “soil column”) is defined as: 

SC det
f u

q
P P q

FS

é ù= <ê úë û
 (7) 

where qu is the compressive strength considering spatial variability, qdet is the compressive strength calculated 

with deterministic τf = mean value, and FS is factor of safety. The Pf
SC is estimated using RFEM, spatial average, 

and weakest-path model, and for each of which we run one thousand Monte Carlo simulations. Figure 4 shows 

the results for different δ/Lx and COV = 0.5. Recall that RFEM solutions are treated as reference solutions. It is 

evident that Pf
SC using spatial average is significantly different than reference Pf

SC, except for very large δ/Lx 

where the soil mass is nearly homogenous. Moreover, this significant difference is alleviated as FS increases. On 

the other hand, Pf
SC using weakest-path model is in a good agreement with reference Pf

SC for different δ/Lx and 

FS. Although not shown, qualitatively similar observations are made for COV = {0.1, 0.3}. 

 

 
 

Figure 4. Variation of the Pf
SC with FS and δ/Lx for the soil column problem (COV = 0.5). 

 

 

5.2    Retaining wall 

For the retaining wall problem, a probability of failure Pf
RW (RW stands for “retaining wall”) is defined as: 

[ ]RW

f a detP P P P FS= > ´  (8) 

where Pa is the active lateral force considering spatial variability, and Pdet is the active lateral force calculated 

with deterministic τf = mean value. Figure 5 shows the results for different δ/H and COV = 0.5. Unlike the soil 

column problem, Pf
RW using spatial average is almost close to reference Pf

RW for δ/H >1. This good agreement 

extends to all δ/H when FS is sufficiently large (FS = 2). As stated earlier, the critical slip curve for the retaining 

wall problem is somewhat constrained. This makes it relatively easy to prescribe a line that can encompass the 

trajectory of the critical slip curve in different realizations. From Figure 5, one can also see that, similar to the 
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soil column problem, the weakest-path model works well for different δ/H and FS. 

 

 
 

Figure 5. Variation of the Pf
RW with FS and δ/H for the retaining wall problem (COV = 0.5). 

 
6    Conclusions 

 

In routine geotechnical analysis, engineers tend to use a homogenization approach in which spatial variability is 

implicitly considered by adopting an equivalent random variable instead of random fields. This paper 

investigates the performance of two homogenization approaches of shear strength on estimating the probability 

of failure: spatial average and the weakest-path model. The former adopts a spatial average over some prescribed 

region, while the latter approximates spatial average along the weakest failure path. The probability of failure is 

then calculated for a soil column and a retaining wall problem. It is observed that the spatial average approach 

may provide reasonable estimates for probability of failure only for situations where the critical slip curve is 

constrained (as in the retaining wall problem) and/or the scale of fluctuation is sufficiently large. In contrast, the 

weakest-path model provides very good estimates for probability of failure for a wide range of situations. 
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