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Abstract: Piles are long, slender structural elements used for transfering the loads from the superstructure through weak 

strata onto stiffer soils or rocks. For driven piles, the impact of the piling hammer induces compression and tension stresses in 

the piles. Hence, an important design consideration is to check that the strength of the pile is sufficient to resist the stresses 

caused by the impact of the pile hammer. Due to its complexity, pile drivability lacks a precise analytical solution with regard 

to the phenomena involved. This paper investigates the use of a fairly simple nonparametric regression algorithm known as 

multivariate adaptive regression splines (MARS), to approximate the relationship between a series of inputs and dependent 

maximum compressive stress (MCS) response, and to mathematically interpret the relationship between the various 

parameters. For obtaining the model of superior generalization ability and better persuasiveness results, the 10-fold 

cross-validation method and Bayesian information criterion are adopted to select the optimal model. This paper demonstrates 

that the MARS algorithm is capable of producing simple, accurate and easy-to-interpret models and estimating the 

contributions of the input variables. 

 

Keywords: Multivariate adaptive regression splines; pile drivability; cross-validation; Bayesian information criterion; optimal 

model. 

 

1 Introduction 

 

For driven piles, the impact of the piling hammer induces compression and tension stresses in the piles. Hence, 

an important design consideration is to check that the strength of the pile is sufficient to resist the stresses caused 

by the impact of the pile hammer. One common method of calculating driving stresses is based on the 

stress-wave theory (Smith 1962) which involves the discrete idealization of the hammer-pile-soil system. As the 

conditions at each site is different, generally a wave equation based computer program is required to generate the 

pile driving criteria for each individual project. However, this process can be rather time consuming and requires 

very specialized knowledge of the wave equation program. Actually, for nonlinear and multidimensional 

geotechnical problems like this, soft computing techniques based on a large database are generally adopted to 

capture the intrinsic relationship.  

This paper explores the use of promising procedure known as multivariate adaptive regression splines 

(MARS) (Friedman 1991) to develop models for multivariate geotechnical problems. No prior knowledge of the 

form of the function is required in MARS. The main advantages of MARS are its capacity to extract the complex 

data mapping in high-dimensional data and produce simple, easy-to-interpret models, and its ability to estimate 

the contributions of the input variables. Previous applications of MARS algorithm in civil engineering include 

modeling doweled pavement performance (Attoh-Okine et al. 2009), predicting shaft resistance of piles in sand 

(Lashkari 2013), estimating deformation of asphalt mixtures (Mirzahosseini et al. 2011), determining the 

undrained shear strength of clay (Samui and Karup 2011), predicting surface settlement associated with 

tunneling operation (Adoko et al. 2013), estimating building energy performance and lateral spreading induced 

by earthquakes (Cheng and Cao 2014), predicting liquefaction-induced lateral spread (Goh and Zhang 2014), 

analysis of geotechnical engineering systems (Zhang and Goh 2013; 2014; Zhang et al. 2015b; 2017; Goh et al. 

2018). 

For driven piles, the piling hammer induces compression stresses in the piles. Therefore, the strength of the 

pile needs to be considered whether it is sufficient to resist the stresses induced by the impact of the pile hammer. 

The analysis relates to numerous statistically dependent inputs, thus, a fairly large database is utilized to develop 

the pile drivability in relation to maximum compressive stresses (MCS). By comparing the cross-validation 

modeling results of MARS by Bayesian information criterion, a superior generalization ability model and better 

persuasiveness results are obtained. 

 

2 MARS Methodology 
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MARS is non-parametric modeling and the entire modeling process is driven by data. The resulting piecewise 

curves, known as basis functions (BFs), give greater flexibility to the model, allowing for bends, thresholds, and 

other departures from linear functions. It generates BFs by searching in a stepwise manner, and it searches over 

all possible univariate knot locations and across interactions among all variables. An open source code 

ARESLab from Jekabsons (2016) is used in carrying out the analyses presented in this paper. 

Let y be the target output and X = (X1,�,XP) be a matrix of P input variables. Then it is assumed that the 

data are generated from an unknown�true� model. In case of a continuous response this would be 

                                                          (1) 

where e is the distribution of the error. MARS approximates the function f by applying basis functions (BFs). 

BFs are splines (smooth polynomials), including piecewise linear and piecewise cubic functions. For simplicity, 

only the piecewise linear function is expressed. Piecewise linear functions are of the form max (0, x−t) with a 

knot occurring at value t. The equation max (·) means that only the positive part of (·) is used otherwise it is 

given a zero value. Formally, 

                                                            (2) 

The MARS model f(X), is constructed as a linear combination of BFs and their interactions, and is 

expressed as 

                                                               (3) 

where each BF(X) is a basis function. It can be a spline function, or the product of two or more spline functions 

already contained in the model (higher orders can be used only when the data warrants it; for simplicity, at most 

second-order is assumed in this paper and the predictive accuracy based on it is proved to be satisfactory). The 

coefficient is a constant, and is the coefficient of the mth basis function, estimated using the least-squares 

method. 

At the end of the backward phase, from those �best� models of each size, the one with the lowest 

Generalized Cross-Validation (GCV) is selected and outputted as the final one. GCV, as an estimator for 

prediction Mean Squared Error, for an ARES model is calculated as follows (Friedman 1991): 

                                                                           (4) 

where enp is effective number of parameters, enp=k + c×(k-1)/2, k basis functions in MARS model (including 

the intercept term), c penalty in the range of about 2 to 4 (Friedman 1991). (k - 1)/2 is the number of 

hinge-function knots, so the formula penalizes the addition of knots.  

 

3 Feature Variable Selection 

 

In the condition of excessive input features, while a small subset of features is sufficient to approximate the label 

well, additional features of xi can lead to smaller training errors, but in the testing set, they will interfere with the 

prediction of y. Under this circumstance. In statistics and machine learning, least absolute shrinkage and 

selection operator (Lasso) is a regression analysis method that can accomplish both feature selection and 

regularization to enhance the prediction accuracy and interpretability of the statistical model it produces. It was 

independently rediscovered and popularized (Tibshirani 1996), who coined the term and provided further 

insights into the observed performance. Lasso was introduced to enhance the prediction accuracy and 

interpretability of regression models by changing the model fitting process to pick only a subset of the provided 

covariates for using in the ultimate model rather than using all of them. Lasso can achieve both of these targets 

by compelling the sum of the absolute value of the regression coefficients to under a specified value, which 

causes the coefficients to be set to zero, effectually choosing a simpler model that does not include those 

coefficients.  

In this case study, the database comprised of 4072 piles that were installed for bridges in the State of North 

Carolina (Jeon and Rahman 2008). The seventeen input variables included the hammer, hammer cushion 

material, pile, soil parameters, ultimate pile capacities, and stroke. The target output is MCS. There are 17 

variables here, and we can delete 10 feature variables by Lasso regularization. A summary of the input variables 

and output is listed in Table 1. 

 

4 Cross-Validation and Optimal Model 

 

Model selection and evaluation play a crucial role in machine learning because the quality of the model directly 

affects the accuracy of the prediction. In the selection and evaluation of models, many methods have been 
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proposed and applied to practice. Cross-validation is considered to be an effective method because of its 

simplicity and universality. K-fold cross-validation is a commonly used sample reuse method. By using a large 

number of data sets, statisticians perform a large number of experiments using different methods, indicating that 

10-fold is the right choice for obtaining the best error estimate. In this paper, 10-fold cross validation is adopted. 

Figure 1 is a flowchart for the entire calculation process. For obtaining superior generalization ability model 

and better persuasiveness results, ten sets of 90% training data and 10% testing data is produced by 10-fold 

cross-validation, and then they are put in the MARS algorithm separately, and we can obtain these 10 

cross-validation models. Choosing the optimal model is considered from two aspects: one is the maximization of 

the likelihood function, and the other is the minimization of the number of unknown parameters in the model. 

The larger the value of the likelihood function, the better the effect of the model fitting, but we can't simply 

measure the pros and cons of the model with the accuracy of the fitting. This leads to more and more unknown 

parameters in the model, and the model becomes more and more complicated and causes overfitting. So a good 

model should be a comprehensive optimization of the fitting accuracy and the number of unknown parameters. 

Bayesian information criterion (BIC) considers the number of samples and the number of samples is too large, it 

can effectively prevent the model complexity caused by excessively high model accuracy (Chen and 

Gopalakrishnan 1998; Weakliem 1999). Therefore BIC is used to select the optimal model and BIC is defined as  

                                                              (5) 

where n is the sample size; k is the number of basis functions in here; RSS is the residual sum of squares. We 

score each candidate model, and the lowest score is the optimal model.

 

Table 1.  Summary of input variables and outputs. 

 

Inputs and outputs 

Input variables Hammer weight (kN) Variable 1 (x1) 

 Energy (kN m) Variable 2 (x2) 

 Helmet weight (kN) Variable 3 (x3) 

 Length (m) Variable 4 (x4) 

 Section area (m2) Variable 5 (x5) 

 Ultimate pile capacity (kN) Variable 6 (x6) 

 Stroke (m) Variable 7 (x7) 

Outputs Maximum compressive stress MCS (MPa) 

 

 
 

Figure 1.  Flowchart of entire calculation process. 

 
5 MARS Modeling Results 

 

The adjusted R-square, root mean square error (RMSE), basis function (BF), and Bayesian information criterion 

(BIC) of the testing set are calculated, and the point dashed lines of these values with 10-fold cross-validations 

are plotted. Figure 2(a) shows the result of an adjusted R-square with 10-fold models. From Fig 2(a), it can be 

seen that the R2 value ranges from 0.923 to 0.945, with the mean value is 0.939, and the coefficient of variation 

(COV) is 0.004, which indicates that the model fits well with the presented data and the result is fairly stable, 

where K = 8, the maximum R2 value of 0.946 is observed. It is easy to interpret that when K = 8, the BIC score 

is the lowest, indicating the comprehensive model�s complexity and desirable performance, and the model 

corresponding to K = 8 is the optimal model, thus, it is selected as the final model. 

The predicted results are shown in Fig. 3 and 4 along with the training and testing modes (K = 8). It is 

obvious that the MARS model has been able to learn the complicated relationship between the maximum 

compressive stresses (MCS) and other basic information. The majority of the estimations of MCS were within 

±20 % of the target values. The MARS model predictive capacities are satisfactory considering that the 
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geotechnical capacities analyzed in this case study are highly multivariate with 7 design variables with a large 

data set of 4072 observations. 

  
(a) Adjusted R-square (b) RMSE 

  
(c) Basis function (d) BIC 

 

Figure 2. Tendency chart of parameter under 10-fold cross validation: (a) Adjusted R-square, (b) RMSE, (c) Basis 

function and (d) BIC. 

 

  
 

Figure 3. Performance of training dataset (K=8). 
 

Figure 4. Performance of testing dataset (K=8). 

  
6 Parameter Relative Importance 

 
The relative importance of a variable is defined as the square root of the GCV of the model with all basis 

functions involving that variable removed, minus square root of the GCV score of the corresponding full model 

scaled so that the relative importance of the most important variable (using this definition) has a value of 100. 

Figure 5 gives the plot of the relative importance of the input variables for the HP drivability models developed 
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by MARS. It can be observed that both MCS is mostly influenced by x17 (Stroke) followed by x16 (Ultimate 

pile capacity), x7 (Length) are significantly important in determining MTS. 

 

Figure 5. Relative importance of the input variables in MARS for MCS. 

Table 2 lists the BFs of the MARS model for MCS and their corresponding equations. The interpretable 

MARS model to predict MCS is given by Eq. (3). 
 

7 Summary and Conclusions 

 

A database containing 4072 pile data sets with a total of seventeen variables is adopted to develop MARS 

models for drivability predictions in relation to the MCS prediction. The main conclusions arrived at include:  

1. It is demonstrated that the MARS algorithm is capable of producing simple, accurate and 

easy-to-interpret models and estimating the contributions of the input variables. 

2. Via lasso regularization, a small subset of the feature variables is sufficient to approximate the target 

response well, instead of using the full 17 variables. 

3. Considering the complexity and predictive power of the models by cross-validation, we can obtain 

superior generalization ability model and better persuasiveness results. 

 
Table 2.  Basis functions and corresponding equations of MARS model for MCS overall datasets. 

 

Coefficient Basis Function Coefficient Basis Function 

Intercept 176.49 0.99554 BF19=BF2 * max(0, x4 -3.05) 

0.043769 BF1=max(0, x6 -1601.3) 0.15581 BF20=BF5 * max(0,18.29 -x4) 

6.8992 BF2=max(0,1601.3 -x6) 0.51164 BF21=BF4 * max(0, x3 -6.67) 

22.588 BF3=max(0, x7 -2.271) 9.7228 BF22=BF4 * max(0,6.67 -x3) 

56.77 BF4=max(0,2.271 -x7) 118.96 BF23=max(0,0.014 -x5) * max(0, x3 -12.43) 

2.7502 BF5=max(0, x3 -7.38) 629.27 BF24=max(0,0.014 -x5) * max(0,12.43 -x3) 

5.4654 BF6=max(0,7.38 -x3) 989.2 BF25=max(0,0.014 -x5) * max(0, x4 -10.67) 

3.5265 BF7=max(0, x1 -12.2) 1807.5 BF26=max(0,0.014 -x5) * max(0,10.67 -x4) 

8.556 BF8=max(0,12.2 -x1) 0.99749 BF27=BF2 * max(0, x4 -10) 

0.81755 BF9=max(0, x4 -3.05) 1.0005 BF28=BF2 * max(0,10 -x4) 

1757.2 BF10=max(0,3.05 -x4) 16.224 BF29=BF5 * max(0, x7 -2.895) 

0.0044212 BF11=BF9 * max(0, x6 -1668) 0.24888 BF30=BF9 * max(0, x3 -19.88) 

0.0012404 BF12=BF2 * max(0, x3 -9.21) 0.050592 BF31=BF6 * max(0, x2 -58.1) 

0.0062182 BF13=BF2 * max(0,9.21 -x3) 0.22353 BF32=BF6 * max(0,58.1 -x2) 

63.235 BF14=BF4 * max(0, x1 -29.4) 63.61 BF33=BF3 * max(0, x2 -57) 

765.91 BF15=max(0,0.014 -x5) * max(0, x4 -3.05) 65.476 BF34=BF3 * max(0, x2 -57.5) 

3.4414e+05 BF16=max(0,0.014 -x5) * max(0,3.05 -x4) 0.78917 BF35=BF3 * max(0, x4 -9.14) 

6.3097 BF17=max(0,0.014 -x5) * max(0, x6 -1067.5) 3.8881 BF36=BF3 * max(0,9.14 -x4) 

2.2775 BF18=max(0,0.014 -x5) * max(0,1067.5 -x6) 8.6628 BF37=BF3 * max(0, x1 -17.8) 

Resulting Expression  
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